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Abstract

Federated differentially private (DP) protocols may involve many adaptive rounds and reuse the same local samples. Existing
fully interactive lower bounds treat each client’s private input as a single observation (local DP) and do not characterize the
dependence on the number of locally held samples under sample-level privacy. We establish a clientwise matrix Fisher information
contraction and the resulting matrix federated van Trees bound for parameter estimation under squared loss based on any complete
public transcript satisfying a clientwise sample-level zero-concentrated differential privacy constraint. The matrix bound preserves
the directional Fisher geometry of heterogeneous local experiments by constraining each client’s transcript contribution both by
its raw Fisher information and by a whitened privacy budget. In homogeneous experiments, trace compression yields a simpler
federated van Trees bound based on the trace. Together with existing upper bounds for the corresponding problems, these results
identify minimax rates for several statistical problems, including mean estimation, linear regression, Bradley—Terry learning on
comparison graphs, and nonparametric regression, over the full class of interactive public transcript protocols. For these problems,
arbitrary public interaction and repeated sample reuse do not improve the rate over simpler restricted protocols.
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I. INTRODUCTION

Vast quantities of data are now generated by individuals, businesses, and governments, making the protection of individuals
represented in statistical analyses and machine learning systems increasingly important. Differential privacy (DP) [1, 2] provides
a rigorous framework for quantifying the privacy guarantees of randomized algorithms. The canonical formulation is the central
DP model, in which a trusted curator has access to the full dataset and releases an output satisfying a prescribed differential
privacy guarantee.

In many modern applications, however, data are distributed across multiple clients, institutions, or devices, and the underlying
local datasets cannot be pooled directly because of privacy, legal, ownership, communication, or infrastructure constraints.
Differentially private analysis in this decentralized setting is commonly referred to as federated DP or differentially private
federated learning. A fundamental statistical question is then to characterize the privacy—utility tradeoff [3]: for a prescribed
level of privacy protection, how much statistical accuracy must necessarily be sacrificed?

Federated learning has become an important paradigm for collaborative statistical learning from decentralized data. Examples
include biomedical studies across hospitals, mobile and edge-device learning, financial and commercial data analysis across
organizations, multi-institution scientific studies, and privacy-sensitive public-sector applications. In these problems, the goal is
not merely to protect a centrally pooled dataset, but to enable learning across many data holders while respecting client-level
constraints, heterogeneous sample sizes, different privacy requirements, and limited communication. These features make
federated learning both practically attractive and statistically distinct from classical centralized analysis.

From a theoretical and methodological perspective, federated learning introduces several new phenomena. First, information is
distributed unevenly across clients: some clients may have larger samples, stronger privacy constraints, better design distributions,
or more relevant data for the target task. Second, learning protocols can be interactive: the server may adapt later queries
to earlier public messages, and each client may reuse its local samples across many rounds. Third, the privacy constraint is
naturally imposed clientwise, often on the complete public transcript rather than on a single release. These features create
statistical questions that do not appear in the same form under central DP or local DP. In particular, one must understand how
privacy budgets, sample sizes, client heterogeneity, interaction, and sample reuse jointly determine the amount of statistical
information that can be extracted.

A line of work has been devoted to establishing lower bounds for the minimax risk of central DP estimation. Early minimax
formulations and testing reductions were followed by private analogues of Le Cam’s method, Fano’s inequality, and Assouad’s
lemma [4, 5]. For high-dimensional problems, fingerprinting and tracing arguments provide another powerful route [6-9], and

T. Tony Cai is with the Department of Statistics and Data Science, The Wharton School, University of Pennsylvania, Philadelphia, PA 19104 USA (e-mail:
tcai@wharton.upenn.edu).

Yicheng Li is with KLATASDS-MOE, School of Statistics, East China Normal University, Shanghai 200062, China (e-mail: ycli@sfs.ecnu.edu.cn).

The authors are listed in alphabetical order. Corresponding author: T. Tony Cai.



the score attack framework turns these ideas into a general likelihood score method [3, 10]. More recently, Fisher information
contraction and private van Trees inequalities have yielded smooth Bayesian lower bound tools under zCDP [11]. These results
are all focused on the central DP model.

Federated learning creates additional challenges for lower bound theory because data and communication are both distributed.
Sharp federated lower bounds for several statistical problems use model-specific noninteractive, sequential, or fresh batch
settings [12—18]. Meanwhile, fully interactive lower bounds are formulated under local DP [19-21] and do not simply apply
to federated clients with n; > 1 local samples. Moreover, although some federated results allow heterogeneous sample sizes
or privacy budgets, they do not provide a general theory for heterogeneous local experiments whose information may lie in
different parameter directions.

The resulting question is to determine the information-theoretic limits of federated DP estimation when multi-sample,
heterogeneous clients participate in fully interactive protocols. We study this question under clientwise sample-level zCDP
imposed on the complete public transcript. Each client message may depend on its entire local dataset and all previous public
messages, and the same local samples may be reused across adaptive rounds. Our aim is a general lower bound that holds
uniformly over this full protocol class while retaining the directional information carried by the heterogeneous local experiments.

A. Our contributions

We address this question by developing a federated van Trees lower bound for estimating finite-dimensional parameters
under squared ¢5 loss from complete public transcripts. In the formal model, the privacy constraint is imposed on the complete
ordered public transcript. This transcript includes public query choices, schedules, participation decisions, stopping rules, and
public randomness, and the analysis does not require a round-by-round privacy allocation or a fresh-sample decomposition.
Equivalently, all public information that can affect later communication is part of the transcript.

As our main contribution, we establish a federated van Trees lower bound in matrix form through a clientwise matrix Fisher
information contraction. The novelty lies in the clientwise matrix decomposition for multi-sample clients under one zCDP
guarantee for the complete public transcript: it preserves the heterogeneous information geometry that a trace bound loses. The
contraction decomposes the transcript Fisher information into clientwise positive semidefinite contributions, each constrained
jointly by the client’s raw Fisher information and a whitened trace budget determined by its zCDP parameter. Crucially, this
matrix result is not a direct clientwise extension of the central DP trace contraction. Assigning a separate trace budget to each
client would still control only the total amount of transcript information and would discard where that information is located in
the parameter space. The matrix contraction instead preserves the information subspace and directional geometry contributed by
each local experiment.

The resulting matrix van Trees lower bound takes a variational form over feasible clientwise information allocations. We derive
an exact finite-dimensional dual for this variational problem and characterize its primal optimizer through a spectral water-filling
rule. The dual retains the full matrix geometry without requiring the client Fisher information matrices to be simultaneously
diagonalizable. At the variational optimizer, the water-filling rule allocates each client’s privacy-limited information not simply
to its largest local Fisher directions, but to the directions in which that information most reduces the remaining aggregate
uncertainty. This characterization is especially informative for heterogeneous local experiments, where different clients may
carry information in distinct and nonaligned parameter subspaces, as in missing coordinate models, anisotropic random designs,
and target domain prediction.

By trace relaxation, the matrix lower bound further yields a scalar lower bound that is convenient in homogeneous or isotropic
settings. This scalar relaxation also recovers known central and local DP lower bounds as special cases.

Our lower bound is powerful yet easy to use, reducing lower bounds to simple calculation of Fisher information. It enables
us to identify or recover the minimax rates in extensive problems. See Table I for a summary of the examples. The applications
include Gaussian mean estimation, homogeneous and heterogeneous linear regression, coverage and target-relevance problems,
Bradley—Terry learning on comparison graphs, and nonparametric regression problems.

B. Related work

a) Lower bounds in central DP: The central DP lower bound literature adapts several classical minimax techniques to
privacy constrained estimation. Private versions of Le Cam, Fano, and Assouad inequalities give general tools based on testing
reductions for central DP statistical estimation [5]. These reductions are conceptually close to classical packing and hypercube
arguments, and they are especially useful when the private difficulty can be encoded through pairwise or coordinatewise testing
instances.

A second line of work is based on fingerprinting, tracing, and score attacks. Fingerprinting codes were first used to prove
lower bounds for private query release and empirical risk problems [6, 23], and robust tracing arguments later removed some
distributional restrictions [7]. For statistical estimation, generalized fingerprinting lemmas have produced sharp private lower
bounds for Gaussian covariance and other exponential family problems [8, 9]. The score attack of Cai et al. [10] abstracts this
approach through likelihood scores, recovering and extending sharp lower bounds for generalized linear models, ranking, sparse
models, and nonparametric regression. The earlier “cost of privacy” analysis of Cai et al. [3] used related tracing ideas for



Problem Minimax rate Matching upper bound Earlier lower-bound
scope
. L d d d? . . . .
Gaussian mean estimation over R — + 3 private weighted mean non-interactive
mn - pmn
. . d d . . _
Linear regression, z € R? — + 3 private weighted GD sample splitting
mn  pmn
. . d ds . .
Missing features and coordinate — + 5 one noninteractive -
coverage an.qpn vector message
1 1
Target domain prediction with ¢ — + 5 [13] non-interactive
relevant clients, r = 1 an.qpn
. L . d d? L
Target domain prediction with ¢ — + 5 [13] sample splitting
relevant clients, r = d qan.qpn
. Te(L§) (1, 1 .
Bradley-Terry preference learning ona | ——— ( — + — Gaussian-perturbed central DP
graph G q noopn empirical win rates
Nonparametric regression over H® (mn)~ ot | (pmn?®)~ &+t [14] non-interactive
with uniform design on [0, 1]
. 1 _ _2a __a L.
Functional mean: — 4 (mkn) TatT (pmkn®)” s+ 4 [16, 22] sample splitting
: mn mn?
k independent measurements p
. 1 —2a __2a_ . .
Functional mean: e (pmn2) Ta1 [22] non-interactive
k common measurements mn

TABLE I
MINIMAX RATES (UP TO LOGARITHMIC FACTORS) OBTAINED BY COMBINING THE LOWER BOUNDS PROVED HERE WITH THE MATCHING CONSTRUCTIONS
OR REFERENCES. RATES ARE SHOWN IN THE HOMOGENEOUS CASE n; = n AND p; = p. LITERATURE UPPER BOUNDS ARE STATED ON THE
CORRESPONDING ZCDP SCALE. HERE m IS THE NUMBER OF CLIENTS, n IS THE SAMPLE SIZE PER CLIENT.

mean estimation and linear regression. More recently, a Fisher information contraction was developed in Cai and Li [11] to
give a general van Trees lower bound for central DP estimation, which is especially well suited to dependent priors and matrix
parameters. All of these results are central DP results: the statistic is a single private output of a pooled sample, so they do not
address clientwise privacy budgets or adaptive public transcripts.

b) Lower bounds in local DP: The local DP model is more restrictive than central DP: each observation, user, or client
must privatize its own message before it is observed by any curator. The minimax theory of local privacy was initiated by Duchi
et al. [24, 25, 26], who developed private data processing inequalities and sharp minimax rates for locally private estimation.

Subsequent work has refined the information-theoretic and interactive aspects of local privacy. Acharya et al. [19] derive
lower bounds for interactive high-dimensional estimation under local privacy and communication constraints, while Barnes
et al. [20, 21] derive minimax lower bounds from Fisher information contractions in the blackboard model. In their fully
interactive formulations, each player holds a single observation, so these results do not provide a sample-level information
bound with explicit dependence on a local sample size n; > 1. Related Fisher information inequalities for local privacy are
studied by Chen and Ozgiir [27]. Results for user-level local DP with multiple observations instead protect each user’s entire
local collection [28, 29], which corresponds to a different adjacency relation from the sample-level privacy considered here.
Other work studies testing and communication limited local privacy [30], nonparametric density and functional estimation under
local privacy [31-34], and high-dimensional regression under local privacy [35].

However, the techniques used in local DP lower bounds are not directly applicable to the central or federated DP setting
here. If applied naively to the central DP setting, these approaches often lose a factor of n; in the effective sample size through
a rough conversion by group privacy.

c) Lower bounds in federated DP: A growing literature studies statistical and optimization lower bounds under federated
or distributed DP constraints. For convex federated learning without a trusted server, Lowy and Razaviyayn [36] establish
nearly tight excess risk bounds under inter-silo record level privacy. Zhang et al. [37] study how server trust affects private
federated estimation and inference, while related distributed learning work considers robustness and privacy tradeoffs under
distributed mechanisms [38]. Their lower bound arguments are tied to convex optimization or specific inferential tasks and do
not give a clientwise Fisher information bound for general parametric experiments.

In nonparametric and transfer learning problems, recent papers have shown that heterogeneous client sample sizes and privacy
budgets change both the optimal aggregation rule and the minimax rate. Results include federated nonparametric regression
and testing under heterogeneous distributed DP [12, 14], federated transfer learning and nonparametric classification under
distributed DP [13, 15], adaptive federated density estimation [18], private distributed functional data analysis [16], federated
Cox regression and cumulative hazard estimation [17], and federated PCA/spiked covariance estimation [39].

Van Trees lower bound arguments in this literature have been developed for heterogeneous federated nonparametric and
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Fig. 1. One round of an interactive federated protocol with a public transcript. At round ¢, each client receives the public history G <, applies a local

randomized algorithm to its local data X (), and contributes GED; the public environment then appends the public record A; at the end of the round to form
the updated transcript G'<;.

matrix estimation [14, 16, 39]. These model-specific proofs use noninteractive local releases, one-pass or chained sequential
transcripts, fresh batch decompositions, or reductions adapted to the target problem. These arguments do not cover protocols in
which a local dataset is repeatedly queried across adaptive rounds under a single final privacy guarantee. The missing ingredient
is therefore not another version of the classical van Trees inequality, but a clientwise contraction for multi-sample clients under
one zCDP guarantee on the complete public transcript that retains heterogeneous information directions. We close this gap with
a clientwise matrix contraction that depends only on each client’s total sample-level zCDP budget, rather than on the number or
ordering of communication rounds.

C. Notation

For nonnegative quantities a and b, we write a < b if a < Cb for a constant C' independent of the main asymptotic parameters,
such as dimensions, sample sizes, privacy budgets, and the privacy mechanism. We write ¢ < b if a < b and b < a. For
symmetric matrices A and B, A < B means that B — A is positive semidefinite, and A > B is defined analogously. For a
matrix .J, JT denotes its Moore—Penrose pseudoinverse. Let P4 denote the orthogonal projection onto the range of a matrix A.

II. STATISTICAL MODEL AND FEDERATED PRIVACY

Differential privacy requires the output distribution of a randomized algorithm to remain stable when a single sample is
modified. Throughout the paper, adjacency is imposed at the sample level within a client: two local datasets X ) and X are
adjacent if they differ in exactly one observation and have the same size. Thus the privacy unit is one sample held by a client,
not the whole client dataset. We work mainly with zero-concentrated differential privacy (zCDP) [40, 41], which is particularly
convenient for interactive protocols. LetaDa(P |Q) denote the Rényi divergence of order o between distributions P and @,

given by D, (P||Q) = -5 log [ S—S) d@; we use the same notation for random variables.

Let D denote a data domain, # an auxiliary input space, and ) an output space. We begin with the definition of zCDP for a
single mechanism [40, 41], which is also standard in the central DP model.

Definition II.1 (p-zCDP). A randomized mgchanism M : D xH — Y is called p-zero-concentrated differentially private if,
for every fixed pair of adjacent datasets X, X, every auxiliary input h € H,

Da (M(X; h)HM(X; h)) <pa, Ya>1.

In federated learning, the data are distributed across multiple clients, and the algorithm may consist of multiple rounds of
interaction. Formally, suppose there are m clients and client [ holds a local dataset of size n;:

xXO=(x®P .. x®y, 1=1,...,m.

The federation is coordinated through an untrusted public server. We call the public coordination layer, comprising the server,
public randomization, and public post-processing records, the public environment. Each client must protect its raw data from
both the public environment and the other clients. Each client therefore releases only a privatized transcript, which may depend
on the raw data, its own private history, and other public information. These transcripts are public and accessible to the server
and all clients.



The learning algorithm is an interactive protocol between the clients and the server and may adapt fully through the public
transcript. At a high level, the protocol starts from an initial public record. In each round, the current public history is broadcast
to the clients, the clients release local public messages, and the public environment appends a public record before the next
round begins. Figure 1 illustrates one such round.

Write G for the initial public record. Client [ may also maintain a private local history H. (l), initialized at Hél), which is not
released as part of the public transcript. In communication round ¢, after observing the public history G, client [ produces a
public local message and updates its private history through a #-independent randomized algorithm

(Gﬁ”,Hfl)) =M, (X(”;Gq,Hﬁ)l) . (1

Once the local public messages in round ¢ are available, the public environment may generate a public post-processing record
Ay through a @-independent public randomized algorithm

A, :A(G<t,G§1),...,G§m)). 2)
The public record in round ¢ is
Gi=(G,...,G{", A),  Ger=Gey1=(Go,Gr,...,Gi):

Let T be the total number of communication rounds. The complete ordered transcript is G = G<r, and a federated learning
estimator is a function 6(G).
We now define the zCDP federated protocol used throughout the paper.

Definition II.2 (zCDP federated protocol). An interactive federated protocol with a public transcript is called a p-zCDP
federated protocol, with p = (p1, ..., pm), if the complete public transcript G is p;-zCDP as a mechanism of client I’s data
X® conditional on the other clients’ data X (=0, Namely, for every client [ € [m], every fixed value of the other clients’ data
XD every adjacent pair X, X,

Da (G(X@,X(*l)),G()Z*(”,XP”)) <ap, Ya>1. 3)

The privacy unit in Definition II.2 is one sample within a client, not the entire client dataset. Client-level privacy, where two
adjacent datasets may differ in all records held by one client, is a different and generally stronger requirement; it falls within
the present sample-level formulation only in the special case n; = 1.

The following conventions specify the scope of the transcript model.

Complete transcript. The privacy guarantee is imposed on the complete public transcript G, not on any single message in
isolation. It therefore allows arbitrary adaptivity and sample reuse across rounds. The unreleased local states Ht(l) themselves
are not required to satisfy a privacy guarantee; privacy is imposed only on what becomes public. Inactive clients are represented
by deterministic null messages. If a nominal communication round has an internal order of local transmissions, we refine the
indexing so that ¢ ranges over the resulting ordered public transmissions.

Public records. The public records contain all public control information used by the protocol. The initial record Gy may
include initial public randomness and any initial public query, schedule, or broadcast information. The record A; appended after
round ¢ contains the public computation produced after that round, including server broadcasts, query choices, scheduling and
participation decisions, stopping indicators, public randomness, and any other public information used in later rounds. If the
protocol uses random stopping times, data dependent schedules, or adaptive participation rules, those decisions are part of G.

Protocol kernels. The local algorithms M; depend only on client {’s local dataset, its own private history, and the public
history. The public algorithm .4 depends only on already public information. These randomized algorithms do not explicitly
depend on the unknown parameter 6, which enters only through the sampling distribution of the raw data. If a protocol uses
explicitly time indexed local or public algorithms, the round counter and all time indexed instructions are included in the public
history G ;. Private randomizations and local state updates are independent across clients conditional on the full data and
public history. No shared private randomness, secure aggregation, aggregation across clients, or trusted server state may affect
future communication unless the relevant information is recorded in the public transcript.

Nonexamples. The definition does not cover a secure aggregation protocol whose hidden partial sums or masks affect later
communication without being recorded in G. It also excludes a trusted server that stores a private state derived from client
messages and uses that state to choose later queries without adding it to the transcript. Similarly, clients may not rely on shared
private randomness that is unobserved in G but influences future public messages.

The following examples satisfy this definition. For simplicity, these examples take no unreleased local history, so M; outputs
only the public message Gﬁl).

Example 11.1 (One pass sequential protocol). Consider a one pass sequential protocol in which clients 1,...,m speak once in
order. At step [, client [ releases
G = M(XD6a),  1=1,...,m,



while inactive clients release deterministic null messages and the public record A; at the end of the round may be empty.
Suppose that, for every realized public history g.;, the local mechanism M;(+; g<;) is p;-zCDP as a mechanism of X (). Then
the complete transcript G<,, is a p-zCDP federated protocol.

Example 112 (Roundwise protocol). Consider a roundwise zCDP protocol in which the local mechanism M;(-; g<¢) at round ¢
is p;,+-zCDP as a mechanism of X (), conditional on every realized public history g,. Then, by adaptive composition of zCDP,
the complete transcript is a p-zCDP federated protocol with p; = Zthl Pit-

Example 11.3 (General sequential protocol). Consider a general sequential protocol. Let a; € [m] be the active client at
transmission ¢, and write
G = Mo (X6, t=1,...,T,

with deterministic null messages from inactive clients and with any public post-processing at the end of the round included in
Ay. Suppose that the local mechanism M, (+; g<¢) is pa, :-zZCDP as a mechanism of X (%), conditional on every realized public
history g<¢. This is a special case of Example II.2: in each transmission, all inactive clients send deterministic null messages,
equivalently p; ; = 0 for | # a;. Hence the complete ordered transcript is a p-zCDP federated protocol with p; = th:l Plt-

III. CLIENTWISE FISHER INFORMATION GEOMETRY AND FEDERATED VAN TREES BOUNDS

This section establishes the paper’s general lower bounds for fully interactive federated zCDP protocols. The clientwise matrix
Fisher information contraction retains the full geometry of the local experiments and leads to the associated matrix van Trees
inequality. We first record the homogeneous trace compression, and then retain the full clientwise geometry for heterogeneous
experiments and derive an exact dual for the resulting matrix envelope. This separation makes the privacy argument reusable:
for a new regular statistical model, only the raw client Fisher information must be recalculated. For presentation, we defer the
regularity conditions to Assumption 1, including the standard differentiability, integrability, boundary, and transcript regularity
conditions needed to apply the classical van Trees inequality.

A. Homogeneous Models and Trace Compression

We start with the homogeneous experiment, where all clients sample from the same parametric model but may have different
sample sizes and privacy budgets. Client ! holds independent local observations
xWM P, i=1,...m, 1=1,....m, 0cOCR" 4)
The local datasets are independent across clients. Let pg be a density of Py with respect to a #-independent dominating measure.
Define
s(x;0) = Vologpy(z),  I,(0) =Eg[s(X;0)s(X;6)"]

to be the score and Fisher information matrix of one observation. To match the heterogeneous notation used below, this is the

case s;; = s, with
ny

Si0) =" s(xP10),  Ji(0) = ml,(0).
i=1
The complete public transcript is denoted by G, and all estimators in this section are functions of G. The notation E.Ey means
that @ ~ 7 is drawn first, after which the data and transcript are generated under Py.
For a clientwise zCDP budget p = (p1, ..., pm), write

Ky = et —1, l=1,...,m.

Under the privacy regime where p; is upper bounded by a constant, the factor x; < p; is equivalent to p; up to constants. The
first ingredient is an information contraction inequality for the complete public transcript. It is the only point at which the
interactive protocol and the clientwise zCDP constraint enter the trace lower bound.

Proposition III.1 (Trace contraction of the public transcript). Under model (4) and Assumption 1, let G be the complete public
transcript of a p-zCDP federated protocol. Then, for every fixed 0,

TrIg(0) < [mnf 11.(0)]],, A 1 Trfm(e)] . )
=1

The two terms in each clientwise summand have different origins. The term n; Tr I,.() is the ordinary Fisher information
available in client I’s raw sample. The term #;nj || 1;(6)||,, places an upper bound on the Fisher information that can pass
through the complete public transcript under client I’s sample-level zCDP budget. The proposition charges the single complete
transcript budget p;. It is therefore compatible with arbitrary adaptivity and repeated reuse of the same local observations across
public rounds.



Combining this contraction with the multivariate van Trees inequality gives the main trace lower bound.

Theorem IIL.2. Under model (4) and Assumption I, every estimator 6 = é(G) based on a p-zCDP federated protocol satisfies

p2

EE‘@ ﬂf
ilg - m .
ijmu |AmﬁQ@LWQ+HL

The limitation of this form appears when the loss or the local experiments are directional. A client may carry substantial
Fisher information entirely in directions irrelevant to the target, yet the scalar denominator above counts that information
together with useful information. In Proposition IV.5, for example, only the ¢ clients whose designs overlap the target subspace
can reduce the target risk, whereas a trace calculation alone cannot exclude the remaining clients. The matrix formulation
below retains the supporting subspace of each client contribution and therefore gives a sharper bound in such settings; see also
Subsection III-D4.

B. Heterogeneous Models and Clientwise Matrix Contraction

The preceding trace bound retains only total transcript Fisher information. This compression is appropriate when the
coordinates are statistically comparable and the loss treats all directions symmetrically. In heterogeneous experiments, however,
different clients may observe different subspaces or have anisotropic designs. Then total Fisher information is not enough: the
lower bound must also record where that information is located. The matrix bound retains this clientwise directional geometry.

Consider independent, not necessarily identically distributed, local observations

XY~ Py, i=1,...m, l=1,...,m, 6c0OCRP (6)

Let ! l
s (X1:0) = Vg log po.i(X ")

be the local score, and define

Si0) = 3" su(XV50),  Di(0) = Ee[S1(0)Si(0)7].

If the observations are i.i.d. within client [, then J;(6) = n;I;(0), where [;(0) is the Fisher information of one sample from
that client. Thus J;(6) is the raw Fisher information available at client [ before privacy is imposed.

The next theorem decomposes the transcript Fisher information into clientwise positive semidefinite contributions. Each
contribution is bounded by the client’s raw information matrix and by a whitened trace budget determined by the zCDP
constraint. The proof is given in Subsection A-D.

Theorem IIL.3 (Clientwise matrix contraction). Under the heterogeneous client model in (6) and Assumption 1, let G be the
complete public transcript of a p-zCDP federated protocol. For every fixed 0, there exist positive semidefinite matrices A;(6),

l=1,...,m, such that
0) => Ay(0)
1=1

and
0 = AZ(Q) j JZ(Q), Tr [JZ(Q)TAZ(Q)] S Riny.
Equivalently,
A1(0) = Ji(0)'/2 Bu(6) 11 (8)'/2,
where

0 = Bi(0) = P9, Tr B (0) < kimy.

Proof idea. Conditioning on the complete transcript preserves the factorization of the local data, so I (0) = >, A;(6). For
each client, on one hand, the conditional expectation cannot increase its raw Fisher information, which gives A4;(0) < J;(6).
On the other hand, the trace Tr [JI(G)TAZ(O)] represents a sum of samplewise score—transcript correlations. Replacing one
sample by an independent copy removes its correlation with the new transcript, while zCDP controls the resulting change, and
summing these bounds gives the trace constraint. The representation in terms of B;(6) is then given by whitening with J;(6).

The theorem retains the clientwise geometry of the transcript information. The trace bound above is obtained by taking traces
in these clientwise constraints and thereby discarding the location of the information. Here A;(6) is the part of the transcript
Fisher information attributable to client [. The Loewner bound A;(#) < J;(6) says that privacy and interaction cannot create
more information than the client’s raw sample. The whitened trace bound says that, after measuring information in the geometry
of J;(0), the public transcript can pass through at most ;n; Fisher information units from client [.



Taking traces in the matrix contraction gives the corresponding heterogeneous trace consequence. Since
Tr A, = Te(J;By) < ||JlHop Tr B; < kiny ||Jl||0p

and A; < J; gives Tr A; < Tr J;, we obtain

Trlc(d) < {mnl 17:(0) |, A T Jl(e)} .
1=1
In the homogeneous model, J;(¢) = n;I,(#), so this reduces to (5).

Combining the matrix van Trees inequality with Theorem III.3 gives the following matrix federated lower bound. In the
statement, Pj, (g denotes the orthogonal projection onto range(.J;(#)). Thus, if J;(0) is singular, B;(f) is constrained to act
only on the directions in which client {’s raw experiment has Fisher information. The final inverse is interpreted in the extended
sense: zero eigenvalues contribute +oco.

Theorem IIL4. Under the heterogeneous client model in (6) and Assumption 1, for a measurable family B = {B;(0)}",,
define

=Jet [ D) ?Bi(60)1i(6)* dn(6). (7)
© =1

Then every estimator 0 = 0(G) satisfies

E,E, He 9H e [M(B)™], (8)

inf
{31(9)}

where the infimum is over measurable choices satisfying
0 = Bi(0) = Py, 0), Tr Bi(0) < kiny.
The trace inverse is interpreted in the extended sense: zero eigenvalues contribute +co.

Proof idea. For a fixed protocol, the matrix van Trees inequality lower bounds the Bayes risk by Tr[(Jx + [ I¢(0) dm(8))~].
Theorem II1.3 supplies a feasible clientwise allocation B for which the matrix in this expression is exactly M (B%). Thus
every protocol gives a feasible allocation, and taking the infimum over the stated feasible families yields the variational lower
bound.

For heterogeneous experiments, the matrix expression is generally more complex than the scalar trace bound and need not
reduce to a simpler closed form. To apply it, one first computes the raw client Fisher information J;(#). The matrix B;(#) then
describes the information from client [ that passes through the transcript after whitening in the geometry of J;(6). The trace
constraint Tr B;(6) < k;n; says that client [ can contribute at most this many effective whitened directions. After combining
these clientwise contributions, one inserts the resulting information matrix into the matrix van Trees expression, or restricts it to
the subspace relevant to a projected loss.

C. Dual Representation and Spectral Allocation

The matrix lower bound in Theorem III.4 involves a minimization over matrix-valued information allocations that can obscure
the relevant directions. The following dual converts this optimization to a finite-dimensional concave maximization and identifies

the corresponding clientwise spectral allocation. For a positive semidefinite matrix C, let A1 (C) > A3(C) > - - - be its ordered
eigenvalues, extended by \,.(C) = 0 for r > rank(C). For t > 0, define the fractional Ky—Fan functional
C) = Z Ar(C) + (= [t)A1)+1(O). ©))
1<r<t
Thus
sup Tr(BC) =T (PCP) (10)

0=<B=P, Tr B<t

for every orthogonal projection P: the budget fills the largest eigendirections first, with at most one fractional direction away
from ties. Write 7, = rkin;.

Theorem IIL5 (Dual representation). Under the conditions of Theorem I11.4 and J = 0, the matrix value V = inf g Tr(M (B)~!)
satisfies

V= sup {QTrX Tr(X T, X) Zrn (Ju(0) X X T Ji(0)?) dw(ﬂ)}. (11)
XeRprXxp [SI

The dual objective is concave, the primal infimum is attained, and the equality is valid without simultaneous diagonalization of
the client Fisher matrices.



Corollary IIL.6 (Optimal spectral allocation). If B* minimizes the primal and M* = M (B*), then for almost every 0, client
I’s matrix Bj(0) solves the spectral allocation problem for

Cr(0) = Ji(O) /2 (M) 27,(0) /2.
Equivalently, it allocates up to total mass 1; A rank J;(0) to the leading eigendirections of C}(0).

The exact dual and Corollary II1.6 give complementary views of the primal matrix bound. The primal infimum over measurable
matrix-valued information allocations is exact, but leaves the relevant directions implicit. Without relaxation, the exact dual
replaces this infimum with a finite-dimensional concave maximization; for each dual variable X, its Ky—Fan terms record the
largest contribution allowed by each client’s whitened information budget and local Fisher geometry, without requiring the
client Fisher matrices to be simultaneously diagonalizable. The water-filling characterization identifies the corresponding primal
geometry. At a primal optimizer, (M*)~2 weights directions that remain globally uncertain, so the rule allocates each client’s
budget not simply to its largest local Fisher directions but to the directions where its local information most reduces aggregate
uncertainty. It is self-consistent because all clientwise allocations determine M *, which in turn determines the matrices C; (9)
used to select those allocations; it is noncommutative because each client can make this spectral choice in its own eigenbasis.
The proof is given in Subsection B-B.

D. Consequences and Discussions

The preceding results identify the exact geometry of the general federated lower bound. We now draw out its rate, interaction,
and directional consequences.

1) Homogeneous Rates: Theorem IIL.2 reduces the homogeneous lower bound calculation to the Fisher information I, () of
one observation. Suppose, for example, that || I,,(8)]|,, < ¢~ uniformly and the prior Fisher information is dominated by the
transcript information term. Then the bounded privacy form gives

R 2 m 2 —17

E E — > 52 p, P

T OHH GHQNU Z(nl v 1712

=1 Py
In the homogeneous case n; = n and p; = p, this becomes

A 2 2
E,r]EgHH—GH > o2 (pv P )
2

mn  pmn?2

When m = 1, the expression reduces to the central DP van Trees form based on Fisher information contraction [11]. When
n; = 1 for all [, the privacy limited term matches the usual high privacy local DP Fisher information scaling studied in local
privacy lower bounds [19, 26].

2) Interaction and Matched Rates: Theorems III.2 and III.4 are uniform over the full class of interactive protocols with
public transcripts in Definition I1.2. They apply to protocols with a single local release, ordered sequential protocols, and
protocols with multiple adaptive rounds in which the same local data may be reused across rounds. The bounds depend on the
protocol only through the clientwise zCDP budgets p; for the complete transcript, not through the number of rounds, the order
of messages, or the way in which a budget is split across rounds. For an explicitly roundwise protocol, this means that the
lower bound applies after the usual zCDP composition p; = ), p;,+; more generally, no roundwise decomposition is required
once the complete transcript satisfies Definition II1.2.

This uniformity clarifies what a matching upper bound establishes. If a one round or noninteractive procedure attains a rate
matching the trace or matrix bound, then allowing arbitrary interaction over multiple rounds cannot improve that rate. In this
sense, a simple protocol that matches the bound is rate optimal not only within its own restricted communication structure
but also within the larger class of fully interactive protocols with public transcripts. Interaction may still matter for constants,
communication, numerical stability, or adaptation to unknown tuning parameters, but it cannot overcome the transcript Fisher
information limits in Theorems III.2 and III.4.

This uniformity rests on the clientwise score decomposition for the complete transcript. Existing lower bounds are proved
only for noninteractive releases, fresh batch protocols, or sample splitting reductions, and they do not by themselves rule
out a fully adaptive algorithm that repeatedly queries the same local datasets. Here the entire ordered public transcript G,
including all adaptive messages and public post-processing records, is the statistic to which the information contraction is
applied. Conditioning on a realized complete transcript fixes the public adaptive choices, while the unreleased private histories
remain local to their clients. This gives posterior factorization and hence the clientwise score projections used in Proposition III.1
and Theorem II1.3. The proof therefore accommodates arbitrary interaction and sample reuse directly, rather than reducing to
fresh batches or noninteractive releases.



3) Heterogeneous Information Geometry: The exact dual in Subsection III-C gives a finite-dimensional concave representation
of the matrix optimization. The fully isotropic case gives a closed form expression for the matrix bound before client Fisher
geometries introduce directional distinctions. Suppose that J, = A\, for some A > 0 and that J;(0) = 5,1, for every client [.
Writing 7; = k;ny, the matrix value in (8) reduces to
-1

, N p
inf M, + Z]lBl = .
o VS (1a %)

Indeed, rotational averaging makes each optimal B; a scalar multiple of I,,, and monotonicity uses its full feasible trace budget.
The scalar privacy penalty therefore arises by distributing each client’s whitened budget symmetrically across statistically
indistinguishable directions. Once the client Fisher geometries are no longer jointly isotropic, this compression is unavailable.

The allocation geometry in Corollary II1.6 describes the corresponding general case. Although B* is the information allocation
that makes the lower bound weakest rather than an actual protocol, a candidate mechanism approaching the geometry of the
lower bound should induce transcript information aligned with these globally weighted directions. Realizing this allocation
through a concrete release or a roundwise zCDP budget split depends on the mechanism and may require handling the unknown
parameter 6.

For applications, one may either solve the matrix optimization directly or lower bound its value using simpler consequences
of the constraints. The measurability condition in Theorem IIl.4 permits such bounds to be derived from sharp integrated upper
bounds on possible transcript information matrices. Enlarging the feasible class gives a weaker but still valid lower bound,
whereas evaluating a si 7g1e fea51ble family gives only an upper bound on the infimum. Another common route is to replace each
feasible contribution Jl By Jl by an explicit Loewner upper bound or to project the expression to the subspace appearing in
the loss. These relaxations preserve validity because the trace of the inverse is order reversing on the positive semidefinite cone.

The allocation becomes coordinatewise when the relevant Fisher information matrices commute. Suppose, for instance, that
Jr and J;(0) are independent of 6 and are diagonal in the same orthonormal basis:

T :diag(jﬂla"'7j7rp)7 Jl :diag(jlla"'ajlp)-
Then Theorem III.4 yields

1
E E9H9 eH inf
{bly} j‘n’]+2[ 1]l]blj

where

P
0<b; < 1{jlj > O}, Zblj < kyn; for each .
j=1

Thus b;; is the fraction of client {’s available information budget allocated to direction j, and > j by; < kiny is the corresponding
clientwise privacy budget.

This coordinatewise interpretation fails for noncommuting Fisher geometries. For a simple example, take p = 3, J, = Al3,
and two clients with

Ji =nio 2P, Jo = ngo 2P,

where P is the projection onto span{e;,es} and Py is the projection onto span{(e; + e3)/v/2,e2}. Then PPy # Py Py, so
there is no common orthonormal basis in which the two clients’ allocations reduce to independent scalars b;;. If x;n; < 1, each
client can pass through at most one effective whitened direction, but the two available planes overlap obliquely. In this case the
matrix bound records how information subject to privacy constraints can be placed across nonaligned subspaces, while a trace
calculation records only total Fisher mass. The contrast between these two summaries is illustrated in Figure 2.

4) Information Relevant to the Target: The matrix bound records information in the directions selected by the loss, rather

than only the total transcript Fisher information. For a linear target R, R € R9*P, and loss H

, it suffices to replace

Tr[M(B)~!] with Tr[RM(B)~*R"] in the lower bound. Thus, R identifies the target directions, whlle the client Fisher
matrices identify the directions from which information can be supplied.

A coordinate target makes this alignment explicit. Let 7 C [p], and let Rt € RI7!XP select the coordinates in 7. Suppose
that client [ has Fisher information J; = n;0, 2P, where P, is the orthogonal projection onto a coordinate subset S; C [p], and
that J; = diag(jz1,...,jrp). Coordinate sign averaging reduces the matrix allocation to diagonal entries, so every estimator
@T of R0 satisfies

1
E EQH@AT RTHH inf
{le} 7—.777; +Zl JES nlgl le

where
0<b; <1 for j € &, Zblj < Kin;.
JES
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Fig. 2. Why a matrix contraction is needed. A scalar trace constraint retains total Fisher mass but discards its orientation. The clientwise matrix allocation
preserves the raw information subspaces and the privacy-limited contribution in the target direction.

Thus, client [ contributes to target coordinate j only when j € 7 N'S;. The next corollary gives a closed form consequence
when the target coordinates have balanced coverage.

Corollary II1.7 (Balanced target coordinate coverage). Under the conditions of Theorem Il1.4, suppose n; =n, p; = p, and
J; = no~2P, where each P, is a coordinate projection onto a coordinate subset S; C [p|. Let @ # T C [p|, and suppose that,
for some q,r+ > 1, every client intersecting T observes exactly r+ target coordinates and every target coordinate is observed
by q clients:

|SsNT| =rr whenever SSNT # &, #{l:je8}t=q foreveryjecT.

If 0 < Jx = Ar1, for some A\ > 0, then every estimator sz,— of R0 satisfies
‘T| _ 2p
Ar + 07 2gn (1 A ﬁ)
T

~ 2
E.Eg Hd)’r - RT9H2 >

In particular, when the prior information is no larger than the transcript information term,

E,E, H‘ZT - R79H2 > o2 ('T v m’";f) .
2 qn  grn

The proof is given in Subsection A-D. Here ¢ is the number of clients covering each target coordinate, while 7 is the
number of target coordinates over which each target-relevant client must spend its privacy information budget. The privacy
contribution therefore produces the additional term |7 |r7/(gxn?). Unlike the matrix bound, a scalar trace denominator cannot
distinguish information in 7 from information in its complement. For example, if every J; is supported on span(e;) and
R = eq, then the matrix bound leaves the target direction controlled only by the prior, whereas a trace bound still sees positive
total Fisher information.

The target subspace result in Proposition IV.5 applies the same principle to a noncoordinate target subspace. The rank-one
binary regression result in Proposition IV.6 shows that the corresponding global and fixed linear target risks can be attained in a
concrete model.

IV. APPLICATIONS

This section illustrates the application of Theorems III.2 and III.4 to several canonical estimation problems. The examples
progress systematically from settings with isotropic Fisher information to those with directional coverage and target relevance,
followed by rank-one binary regression, graph geometry, and infinite-dimensional reductions. Let M, denote the class of
estimators generated by p-zCDP federated protocols, as formalized in Definition II.2. Throughout this section, we assume that
the clientwise privacy budgets are uniformly bounded, 0 < p; < C, for a fixed constant C' > 0. For each problem, we establish
a minimax lower bound over M,,. In the homogeneous setting where n; = n and p; = p for all clients [, Table I summarizes
the resulting rate comparisons. Detailed derivations for all applications are deferred to Section C.

A. Gaussian Mean Estimation and Homogeneous Linear Regression

The Gaussian mean model and homogeneous linear regression have Fisher information per observation comparable to o~ 21.
Applying the trace bound gives lower bounds of the same order in the two settings.



1) Gaussian Mean Estimation: Suppose client [ observes
XY N0, 0%1),  i=1,...,m, (12)
independently across ¢ and [.

Proposition IV.1 (Gaussian mean estimation). Under the model (12), we have

inf  sup EQHQ 0H >dAo? [i (:Zl\/d:>_1] _1. (13)
1=1

0eM, 0e[—1,1)¢ ping

The two terms inside the clientwise maximum represent ordinary sampling difficulty and privacy contraction difficulty,
respectively. The calculation appears in Subsection C-Al.
2) Homogeneous Linear Regression: To connect mean estimation to regression, consider the random design linear model

Y;(l) _ (Zi(l))TH Jrgl_(z)7 fzgz) ~ N(0,02), (14)

where ZZ.(l) is independent of the noise and
cols <EZP(ZT < e1ly (15)

uniformly in [, for fixed constants 0 < ¢y < ¢ < 0.

Proposition IV.2 (Homogeneous linear regression). Under the model (14) and design condition (15), we have
-1

inf  sup Ey HH 9H >dAo? [Zm: (TCZ[ \% d22) _11 . (16)

feM, 0e[—1,1]¢ =1 iy

The rate has the same form as for Gaussian mean estimation because the Fisher information of one observation is uniformly
comparable to o~21; in the well conditioned regime. The derivation appears in Subsection C-A2.

B. Coverage Geometry and Target Relevance

The matrix bound records where local information is placed, not merely how much information each client carries. We begin
with an example with missing features and then turn to general heterogeneous designs and target loss.

1) Estimation with Missing Features: Let S; C [d] have cardinality s, and suppose client | observes n independent vectors
1+ 9]‘

2 7
with independent coordinates and § € [—1/2,1/2]%. Denote by P; the projection onto the coordinates in S;. Assume the
balanced coverage condition for simplicity:

xV=(xP:jes)e{-1,1)°, PyX)=1)=

S P=qli  ms=dg

Proposition IV.3 (Estimation with missing features). In the preceding experiment, let every client have the same zCDP budget

0<p<C. Then
d d
nfswp |6 - 9” = dnA ( + 52) ,
0eM, 0e[—-1/2,1/2]4 qn qgpn

with the usual convention at p = 0. One noninteractive vector message per client attains the upper bound.

Thus each coordinate receives information from ¢ clients, while each client spends its privacy information budget over s
observed coordinates. The proof is given in Subsection C-B1.

2) Heterogeneous Linear Regression: For heterogeneous designs, the matrix bound preserves the orientation of local Fisher
information. Suppose client [ observes

v =2+, ) ~Nep),  EzP(Z0)T =50 (17)
Proposition IV.4 (Heterogeneous linear regression). Under the model (17), we have
-1

eIy + anal w122, (18)

inf  sup EQHQ 9H > 1nf}Tr
=1

beM, oe[—1,1]4

where
0= B =< Py, Tr B; < (e*' — 1)n,. (19)

Here ¢ > 0 is a universal constant and Py, denotes the orthogonal projection onto range(3;). The transcript contributes no
information in directions outside span{range(¥;) : 1 <! < m}. This directional obstruction is not captured by a scalar trace
denominator. The derivation appears in Subsection C-B2.



3) Prediction on a Target Subspace: The target subspace problem is a direct specialization of the matrix bound for linear
targets. Let Ry € R"*? have orthonormal rows spanning the target subspace, and write Py = R] Ry. In the heterogeneous
linear model (17), the target is Ry6 and the loss is

2

Lo(0,0) = HRo(é—e)H —(6-0)TP(0—0). (20)
2
Suppose exactly ¢ clients are target relevant with n; = n, p; = p, oy = o0, and ¥; = F,, while all other clients satisfy
P()EZPO =0
#{1:X =Py, y=n, pp=p, oy =0} =q, Py Py =0 for all other clients. (21
Proposition IV.5 (Prediction on a target subspace). Under the model (17), target loss (20), and relevance condition (21), we
have 2
. A of T r
inf  sup E¢Lo(6,0) Z1A0 < Vv 2) . (22)
0eM, 0€B2(0,1) qan - gpn

This specialization isolates the target relevance obstruction: only clients relevant to the target contribute to the lower bound,
while information in orthogonal source directions is irrelevant for Ly. A trace calculation alone cannot make this distinction,
because it summarizes source clients by total Fisher mass rather than by Fisher mass in the target subspace. The matrix bound
removes clients whose information is supported in Pg- from the denominator of the lower bound for the target risk. The
derivation appears in Subsection C-B3.

C. Rank-One Binary Regression

Rank-one binary regression isolates the directional geometry captured by the matrix bound: client [ observes signs only along
a public design direction u;. Let client [ have a public unit-norm design profile u; € R? and observe n; independent signs
Xi(l) € {—1,1} such that
1+ u, 0
==
Put P, = ululT, let L, = max; ||u;||;, and assume hL, < 1/2. For 0 < p; < C, set

1 2 \ ! i
wp = —+— ) H= wlB7
(5 ) >

and set w; = 0 when p; = 0. The matrix H is the privacy-weighted design matrix: w; is the precision scale available after
client [ averages its sample and adds privacy noise, while P, specifies the direction carrying that precision.

0 €0, =[—hh"

Proposition IV.6 (Rank-One Binary Regression). Under the preceding model, suppose H = h=21,. Then
- 2
_inf sup Eg HG—HH = Tr(H ™).
oM, 0€0), 2
More generally, for every fixed R € R1%%,
~ 2
Cinf  sup Eg HwR - RHH = Te(RH™'RT).
PYREM, HEO, 2
One noninteractive scalar message per client attains these upper bounds. The implicit constants depend only on C.

The case R = v gives the risk of a contrast in direction v. The following two-dimensional comparison makes the directional
role of the matrix bound explicit. Even in dimension two, H; = W, and

Hp = W(ere] + u[;u—ﬁr), ug = (cos B,sin §) 7,
have the same trace 2W. If 0 < 8 < 7 /4 and W sin? B > 4h~2, their contrast risks in direction e, have respective orders
1+ cos? 3
Wsin? g -
Thus equal total Fisher information can yield contrast risks differing by order 3~2: the information must be placed in directions
that identify the target. The proof is given in Subsection C-C.

T -1 -1 T -1
ea H "ea =W™7, eQHB ey =



D. Bradley-Terry Learning on a Comparison Graph

Pairwise preference data are used to rank products, treatments, players, and candidate model outputs. The Bradley—Terry
model is the classical parametric model for such comparisons [42]; modern ranking procedures also exploit the geometry of the
comparison graph [43]. We consider a graph setting in which this geometry is explicit. Let G = ([K], E) be a connected graph
with Laplacian Lg. For each edge e = {a,b} € E, there are ¢ clients, and each client observes n independent outcomes from

the oriented comparison

et

(e;r) _ _
P, (Y, =1)=0(1a — ™), o(t) = Toet

K3

(23)

The score vector is centered, 7 € 1%, and the privacy unit is one comparison outcome within a client. A bounded score range
is necessary for a uniform squared-error statement: along an unbounded score ray with a strict ordering, the event that every
finite comparison favors the higher-scored item has probability tending to one, so even the nonprivate data do not identify the
scale. For a dynamic range B > 0, let

Og(B) = {r € 1% : |7, — ™| < B for every {a,b} € E}, (24)

For client 7 on edge e, let 0 < p., < C' be its zCDP budget, and write

(1 N 1 >_1 >0 q
We,r = n pe,rnz > Per ’ We = ZWEJ‘-
0, Pe,r = 0, r=1

The privacy-weighted comparison graph has Laplacian
Lop= Y welea—er)(ea—ep)'.
e={a,b}eFE

For a pair of items, write

Ro.p(a.) = (eo — ) 'L (en—e0).  rgp= max Rgp(ab)

Proposition IV.7 (Bradley-Terry model on a graph). Under the model (23), suppose that 0 < B < Bj, that client r on edge e
satisfies pe r-zCDP, and that Lg , is connected. Then

Te(Lf )
inf  sup E,|[|T7-—7 2 pe 9.p . (25)
2, o BTl 2 R
If, in addition, for fixed constants cgy, ko > 0,
)\max L
(K — l)rg,p < COB2, )M < Ko, (26)
P
then the global score risk satisfies

inf  sup B, |F— 7|5 = Tr(Lf ). 27)

TEM, TEOG(B)
Under (26), empirical win rates perturbed with Gaussian noise yield a matching upper bound. For a centered error vector z,

1 1
ol = = Y= )% (L) = 2 > Rgp(ah).
a<b a<b

Thus Tr(LTg’ p) is the average effective resistance over all item pairs for the graph with edge weights w,. It reflects not only
the number of comparisons, but also their placement in the graph and the privacy budgets of the clients making them: poorly
connected pairs, or pairs supported mainly by clients with small privacy budgets, contribute more to the global score risk. The
proof is given in Subsection C-D.

E. Infinite-Dimensional Models via Finite-Dimensional Reductions

Both examples apply the trace bound to a finite-dimensional submodel, with the resolution p balancing approximation against
transcript information.



1) Nonparametric Regression: The trace bound yields nonparametric rates after projection onto finite-dimensional Sobolev
submodels. Consider the nonparametric regression model on [0, 1]¢,

vV =)+, &) ~N(©0,0%), (28)
where the design density is bounded above and below and f € H*(R).

Proposition IV.8 (Nonparametric regression). Under the model (28), we have
-1
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The supremum over p applies the lower bound to each p-dimensional Sobolev submodel and retains the strongest result. Here
p indexes the finite-dimensional reduction: the first term is the Sobolev truncation contribution, and the sum is the transcript
information available at that resolution. The first component is the ordinary nonprivate sampling term, while the second is due
to privacy. The derivation appears in Subsection C-El.

2) Functional Mean Estimation: We next consider functional mean estimation from discretely observed curves. On client [,
the n; private samples are independent curves. The i-th curve is observed through

Y = x0T + ¢ j=1,... k, (31)

inf
fEM fEH*(R)

In the homogeneous case n; = n and p; = p, this implies

. 2
inf  sup IEfoffH > RZA
feM, feH(R) L2

Zj7

where 51(5) ~ N(0,1), and the mean function is f = EXi(l) € H*(R) with o > 1/2. Let P,(R,Cx) denote the class of
distributions P of random curves X such that the mean function fp = EpX belongs to H*(R) and || X — fp||;. < Cx
almost surely. We treat the radii R and C'x as fixed.

Under Definition II.2, the privacy unit is one entire discretely observed curve {(TZ(Jl ,Yig»l)) :1 < j <k}, not an individual
grid measurement. Thus adjacent local datasets differ by one curve, and the lower bounds combine measurement sparsity with
variation at the curve level.

We consider two design settings. Under independent design, the measurement locations are private and independently sampled
for each curve. Under common design, the grid is public and shared across curves. The resulting lower bounds have the same
form as those for noninteractive algorithms in Cai et al. [22].

a) Independent design: Suppose the measurement locations are private and independently sampled for each curve:

in d
TP ™, 0<e <t <o <o (32)
To apply the van Trees lower bound, we use finite-dimensional submodels fy = >""_, 6,¢,., where p is the resolution parameter

and {¢,} is a localized wavelet system. Let [ }‘;}d(ﬁ) be the Fisher information matrix for the coefficient parameter from one
discretely observed curve at client {. Its information contribution is limited by both the number of measurements k; and variation
at the curve level:

155 O,y S kap™ ™ TeI0) S ki Ap TR,

The k;-terms reflect the fact that only k; random measurement locations are observed from each curve. The p?*+!-terms reflect
variation at the curve level, which limits the information that one curve can carry about the p mean coefficients. Substituting
these bounds into the van Trees inequality gives the following result. The detailed derivation appears in the appendix with the
application proofs.

Proposition IV.9 (Functional mean estimation with independent design). Under the model (31) and independent design condition
(32), we have

-1
= ( kn kyn?

Py (” A PR N e, Ap%‘lpm%)] . (33)
=1
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inf sup Ep Hf — fp” 2 sup
L2 7 p>1 p p

feM, PeP,(R,Cx)

In the homogeneous case n; =n, k; =k, and p; = p, this gives

p 2 1 a a 1
it s Ep|7 g 21 { + (mkn) "= 4 (pmkn?) "= 4 } : (34)
fEMp PEPL(R,Cx) L? mn
In the homogeneous independent-design case, the privacy term follows by balancing the Sobolev contribution p?>* with
pmkn? /p?, while the low-frequency privacy bottleneck is obtained at p = 1. The appendix with the application proofs carries
out the full optimization over p.



b) Common design: Suppose the grid is public and common across curves, with k; = k:
ngl):t], j:l,...,k, l:l"."m. (35)

Fix a sufficiently small constant cgriq € (0,1). We again use finite-dimensional submodels fp = Zle 0,-¢,, now choosing ¢,
as localized bump functions aligned with the public grid and taking 1 < p < cgiqk. Let I;fom(Q) be the Fisher information
matrix for the coefficient parameter from one curve observed on the common grid. In this case,

|em @], Sp. TI0) S P

Together with the usual discretization obstruction term k~2<, this yields the following lower bound; its derivation appears in
the appendix with the application proofs.

Proposition IV.10 (Functional mean estimation with common design). Under the model (31) and common design condition
(35), suppose k > c- L. Then

grid*
2 m n2 -1
inf sup Ep Hf — pr k74 sup |4 (nl A p”) . (36)
feEM, PeP,(R,Cx) L2 1<p<cgriak = p
In the homogeneous case n; =n and p; = p,
. 2 1 o
inf sup Ep Hf — fp” > 1A [ + k72 4 (pmn2)—2§+1] , (37)
FeM, PEPL(R,Cx) L min

For common design, the privacy exponent comes from balancing p?® with pmn?/p, subject to p < cgriak. When this
resolution exceeds the public grid, the discretization term k2 is active. The appendix with the application proofs carries out
the full optimization over p.

V. CONCLUSION

We developed van Trees lower bounds for federated learning under sample-level zCDP with complete public transcripts. Our
framework accommodates fully interactive protocols: clients may communicate over multiple adaptive rounds, the server’s
subsequent queries may depend on past public messages, and local samples may be reused across rounds. At the technical core
of our work is a clientwise matrix Fisher information contraction for the complete transcript under local privacy constraints.
This result decomposes the total transcript information into positive semidefinite contributions, each bounded by the client’s
raw Fisher information and a whitened privacy budget. By preserving the directional Fisher geometry of heterogeneous local
experiments, this matrix bound proves essential when clients observe distinct subspaces or when the loss depends on specific
target directions. For homogeneous models, trace compression yields a simplified scalar bound that reduces the lower bound
calculation directly to the single-observation Fisher information and clientwise privacy budgets.

A key advantage of these inequalities is that they decouple the model-specific Fisher information calculation from the privacy
and interaction mechanism. For the applications considered herein, this separation yields minimax lower bounds across the
full class of interactive protocols with public transcripts for mean estimation, linear regression, nonparametric regression, and
functional mean estimation. When paired with existing upper bounds, our results establish the exact minimax rates for these
problems. Consequently, we show that simpler one-round or restricted protocols achieving these rates remain rate-optimal even
against arbitrary multi-round interaction and repeated sample reuse.

Several open directions remain. For pure ¢;-DP, the lower bounds follow immediately because any ¢;-DP client mechanism is
€2 /2-zCDP, so our results apply with p; = €7 /2. However, approximate (¢, d;)-DP lacks a direct conversion to zCDP. Extending
these results would require replacing the single-client zCDP contraction with an approximate-DP comparison that controls the
exceptional §;-events, which remains an avenue for future work. Other promising extensions include lower bounds under secure
aggregation, shuffle privacy, and protocols with trusted private server state. Furthermore, one could combine the complete
transcript privacy contraction with explicit communication or computational constraints. Finally, the matrix-valued bound points
toward new applications in heterogeneous learning and transfer learning, where minimax performance is governed by the
specific subspace directions spanned by the clients rather than overall scalar Fisher information.

APPENDIX A
PROOFS OF INFORMATION CONTRACTION AND FEDERATED VAN TREES BOUNDS

The following sufficient conditions are standard for Bayesian Cramér—Rao or van Trees inequalities; see Gill and Levit
[44], Gassiat and Stoltz [45] and Lemma C.1 of Cai and Li [11]. We state them for the heterogeneous product model. For each

0, the raw data law is
m  ng

Py = ® ®P0,li, Xfl) ~ Py ;.

=1 i=1



Let pg,;; be the density of Py ;, and define the local scores and information matrices by
Sli(Xi(l);e) =V Inge,li(Xi(l))y I;(0) = EO[SH(X‘(Z) 6)s1i(X; o, ;0)7].

For the client and full data scores, write

ny m

Si0) = > su(XV50),  S0) =" Si(0)
=1

Regularity of the raw data gives
Eosu(X:0) =0, 1=1,....m, i=1,...n,
1;(0) = COVQ(Sli(X‘(l)E 0)),

Ji(0) :=Eqg[Sy(0 Z 1i(6

(38)

Consequently, Ey.5;(6) = 0 for each . For a possibly randomized statistic 7' generated from the raw data, let pp 1 be the density
of its induced law, I(0) its Fisher information matrix, and Sx (6) the score of the raw data entering 7". The corresponding
score projection identities are

Vo logper(T) =Ee[Sx(0) | T,
I7(0) = Eg [Eo[Sx (0) | TIEq[Sx(0) | T]"].

For the complete public transcript G, write I () for the Fisher information matrix of its induced law.

(39)

Assumption 1 (Regularity conditions for the van Trees bounds). For the heterogeneous product model above, we use the
following standard sufficient conditions for the van Trees inequality. They are not intended to be minimal.

(i) For each [ and ¢, the density pg;; is defined with respect to a f-independent dominating measure and is continuously
differentiable in 6.

(ii) For each ! and ¢, the local likelihood satisfies the conditions for differentiating under the integral sign that yield the local
identities in (38).

(iii) The client Fisher information matrices J;(6) are well defined and

/||Jl L, dn@) <o, I=1,...m.

(iv) The parameter space © is a compact subset of R” with piecewise smooth boundary.
(v) The prior distribution 7 has a continuously differentiable density on R” and vanishes on the boundary of ©.

(vi) The prior Fisher information matrix
Jr = / Vo logm(0)Vglogm(0) 7 (6) df
e

is well defined and finite.

(vii) The data, private history, and transcript spaces are standard Borel, so regular conditional distributions for randomized
transcripts exist. The induced transcript laws are dominated and differentiable in 6 and satisty (39).

A. Information Contraction for One Client

The trace argument starts from the following zCDP information contraction for one client, due to Cai and Li [11].

Lemma A.1 (zCDP information contraction for one client). Let X1,...,X,, be i.i.d. samples from Py, with score s(X;0) and
one-sample Fisher information I,(0). Let T be a statistic generated from X = (X1,...,X,) by a 6-independent p-zCDP
mechanism at the sample level. Write Sx (0) = >, s(X;;0). Then

Eo |[Eo[Sx (0) | T3 = Tr Ir(0) < (¢* — 1)n® || L(0)

||0p'

The matrix argument uses a strengthening invariant under affine transformations. Its proof adapts the zCDP information
contraction argument of Lemmas C.2 and C.3 of Cai and Li [11] after whitening the score.

Lemma A.2 (Matrix zCDP information contraction for one client). Let X1, ..., X,, be independent observations from models
Py ; that are not necessarily identical. Let s;(X;;0) and I;(0) be the score and Fisher information matrix of X;. Let

) si(Xi30),  J(0) =Ee[S(0)S(0)"] = ifi(ﬂ

i=1 i=1



Let T = M(X) be generated by a 0-independent p-zCDP mechanism at the sample level, and define
U(T:0) = Eo[S(0) | T),  A(6) = EglU(T;0)U(T;0) ).

Then
0= A®0) =J(0), Tr[J(0)TAWD)] < (e* —1)n.

Proof. Fix 0, take all expectations in this proof under P, and write S, J, U, A for the corresponding quantities. We first assume
J > 0. The law of total covariance gives

J =E[Cov(S | T)] + Cov(E[S | T]),

and since ES = 0, the second term is A. Hence 0 < A < J.
Set W(T) = J~'U(T) and
a=Tr(J'A) =E[U"J U] =EW(T),U(T)).

Since U(T') = E[S | T,
a=E(W(T),8) = 3 E(W(T), 5:(X)).

Fix i. Let X/ be an independent copy of X;, define
X0 = (X1, Xom, X[ X, X)), TW = M(XD),
and write W) = W (T®). Since X is independent of X; and Es;(X;) = 0,
E <W(i), si(Xl-)> =0.

Therefore ‘
E (W (T), s;(X;)) = E <W(T) W, sl-(Xi)> .

The datasets X and X are adjacent, so zCDP gives, conditional on (X, X (i)),
Da(M(X)||M(XD)) < 2p.
Hence, using the relation between order-2 Rényi divergence and x? divergence [46],
P(TITD | X, XW) = P(MX)|M(XD)) < e — 1= k.
We use the chi-square mean difference inequality in Lemma F.1 of Cai and Li [11],

[Epf —Eof* < x*(P|QEq[f’],
Applying it conditionally on (X, X®), with P = £(T | X, X®), Q = £(T® | X, X®), and f(t) = (W (t), s:(X;)), gives

. ) SN2 ) .
(BLAT) | X, X O]~ BIA(TD) | X, X)) < 6E[f(TO)? | X, XD
Averaging and applying Jensen’s inequality yields
2 ; 2
E(W(T), si(X0))* < wE(W(TD),s:(X,))
Since T*) is independent of X; and has the same marginal distribution as 7T,
, 2
E <W(T(l)), si(Xi)> = Tr (E[W/(T)W(T)"]1;) = Te(J P AJ'L,).

Denote the last quantity by b;. Then by the triangle inequality and Cauchy—Schwarz,

But n "
> by=Tr <J1AJ1 ZL) =Tr(J'A) = a.
i=1 =1

Thus a < y/kna. If a > 0, dividing by v/a gives a < kn; if a = 0, the same conclusion is trivial.



If J is singular, let R = range(J). For v € Rt = ker(J),
0=v"Juv=E('S)?

so v'S = 0 almost surely. Hence v'U = E[v"S | T| = 0 almost surely, and v' Av = E(v'U)? = 0. Since A = 0, this
implies Av = 0 for all v € R1, or equivalently range(A) C R. If R = {0}, then A = 0 and the claim is trivial. Otherwise,

choose an orthonormal matrix () whose columns span R and apply the preceding positive definite argument to S = Q'S,
=Q'U,J=Q7JQ, and A= QT AQ. Then J > 0, and

Tr(J'A) < kn.

Because range(A) C R, the last trace equals Tr(JtA). In both the nonsingular and singular cases, set B = (J1)1/2A(J1)1/2,
The range inclusion gives A = JY/2BJY2, while A < J gives B < Pj; moreover Tr B = Tr(JTA). This gives the
representation needed below. O

B. Posterior Factorization

This subsection supplies the factorization step that allows transcript Fisher information to be charged client by client. Once a
complete transcript value g is fixed, all public adaptive choices and post-processing records are fixed, and each unreleased
private history enters only through the likelihood factor of its own client. This yields posterior factorization of the local datasets
given G = g, after which the matrix score decomposition follows by projecting the raw client scores onto the sigma-field
generated by G.

Lemma A.3 (Posterior factorization). Under the public transcript protocol and independent client sampling model, for
Py g-almost every transcript value g,

Lo(XW,.. . X |G = g) = R Lo(XV |G = g).
=1
Proof. Let 0 be fixed. To make the core idea transparent, we first prove the result in a dominated setting where the local
randomizations, local private history updates, initial randomizations, and public post-processing kernels admit densities. We
then give the general argument with probability kernels. Let v(go) be the density of the initial public record Gy, and write

client [’s private history path as h(()l:)T = (hél), cee hg)) Let

)\l(hgl) | 20, go)

be the conditional density of the initial private history Hél) given local data (") and the initial public record gy, and let

H oL l
qt, l(glg )a h( ) | I(l)ag<ta hg—)l)
be the conditional density of the pair (Ggl), H, (l)) given local data ("), public history g, and previous private history h(l) .
Finally, let
1 m
ar(ar | 9,9, ™)
be the density of the public post-processing record A; at the end of the round given the already public information in that
round. Deterministic messages, deterministic private history updates, and deterministic public post-processing are interpreted as
point masses in this notation.
For a realized complete transcript

1 m 1 m
9= (90, 08", ... ar), .. (6%, gt ar),
the conditional density of G = g given all datasets is
K(g|$(1)’7.}7(m)) pub /)‘l 790)

X H‘h,l gtl)vht) | ff(l)vg<t,h§21) dhél:)zv

t=1
where the public factor is

T
Ppub =1 gO H a’t | 9<t, 9t )amg)gm))
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Since g is fixed, all adaptive public histories and all A;-factors in this display are constants. The private histories remain inside
client [’s own integral and are not shared across clients. Define

T
Li(g; V) = /Al(hf)l) |20, g0) [T aeag” i [ 20, 9o, bD1) AR
t=1

Once the transcript value is fixed, the public factor Py, (g) is independent of the data and may be absorbed into one local
factor, for instance by setting K1(g | (V) = Pou,(9)L1(g; ™M) and K;(g | 2) = Li(g; () for I > 2. Hence

K(g|aW, ... ,atm) =] Ki(g|=").
By independence across clients,
po(a®, .. ™) =] pos(="
1=1
where pg; is the local joint density of client I’s data. Bayes’ formula gives

I !
po(z,.. 2™ | g) = Hpel (=) Kl g‘m()>

)

with Z;(g f po,1(w)K;(g | ) du. This proves posterior independence of the local datasets given G.

The same result follows without densities by working with probability kernels. Assume the data, private history, and transcript
spaces are standard Borel, so regular conditional distributions exist. Fix #. The protocol consists of the initial public kernel
vo( dgo), the initial local private history kernels A;( dh(()l) | 2, go), the local round kernels

Qii(dg", ani? | 20, gy, 0V ),

and the public post-processing kernels

1
Ai( day | 9<t79§ )7 e 7gt(m))~
Deterministic messages and deterministic post-processing are simply degenerate kernels.
We use the following elementary disintegration fact. If, conditional on a public variable C, the pairs (Y;, M;), I =1,...,m,
are independent with product conditional law ®;R;( dy;, dm; | C), then, for almost every realized m = (my,..., M),

‘C(Ylv"'aym | CaM:m) = ®‘C(§/Z | CaMl :ml)'
1=1
This is just disintegration of a product kernel with respect to its M -marginal.
We prove by induction on the public rounds that the local private states are conditionally independent given the public
transcript available at that time:

Lo((XD,HD), (XM H™) | Gy ®£9 X0 5" | Ga)

for Py ¢_,-almost every G<;. At t = 0, the local datasets are independent and, conditional on (X (l), Gy), the initial private
histories are generated by separate local kernels; hence the claim holds conditional on Gy. Suppose it holds before round ¢,
conditional on G ;. Given G, each client applies its own kernel Q;; only to (X OX Ht(i)l) and the public history. Therefore
the enlarged local blocks

(xO HP G, 1=1,...,m,

are conditionally independent given G .. Disintegrating this product kernel with respect to the observed public messages
(Ggl), cee Ggm)) shows that (X I l)) [ =1,...,m, remain conditionally independent given G.; and those messages. The
additional public record Ay is then drawn from a kernel depending only on already public quantities, so conditioning on A
does not couple the local private blocks. Hence the induction step gives conditional independence given G<;.

Taking ¢ = T and then marginalizing out the private histories gives

Lo(XD,.. XM |G =g) = Q) Lo(X |G =)

for Py ¢-almost every g, which is the desired factorization. O
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Corollary A.4 (Clientwise score decomposition). Under the conditions of Lemma A.3, if
Uil(G;0) = Eg[Si(0) | G, Au(0) = Eo[Ui(G;0)UL(G;0) ],

then

m

16(0) = 3 Au(0).

=1

Proof. The score projection identity gives
Vologpo,c(G) = Eg[S(0) | G = ) Ui(G:0).
=1

Hence
Ia(0) = Bo[UU" ]+ Y Ee[UhU)].
l £k
For | # k, Lemma A.3 gives
Eo[S1(0)Sk(0)" | Gl = Eo[Si(6) | GIE4[Sk(60) | G]T = UUY, .
Taking expectations,
Eo[U/U) ] = Eg[S1(0)Sk(6) ] = 0,

because the local datasets are unconditionally independent and the local scores have mean zero. Therefore I (0) = >, A4;(6). O

C. Proof of the Federated van Trees Bound for Homogeneous Models

Lemma A.5 (Trace contraction of the public transcript). Let G be the complete public transcript of a p-zCDP federated
protocol under the common iid model in Subsection III-A. Then

TrIg(0) <Y [(em — )0 | 1(0)ll,, A Tr Iﬁ(e)} .
=1

Proof. By Corollary A 4,
TrI(0) = ) S Eq [EolS1(0) | G5
1=1

The ordinary Fisher bound follows from L? contraction of conditional expectation:
Eo |[Eo[S1(0) | G5 < Eo 1503 = i Tx L (6).

For the privacy bound, set _
UG, XD) =E[Si(0) | G, X1,

Since conditioning on (G, X (=) gives a finer sigma-field than conditioning on G, Jensen’s inequality gives
~ 2
Eo [Eo[51(0) | GIII} < B |T(G, x|

Conditional on X (= = z(=) the complete transcript G is a p;-zCDP statistic of the n; i.i.d. local samples X (V). Therefore
Lemma A.1, applied conditionally and then averaged over X (~9, gives

E |Eq[Si(0) | Glll5 < (¢ — 1)nf || 1(6)]

|Op *
Combining the two clientwise bounds and summing over [ proves the lemma. O

Proof of Theorem II1.2. The classical multivariate van Trees inequality [44, 45], in the form recalled in Lemma C.1 of Cai and
Li [11], applied to the statistic G gives

p2

Jo TrIg(f) dm(6) + TrJr

Substituting the information contraction bound from Lemma A.5 proves the displayed bound. O

R 2
s i
2
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D. Proof of Clientwise Matrix Contraction and Its Consequences
Proof of Theorem II1.3. Let

Ui(G;0) =Bo[Si(0) | G),  Ai(0) = Eg[Ui(G; 0)Ui(G;0) ]
By Corollary A .4,
0) = Aib)
=1
The ordinary matrix contraction follows from the law of total covariance:
Ai(0) = Covg(Eg[Si(0) | G]) < Covy(S;(6)) = Ji(6).
It remains to prove the whitened trace bound. Define the finer posterior score
Ui(G, X71;0) = Eg[S1(0) | G, X,

and
A(0) = Eo[U,(G, X009 0,(G, X1 0)T].

Since Uy (G;0) = Eg[Uy(G, X(=D;6) | G], Jensen’s inequality in Loewner order gives
Ay(0) = Ay(9).

Conditional on X (=% = 2(=D_ the complete transcript G is a p;-zCDP mechanism at the sample level for the local dataset
X The local score covariance is Ji(#), which does not depend on (=1 Applying Lemma A.2 conditionally gives

Tr (Jl(e)TEQ[ﬁlﬁlT | X(-0 = x(_l)]) < (€2 — ).
Averaging over X (=9 and using A4; < ﬁl gives
Te [J,(0)T A4,(0)] < Tr [Jl(e)fﬁl(o)] < (e — 1)y
Finally, since 0 < A; < J;, the range of A; is contained in the range of J;. Setting
Bi(8) = (Ji(8)")' /2 Au(0)(Ju(6)")"/?

yields
A(0) = Ji(0)2By(0)1,(9)/2, 0 = Bi(0) = Pr,0),

and Tr B;(0) = Tr[J;(0)" A;(9)]. The jointly measurable score versions make A;(f) measurable. Matrix square root and
Moore-Penrose inversion are Borel maps on the positive semidefinite cone, so the displayed choice of B;(f) is measurable as
well. O

Proof of Theorem II1.4. The matrix form of the van Trees inequality [44, 45] gives

-1
E.Eo[(§ —0)(0 —6)T] = (Jﬂ + /@ Ia(0) dw(@)) ,

with the usual regularization if the matrix is singular. Now fix an admissible protocol. By Theorem III.3, this protocol induces
positive semidefinite matrices A;(6) and hence feasible matrices B;(6) satisfying

ZJI 1/2Bl (0)1/2

Substituting this feasible family into the matrix van Trees bound gives a lower bound for the fixed protocol. The displayed
theorem follows by weakening that bound: the family induced by the protocol is one admissible measurable choice in the
feasible class, so its trace inverse value is at least the infimum over all feasible measurable choices B;(9). O
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a) Coordinate target reduction.: Suppose that J is diagonal and J; = njo; 2Py, where P, is a coordinate projection onto
S; C [p]. Let Ry select the coordinates in 7 C [p], and set Py = R;RT. For a fixed protocol with integrated information
matrix K, the matrix van Trees inequality for the linear target R76 lower bounds its Bayes risk by Tr(PyK ~!). For any
feasible family B;(0), first set

The averaged matrices remain feasible, and they give the same integrated information matrix. For a diagonal sign matrix D, the
matrices DB; D are feasible as well, while both J, and every P, commute with D. Moreover, the map

K+ Tr(PrK—1h)

is convex and invariant under K — DK D, with the usual regularization when needed. Averaging over all diagonal sign
matrices therefore yields a diagonal feasible allocation without increasing the target inverse-trace objective. Writing its diagonal
entries as by; gives the coordinate target bound in Subsection III-D4; conversely, every collection of such entries satisfying the
displayed constraints defines a feasible diagonal allocation.

Proof of Corollary IIL.7. Fix any feasible family B;(6) in Theorem III.4, and set
e

Convexity of the Loewner and trace constraints gives 0 < B; =< P, and Tr B; < kn. Since J; = no— 2P, is constant in 6, the
integrated matrix in the theorem is

K=J,+ Z’I’LO‘_ZBEZPZ.
=1
Write -
blj = e;rBlej, a; = Z blj, j € T,
l: jES;
where b;; =0 if j ¢ S;. Let
mr=#{l:5NT # o}.

For each target-relevant client,

Z by < v Akn.
JESINT

Double counting the target incidences gives

mrrr =Y #{l:j €S} =|T|q

JET

Zajzz Z bljﬁmT(TT/\Hn)leM(l/\::)'

JET I=1jeSNT

Therefore

Also Kj; < Ax + 0~ ?na;. By the Schur complement inequality, (K ~');; > 1/Kj;; the inverse exists because K = J > 0.
Hence 1
Te(PrK ') >y —— o —.
r(Pr ) > ;)\ﬂ + 0~ 2na,

By convexity of @ — (A + o 2nx)71,

S a2 7l
feAntoTing T\ 4 o-2n (1 A %)

Taking the infimum over feasible matrix fields B;(#) in the target form of the matrix van Trees bound proves the first display.
The final display follows when A, is absorbed into the transcript information term. O

APPENDIX B
MATRIX DUALITY AND FUNCTIONAL TARGETS

This appendix proves the exact matrix dual and water-filling characterization stated in Subsection III-C, and records the
consequences for functional targets. For the dual calculations below, we impose the additional nondegeneracy condition J, > 0.
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A. Matrix van Trees Bounds for Functional Targets

For a continuously differentiable target ¢ : © — R, define

Dew= [ V00) arx®),  Ko=Je+ [ 1e®) ax(o)
e e
Under the regularity conditions in Assumption 1, the standard matrix-valued van Trees inequality gives

Theorem B.1 (Matrix van Trees bounds for functional targets). Assume J = 0. For every continuously differentiable target v
with integrable derivative and every transcript estimator ¥(G),

EEo[(d — (0)(& = ¥(60)) ] = DryK5' Dy .
In particular, for the identity target, )
E,E, Hé\— 9H > Tr K.
2

Proof. This is the standard matrix and functional form of the van Trees inequality under the regularity conditions in Assumption 1;
see Gill and Levit [44], Gassiat and Stoltz [45]. The result is used here as the van Trees foundation for the dual calculation
below. O]

B. Proof of the Dual Representation and Allocation Rule
We restate the local spectral allocation notation used in the proofs. The extension to functional targets follows the two proofs
below.

For a positive semidefinite matrix C, let \;(C) > --- > A,(C). For 0 < ¢ < p, put r = |t] and define the fractional Ky-Fan
functional

I(C) = Z A(C) + (t = 1) A1 (C), (40)

where the last term is absent if » = p. If P is an orthogonal projection, diagonalization on range(P) gives

sup Tr(BC) = T'iprank(p) (PCP). 41
0=<B=P, Tr B<t
Indeed, if u; is an ordered eigenbasis of PCP, every feasible B has diagonal entries b; = ujTBuj €10,1] with >, b; = Tr B,
and Tr(BC) = >, b;A;(PCP). Conversely, every such vector is realized by B = 3, bjuju;r. The matrix optimization
therefore reduces to the linear program sup{>_ y biXj:0<b; <1, ; b; < t}, which fills the largest eigenvalues first. If the
cutoff eigenvalue is simple, one may use at most one fractional coefficient; a tied cutoff permits an arbitrary positive contraction
of the required trace inside that eigenspace.
Write 77 = kiny.

Proof of Theorem II1.5. For every positive definite M, completing the square proves
Tr(M ') =sup(2Tr X — Tr(X ' M X)), (42)
X

because the difference between the right-hand objective and Tr(M 1) is — Tr((X — M) TM(X — M~1Y)). Let F(B, X)
denote the objective after substituting M (B).

Let SP denote the real symmetric p x p matrices. The feasible families form a convex subset of [ [, L>°(m;SP). It is weak-star
compact: the constraint 0 < B; < I gives a uniformly bounded set, and the order, range, and trace inequalities are weak-star
closed because each can be tested by integration against nonnegative L' scalar functions and a countable dense set of fixed
vectors. For example, B; = 0 is equivalent to [ h(8)v T B;(6)v dm > 0 for every nonnegative h € L' and every rational vector
v, and the other constraints have the same form. The integrability in Assumption 1 makes F' weak-star continuous and affine in
B. It is continuous and concave in X. Moreover, uniformly in B,

2
F(B,X) < 2p 1 X|lp — Amin(Jx) | X ||

Since F(B,0) = 0, every relevant maximizer lies in one fixed compact Frobenius ball. Sion’s minimax theorem [47] therefore
applies on a compact convex restriction of the X-space and yields

inf sup F(B, X) = supinf F(B, X).
B x x B
For fixed X, the term depending on client [ and 6 is the negative of

Tr <Bl(G)Jl(e)l/QXXTJl(Q)l/Q) .
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Thus its infimum is the negative pointwise spectral supremum in (41). The pointwise optimizers can be chosen measurably:
ordered eigenvalues and spectral projections are Borel functions of a symmetric matrix, and inside a tied eigenspace one obtains
a measurable ordered orthonormal basis by projecting the fixed standard basis and applying lexicographic Gram—Schmidt.
Hence the pointwise supremum may be integrated, giving (11).

Each Ky-Fan term is the supremum of the convex quadratic forms X — Tr(X TJll/ QBJll/ ’X ) over feasible B. It is therefore
convex in X, so the displayed dual objective is concave. Finally, B — M (B) is continuous on the weak-star compact feasible
set and M (B) = J. > 0; continuity of matrix inversion proves primal attainment. O

Proof of Corollary IIL6. For any feasible B, set B, = (1 — t)B* + tB. Differentiating f(t) = Tr(M(B;)™!) at zero gives
f1(0+) = */ZTY[(E(G) — B/ (0))C; (0)] dn(0).
1

The map B + Tr(M(B)™1) is convex, so its first-order condition is necessary and sufficient. Optimality implies f'(0+) > 0,
so B* maximizes the corresponding linear functional over the feasible class. The constraints separate over clients and 6,
applying (41) pointwise gives the asserted rule. Indeed, a failure on a set of positive prior measure could be replaced there by
the measurable spectral optimizer constructed in the preceding theorem, strictly increasing the linear functional and contradicting
optimality. O

C. Bounds for Functional Targets

Theorem B.2 (Federated van Trees bound for functional targets). Under the heterogeneous model and public-transcript zCDP
conditions of Theorem 1114 and J = 0, let 1) : © — R be continuously differentiable with Dy, = [ V1) dr. Every transcript
estimator obeys

—~ 2
ExEo ||~ v(6)| = inf Tr(Dr,uM(B) D] ). (43)
The right side equals
m
S (2 Tr(DryX) = Tr(X T X) = [ D Trnvank a0y (Ji(0) /2 XX T7,(6)'/?) dw(e)). (44)
ERpxa © =1

Proof. Apply Theorem B.1 and the clientwise information representation in Theorem III.3. The family induced by the protocol
is feasible, so replacing it by the infimum over all feasible B proves (43). For a positive definite M, completion of the square
gives
Te(DryM~'D] )= sup (2Tr(DnyX)— Tr(X MX)).
X€ERPX4a
The compactness, minimax, measurable selection, and pointwise spectral allocation steps in the proof of Theorem III.5 apply
verbatim, now with XX T of rank at most q. This proves the exact dual. O

Corollary B.3 (Closed form for scalar functionals). Under the conditions of Theorem B.2 and J, > 0, let ¢ = 1 and write
aryp = Jo Vp(0) A7 (). Then
—1

EEo (i — 9(8)) > al, |, + /@ SO A7) I6) dn(8)]  ary. 4s)
=1

Proof. In the scalar dual, X = x € RP, and Jll/ QxxTJll/ 2 has rank at most one with nonzero eigenvalue 2 Jyx. Its fractional
Ky—Fan value is therefore (1 A7)z ".Jyz. The dual reduces to sup, (2a, ,@ — " Hz), where H is the matrix in brackets in
(45). Completion of the square gives aI)wH “ag . O

APPENDIX C
PROOFS OF THE APPLICATIONS

This appendix gives the proofs in the order of Section IV. We repeatedly use the following minimax reduction. If a prior 7
is supported in the parameter space, then

inf supEgL(0,0) > inf E,EsL(0,0).
beM, 0cO beM,

For rectangular finite-dimensional submodels we use the cosine prior with density

po(t) = a~! cos? ( > . tel-aa,

and po(t) = 0 otherwise. It has one-dimensional Fisher information 72/a?. Thus the p-fold product prior has Fisher matrix
(72 /a*)1, and trace pr?/a?.

Tt
2a



26

A. Gaussian Mean Estimation and Homogeneous Linear Regression

1) Gaussian Mean Estimation:
Proof of Proposition IV.1. For the Gaussian mean model in (12), the score of one observation has Fisher information
L.(0) = 0721, L) =072  TrL(f) =do >
Applying Theorem II1.2 with the d-fold cosine prior supported on [—1,1]? and using k; < p; for bounded p; gives
d2
o2t (pmE Ndny) +d

N 2
oo

Since

d_d\ "
pml2 A dny = d? ( \Y, 2> ,
ng  ping

the preceding display is equivalent, up to constants, to

inf  sup E9H9 GH >dAo? [i (;ll\/dQQ)—I]
1=1

feM, 0e[—1,1]4 ping

-1

The minimax bound follows because the prior is supported in [—1,1]%. O
2) Homogeneous Linear Regression:

Proof of Proposition IV.2. For client [ in random design linear regression,

Y=2Z")T0+¢ £~ N(0,07),
the joint observation X = (Z()Y") has score 0= 2Z((Y — (Z()T4), and hence

I(0) =0 2EZW(Zz0)T
If EZM(ZW)T < ¢, 1, uniformly in I, then
a1 (O, < c10 -2 Tr1,,(0) < cydo™?

Applying the trace consequence of the heterogeneous matrix contraction with the d-dimensional cosine prior on [—1,1]¢ gives
the same denominator as in the Gaussian mean calculation, up to constants depending on ¢;. Thus

mrd a2\
inf sup Ey [0 - 9” >dno® | (v2)
ny  pny

feM, oe[~1,1)d =1

-1

The lower eigenvalue condition in (15) is not needed for the lower bound itself; it records the usual well conditioned regime in
which this lower bound has the same order as the corresponding nonprivate and private upper rates. O

B. Coverage Geometry and Target Relevance

1) Estimation with Missing Features and Target Subspaces: For an r-dimensional target subspace, take d = s = r, let
each of the ¢ clients relevant to the target observe every target coordinate, and allow any number of additional clients whose
observation laws do not depend on the target parameter. This corresponds exactly to Proposition IV.5.

Corollary C.1 (Prediction on a target subspace). In the target experiment just described, under the common 0 < p < C zCDP
budget,

) r r?
inf sup EgHH 9H =rA|l—+ 5 ) -
9eM, 0e[—1/2,1/2]" an - gpn

Here the privacy term is interpreted as 400 when p = 0. The same rate holds for squared prediction loss on an orthonormal
target subspace after identifying its coefficient vector with 0.

Proof of Proposition IV.3 and Corollary C.1. For one bounded observation from client [, the Fisher information is
1 T
L(0) = Z 2% -
JES J

n [_1/271/2]d’ 4
-Pl j Il(e) j g-l:)la ||Il(9)Hop S

[SURINTEN
W
)

y TI'I[(Q) S —.
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The n-record Fisher information is J;(0) = nl;(#). Let A;(#) denote the clientwise transcript information matrices from
Theorem II1.3, and put x = ¢2” — 1. The matrix constraints imply

Tr A;(0) < % (kn® Ans) .

The raw information bound gives the second term, while the whitened trace constraint gives Tr A; < || Ji|,, Tr By < (4n/3)kn.
Thus

4
Trig(0) < ?m (kn® Ans).
Use the product cosine prior on [—1/2,1/2]¢, for which J = 47?14. Set K = Jx + [ Ic(0) dm(6). The identity-target case
of Theorem B.1 and Tr(K;') > d?/ Tr K¢ give the Bayes, and hence minimax, lower bound

cd?
d+m (kn? Ans)’

Since ms = dq and k =< p for bounded p, this is equivalent up to constants to

d ds
AMNM—=—+—]).
qn  qpn

For the matching upper bound with p > 0, client [ releases

— 2s
Yi=Xi+ 2, ZlNN(O,QIs),
pn
where X is its empirical mean over the coordinates in S;. Replacing one record changes X; by at most 21/s/n in Euclidean
norm, and the Gaussian mechanism with variance A2/(2p) is p-zCDP. For each coordinate j, averaging the ¢ releases from

clients with j € &; has variance at most ) )
5

qn  qpn*
Summing over coordinates, projecting onto [—1/2,1/2]¢, and comparing with the zero estimator prove the upper bound,
including p = 0.

For the target subspace result, take d = s = r and m = ¢ for the relevant clients. Additional clients whose observation
laws do not depend on the target parameter have zero score and raw Fisher information for that parameter. The heterogeneous
contraction therefore assigns them zero transcript information in the lower bound argument; the upper construction ignores
them. This proves Corollary C.1. O

2) Heterogeneous Linear Regression:
Proof of Proposition IV.4. For client [,
L(0)=0;2%,  Ji(0) =mno; 5.
Substituting this into Theorem II1.4 yields
JPBM? = ne?e) B2,

where
0= B =< Py, Tr By < (2" — 1)n,.
Therefore .
. 2 i
E,E He _ eH > inf Tr | J, —25)1/2 g 571/
0 2_{1]131l} —&-;nlal ! 124
For © = [—1,1]%, the product cosine prior has .J, = cI; for a universal constant ¢ > 0, giving the display in (18) by the

minimax reduction. Each summand is supported on range(Y;). Consequently the public transcript cannot reduce posterior
uncertainty in directions orthogonal to span{range(X;) : 1 <1 < m}. This is the directional obstruction that a scalar trace
denominator discards. O
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3) Prediction on a Target Subspace:

Proof of Proposition 1V.5. Take Py to be the projection onto an r-dimensional target subspace, and choose Ry € R?*" with
orthonormal columns such that Py = RORJ . Restrict the parameter to the submodel § = Ryu, where u € R”, and consider

Lo(0.0) = (6 —0)TPy(6 — ) = HRJ@ - qu .

Only the ¢ clients with Y; = Py contribute to Lg; all other2 clients satisfy Pp>; Py = 0 and therefore contribute no target
2}/2POHF = Tr(PyXyPy) = 0, s0 £, Py = Py¥; = 0. In the u-coordinates,
each relevant client has raw Fisher information no~21,. and a whitened budget xn, where x = ¢* — 1. For the minimax risk
over B(0,1), choose a product cosine prior for u on a coordinate cube of radius /2. Its Fisher matrix is bounded by a

constant multiple of 1., and the induced prior for § = Rou is supported in By (0, 1). Applying the balanced target coordinate
calculation with dimension r, coverage ¢, and target rank r gives

information. Indeed, positive semidefiniteness gives ’

2
inf  sup  EgLo(6,60) > 1A 07 (T v — 2) .
0eM, 0€B2(0,1) qn.  grn

For bounded p, x < p, which gives the rate displayed in (22). O

C. Rank-One Binary Regression
Proof of Proposition IV.6. Write 1; = ulTG. For one sign observation from client [, the score and Fisher information are

T — 1
n;ul, Il(9)

1—n; 1—n?

The condition hL, < 1/2 gives A
Pl = Il(g) f gpl

Let k; = €2 — 1 and &; = ni(1 A kin;). Because P, has rank one, every feasible allocation in Theorem II1.4 is a scalar
multiple of P}, and the inverse-trace objective decreases as that scalar increases. With the product cosine prior on O, whose
information is J, = w2h 21, the matrix theorem gives

-1

- 2
_inf sup Eg H9 — 9” > Tr
feM, 00, 2

4
72h 2, + 3 ;wlpl

For ¢r(0) = RO, we have D, . = R. The functional target bound in Theorem B.2 therefore gives, for every R € Ra%4,
4 m -1
2, -2 ~ T
h™“I;+ = E P, R
m d 3 £ wiL

- 2
_inf  sup EQHwR—RGH >Tr< R
YREM, 0€O, 2

For 0 < p; < C,

1 2\
I}lxnl(l/\pml)x <m+p1712> = wj.
l

When p; = 0, both (w; and w; are zero. Hence Zz @1 P, =< H in Loewner order. The assumed condition H > h~2I; also absorbs
the prior term. The two displays above are therefore bounded below by constant multiples of Tr(H ') and Tr(RH'RT),
respectively.

For the matching upper bound, client [ releases

— 2
Y =X+ 2, ZlNN<Oa2>
P11y

when p; > 0, and sends a deterministic null message otherwise. Replacing one record changes X; by at most 2/n;, so the
Gaussian mechanism with variance A%/(2p;) gives exact p;-zCDP. Define

0=H" ZwlulYl.
=1

Since EyY; = ulTQ, this estimator is unbiased. For every [ with p; > 0,

1 2
Varg(V)) < — + —5 :wfl.
ny pml
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Independence across clients yields

0 2 1 - 1 1
E, He - eHz <Tr |H (;wlﬂ> H™Y| = Te(HY).
For every R € R9*4,
Eq HR@— RGHE <Tr |RH! (f}m) H'RT| = Te(RH'R").
=1

D. Bradley—Terry Learning on a Comparison Graph

We first justify the condition that the score range is bounded. Fix a finite comparison design and a centered vector v € 1§
whose coordinates are all distinct. Along the ray 7, = tv, let E be the event that every observed comparison favors the
higher-scored item. Then P, (E) — 1 as ¢t — oco. Conditional on E, the distribution of any estimator is fixed and does not
depend on ¢. If it has finite second moment, its squared error from tv diverges; otherwise, its squared error is already infinite.
Thus no finite comparison experiment has a uniform squared-error bound over the unbounded score space, even without privacy.

Proof of Proposition IV.7. Let d = K — 1, and let Qp € R¥*? have orthonormal columns spanning 17. Write 7 = Qo0 and,
for an oriented edge e = (a,b), put

Te = Q(—)r(ea - 6(,).
Thus ng||§ = 2, and the model is

Py (Y ") = 1) = o(2] 0).

3

Put
Hp = Q(TLgon-

This matrix is positive definite because Lg , is connected.
We first prove the lower bound. One comparison along edge e has Fisher information

1
0(1[9){1 - a(xze)}xexz < er:c:

The rank-one form of the matrix contraction in Theorem III.4 therefore gives, for every client,
T
A r(0) % Cowe rxe, -

Summing over clients gives

/ Ic(0) dn(8) < CcHp.
e

Write
r, =maxx, H 'z, =rg a= B
P e~"'p e — 5P - .
ecE ,/drp

In the coordinates z = H Fl,/ %0, take a product cosine prior on [—a, a]?. For every edge e, its support satisfies

|xz€‘ < HH;UQ,TE

2], < rpVda=B

|
so the induced prior is supported on ©¢(B). Its Fisher information in the 6 coordinates is

72 m2d

Tp
Jﬂ— - ﬁH - ?H p:
The matrix van Trees inequality and the preceding contraction bound therefore yield
Tr(H," Tr(L
e s B fForlz g ) o 2
TEM, T€0g(B) Co+m d?“p/B 1—|—(K— 1)7‘97’,/3

For the matching upper bound, each client releases

)

- 1
Zeq,r = Ye,r + We,ra We r N (0 ) 5
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independently across clients whenever p. . > 0; clients with p, , = 0 are ignored. Replacing one comparison changes Y, by
at most 1/n, so this release is pe -zCDP. For p. , > 0, write

1 1
Ve,r = @ + W, H/U Z Z e rxex
’ ecEr:per>0
Then
2H, < H, < 4H,.

Moreover, if p. = o(x] 0), then
Eezeﬂ‘ = Pe, Var@ Ze,r < Ve,r-

Let 6 minimize, over

Og(B) = {¥: Qo9 € Og(B)}

Z Z {1og (1+€® ) - Ze,rxeTﬁ} ;

e€E T pe,r>0

the convex criterion

and set 7 = Qof. On Og(B),

VL7 (V) = qpH,, qp = ér‘nn ot){l1—-o0o(t)} >0.

Since B < By, we have g > ¢gp, > 0.

eEE r:pe >0
Covy(g) < H,.

The first-order optimality condition and strong convexity therefore imply

d d d
~ 2
sup B |7 -7 S < S :
TEOG(B) 2 QQBAmin(HU) qQBDAmin(HU) A2(Lg,p)
The condition-number bound in (26) bounds this by a constant multiple of
T
Tr(Lg, p),
which proves the upper bound and completes the proof. O

E. Infinite-Dimensional Models via Finite-Dimensional Reductions

1) Nonparametric Regression:

Proof of Proposition IV.8. Let ¢1,...,$, be an orthonormal system in L?([0, 1]¢) adapted to the Sobolev norm, and consider
the finite-dimensional submodel »
u) =) 0;0;(u)
j=1

Choose a product cosine prior on the coefficients with radius
rp < Rp~1/2=a/d,
Then the prior is supported in H*(R), and
Tr Jrp < pr;2 = R*2p2+20‘/d.
The design density is bounded above and below, so the Fisher information of one observation in the submodel satisfies
1L(O)llop S 072, Tri(0) S o °p.
Applying Theorem II1.2 and using x; < p; for bounded p; gives, for each fixed resolution p,

p2

12 N R- 2 2+2a/d+0-—2 Zl 1 plnl /\pnl)

£ |- s
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Dividing numerator and denominator by p? gives

-1
2a/d 1 m -1
B (v ]

Since the prior is supported in H*(R), the minimax reduction applies for each p. Taking the supremum over p proves the
heterogeneous display.
For homogeneous clients, the nonprivate component is obtained by balancing

02p

2
R Qid 0.2 2a+d
Zat+d | ——
mn

2
R2 2a/d pmn
o2p2

2d 0'2 %er
R .
pmn?

Since a lower bound by the larger of finitely many components is equivalent, up to a universal constant, to a lower bound by
their sum, the homogeneous rate in (30) follows whenever the optimizing resolutions are at least one. If a formal optimizer is
smaller than one, the one-dimensional submodel gives a constant multiple of R2. This proves the truncated homogeneous rate
for all parameter values. O

R—2 204/d

which yields

The privacy component is obtained by balancing

which yields

2) Functional Mean Estimation: The privacy unit is one entire discretely observed curve. The finite-dimensional reductions
below use localized wavelet submodels »
= Z 07‘¢r
r=1

—a—1/2

with coefficient radius p . For these submodels,

Tr J, =< p?@t?

)

so the Sobolev truncation contribution after the p? van Trees numerator is p>®. Let Z have the cosine density py above with
a=1. Then EZ =0, |Z| < 1, and its location Fisher information is 72, Because both po and p{) vanish at the endpoints, its
translated location family satisfies the regularity conditions used below.

a) Independent design:

Proof of Proposition IV.9. For the independent design lower bound, take the measurement locations Tz(jl) to be private observations
generated independently from a density on [0, 1] bounded above and below. Use the finite-dimensional bounded curve submodel

l l l l 1) ii.d. 20—
x{ () +Zm(r)¢>r ny =2y, 20 R, r2=<prert

r

This variation at the curve level is admissible deterministically because the wavelet norm equivalence and ’Zl(i)‘ <1 give

a0 <prrisz <

>
r=1

For a fixed client [, write

1
AT
p(t) = (61(t), ., 0p()",  Br=|
1
AT
Conditionally on the location vector 7' = (Tv(l), . ,TZ(;Z)) the observed vector Yi( ) = (Y;(ll), e 7Y1:§cll))—r satisfies

Y = @0+ 0m® +60, ¢~ N0, ).
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O]

%

Let I;E;’(G) be the Fisher information matrix of (7, Yi(l)) for 6. Revealing 7
o

%

can only increase Fisher information, and

conditionally on (7',n,"”) the observation is a Gaussian location experiment. Therefore

I%4(0) X Er [2707] . (46)

l,p

By the bounded design density and the L?-normalization of the localized wavelets,
Er [0707] = kiEr[p(T)(T)'] < Chil,,

which gives the first information bound. For the second bound, let W = 6 + ngl). The Markov chain § — W — (T, Yi(l)) and
Fisher information processing give _
1%40) = Iw (0) = 7°7, %1, < Cp** T,

Combining the two bounds gives the explicit bounds

15 O, S keAp™ ™ TeLiO) S kip Ap* 2 (47)

Applying the trace contraction to both upper bounds and retaining the smaller allowed transcript information gives the following
client contribution after division by the p? numerator:

2a—1

king - pikind
A 2
p p

Combining this contribution with the truncation term p>® proves

Ap*¥n; A p pint.

. 2
inf sup ]Epr—fp’L2

feM, PePL(R,Cx)

(kg pikin? -
> sup | p?@ + Z (ll A LQZ A PPy /\pgo‘lpln12> .
p>1 =\ P p

In the homogeneous case, the four displayed rate components are obtained as follows. The sample size component at the
curve level is obtained by taking p = 1, giving 1/(mn). Balancing p?® with mkn/p gives

2a+1

D = mkn, risk =< (mkn) =20/ (2ot

Balancing p?® with pmkn?/p? gives

P22 = pmkn?, risk =< (pmkn?)~/(e+1)
Finally, balancing the privacy bottleneck at low frequencies, pmn?p?®~—1, at p = 1 gives 1/(pmn?). Together these yield the
homogeneous lower bound displayed in (34). The restriction p > 1 gives the outer truncation by the fixed Sobolev-radius scale
in that display. O

b) Common design:

Proof of Proposition IV.10. We give the common design construction explicitly. Use the same sufficiently small constant cg;iq
as in Proposition IV.10, and suppose k > cg_r}d. For clarity, take a regular public grid t; = j/k, j = 1,..., k; the same argument
requires only quasi uniform grid spacing. Fix 1 < p < c¢grigk and partition the grid into p consecutive blocks

—1
B, ={j: t; € I}, fr[r ] r=1...p

p p

For a sufficiently small fixed cgriq, €ach block contains uniformly many grid points. Choose a fixed compactly supported
smooth wavelet 1) with [|1)||,>» = 1, and define

oo(t) = p Pt —r+1),  r=1,...,p,
after translating the supports inside I, if necessary. The functions ¢, have disjoint supports, are orthonormal in L2, and satisfy
&0l e < P

Hence the submodel

p
f9(t) = ZQT»(Z),-(L‘), |9r| N p—a—l/Z’
r=1

is contained in the Sobolev ball. As in the independent design calculation, the product prior on these coefficients has

TrJ, < p**+2.
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Let v, = (¢,(t1),..., ¢r(tx)) " € R, and let ® be the p x k matrix with rows v,”. By disjoint support and the grid Riemann

sum estimate,
2
v:vs =0 (r#s), lor||5 < .
Use the bounded submodel for the mean curve
p
i.i.d.

Xz(t) = fe(t) + Znir¢r(t); Nir = TpZiT7 Zir ~ Po, sz = C/pv
r=1

with ¢ > 0 fixed. The random curve variation has deterministically bounded L? energy since ||X; — f@”iz < pr7 = c. On the
common grid, the observed vector Y; = (Y1, ..., Y;) " satisfies

Vi=0"0+0 n +¢, & ~ N(0, I).

Let W = 6 + ;. Since § — W — Y; is a Markov chain, Fisher information processing gives

I0(0) = Iw (0) = w7, °1, < Cpl,. (48)
Consequently,
1O, Sp TLEE) S p* (49)
After dividing the transcript information terms by p?, client I’s contribution is
n; A\ L?”L%
p

The public grid also creates the usual discretization obstruction. To make this explicit, choose a smooth bump h supported
in (0,1), and place a rescaled copy strictly between two adjacent grid points. If its width is w =< k~! and its amplitude is
cRw®~'/2, then Sobolev scaling gives

il SR Nhal7e < BB, hi(t;) =0 (j=1,....k).

Take the scalar subexperiment X;(¢) = Shy (), with a smooth one-dimensional prior for 5 € [—1,1]. All public grid observations,
and hence every public transcript, have distributions independent of 3. The scalar van Trees inequality therefore gives a constant
lower bound for the mean-squared error of estimating 3. Since

~ 2
2 h
2 Il <<f 2 —ﬂ) ,

2
1P|l

-

this yields the required k~2* term. Therefore

~ 2 m 2
inf sup Ep Hf - pr > k7% 4+ sup <p20‘ + Z (nl A pzm))
L 1=1 p

-1

fEM, PEPL(R,Cx) 1<p<cgriak

For homogeneous clients, taking p = 1 gives the 1/(mn) component when the raw sample size term is active. The privacy

component is obtained by balancing )

P2 = P”;” 7 p2tl = pmn?,
which yields
(png)_Qa/(2a+1).

If the optimizing p exceeds cgiqk, the discretization term k2> is active instead. This proves the rate displayed in (37). The
restriction p > 1 gives the outer truncation by the fixed Sobolev-radius scale in that display. [
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