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Fisher Information Contraction and van Trees
Inequalities for Fully Interactive Private Federated

Estimation
T. Tony Cai and Yicheng Li

Abstract

Federated differentially private (DP) protocols may involve many adaptive rounds and reuse the same local samples. Existing
fully interactive lower bounds treat each client’s private input as a single observation (local DP) and do not characterize the
dependence on the number of locally held samples under sample-level privacy. We establish a clientwise matrix Fisher information
contraction and the resulting matrix federated van Trees bound for parameter estimation under squared loss based on any complete
public transcript satisfying a clientwise sample-level zero-concentrated differential privacy constraint. The matrix bound preserves
the directional Fisher geometry of heterogeneous local experiments by constraining each client’s transcript contribution both by
its raw Fisher information and by a whitened privacy budget. In homogeneous experiments, trace compression yields a simpler
federated van Trees bound based on the trace. Together with existing upper bounds for the corresponding problems, these results
identify minimax rates for several statistical problems, including mean estimation, linear regression, Bradley–Terry learning on
comparison graphs, and nonparametric regression, over the full class of interactive public transcript protocols. For these problems,
arbitrary public interaction and repeated sample reuse do not improve the rate over simpler restricted protocols.

Index Terms

Differential privacy, federated learning, Fisher information, minimax lower bounds, van Trees inequality.

I. INTRODUCTION

Vast quantities of data are now generated by individuals, businesses, and governments, making the protection of individuals
represented in statistical analyses and machine learning systems increasingly important. Differential privacy (DP) [1, 2] provides
a rigorous framework for quantifying the privacy guarantees of randomized algorithms. The canonical formulation is the central
DP model, in which a trusted curator has access to the full dataset and releases an output satisfying a prescribed differential
privacy guarantee.

In many modern applications, however, data are distributed across multiple clients, institutions, or devices, and the underlying
local datasets cannot be pooled directly because of privacy, legal, ownership, communication, or infrastructure constraints.
Differentially private analysis in this decentralized setting is commonly referred to as federated DP or differentially private
federated learning. A fundamental statistical question is then to characterize the privacy–utility tradeoff [3]: for a prescribed
level of privacy protection, how much statistical accuracy must necessarily be sacrificed?

Federated learning has become an important paradigm for collaborative statistical learning from decentralized data. Examples
include biomedical studies across hospitals, mobile and edge-device learning, financial and commercial data analysis across
organizations, multi-institution scientific studies, and privacy-sensitive public-sector applications. In these problems, the goal is
not merely to protect a centrally pooled dataset, but to enable learning across many data holders while respecting client-level
constraints, heterogeneous sample sizes, different privacy requirements, and limited communication. These features make
federated learning both practically attractive and statistically distinct from classical centralized analysis.

From a theoretical and methodological perspective, federated learning introduces several new phenomena. First, information is
distributed unevenly across clients: some clients may have larger samples, stronger privacy constraints, better design distributions,
or more relevant data for the target task. Second, learning protocols can be interactive: the server may adapt later queries
to earlier public messages, and each client may reuse its local samples across many rounds. Third, the privacy constraint is
naturally imposed clientwise, often on the complete public transcript rather than on a single release. These features create
statistical questions that do not appear in the same form under central DP or local DP. In particular, one must understand how
privacy budgets, sample sizes, client heterogeneity, interaction, and sample reuse jointly determine the amount of statistical
information that can be extracted.

A line of work has been devoted to establishing lower bounds for the minimax risk of central DP estimation. Early minimax
formulations and testing reductions were followed by private analogues of Le Cam’s method, Fano’s inequality, and Assouad’s
lemma [4, 5]. For high-dimensional problems, fingerprinting and tracing arguments provide another powerful route [6–9], and
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the score attack framework turns these ideas into a general likelihood score method [3, 10]. More recently, Fisher information
contraction and private van Trees inequalities have yielded smooth Bayesian lower bound tools under zCDP [11]. These results
are all focused on the central DP model.

Federated learning creates additional challenges for lower bound theory because data and communication are both distributed.
Sharp federated lower bounds for several statistical problems use model-specific noninteractive, sequential, or fresh batch
settings [12–18]. Meanwhile, fully interactive lower bounds are formulated under local DP [19–21] and do not simply apply
to federated clients with nl > 1 local samples. Moreover, although some federated results allow heterogeneous sample sizes
or privacy budgets, they do not provide a general theory for heterogeneous local experiments whose information may lie in
different parameter directions.

The resulting question is to determine the information-theoretic limits of federated DP estimation when multi-sample,
heterogeneous clients participate in fully interactive protocols. We study this question under clientwise sample-level zCDP
imposed on the complete public transcript. Each client message may depend on its entire local dataset and all previous public
messages, and the same local samples may be reused across adaptive rounds. Our aim is a general lower bound that holds
uniformly over this full protocol class while retaining the directional information carried by the heterogeneous local experiments.

A. Our contributions

We address this question by developing a federated van Trees lower bound for estimating finite-dimensional parameters
under squared ℓ2 loss from complete public transcripts. In the formal model, the privacy constraint is imposed on the complete
ordered public transcript. This transcript includes public query choices, schedules, participation decisions, stopping rules, and
public randomness, and the analysis does not require a round-by-round privacy allocation or a fresh-sample decomposition.
Equivalently, all public information that can affect later communication is part of the transcript.

As our main contribution, we establish a federated van Trees lower bound in matrix form through a clientwise matrix Fisher
information contraction. The novelty lies in the clientwise matrix decomposition for multi-sample clients under one zCDP
guarantee for the complete public transcript: it preserves the heterogeneous information geometry that a trace bound loses. The
contraction decomposes the transcript Fisher information into clientwise positive semidefinite contributions, each constrained
jointly by the client’s raw Fisher information and a whitened trace budget determined by its zCDP parameter. Crucially, this
matrix result is not a direct clientwise extension of the central DP trace contraction. Assigning a separate trace budget to each
client would still control only the total amount of transcript information and would discard where that information is located in
the parameter space. The matrix contraction instead preserves the information subspace and directional geometry contributed by
each local experiment.

The resulting matrix van Trees lower bound takes a variational form over feasible clientwise information allocations. We derive
an exact finite-dimensional dual for this variational problem and characterize its primal optimizer through a spectral water-filling
rule. The dual retains the full matrix geometry without requiring the client Fisher information matrices to be simultaneously
diagonalizable. At the variational optimizer, the water-filling rule allocates each client’s privacy-limited information not simply
to its largest local Fisher directions, but to the directions in which that information most reduces the remaining aggregate
uncertainty. This characterization is especially informative for heterogeneous local experiments, where different clients may
carry information in distinct and nonaligned parameter subspaces, as in missing coordinate models, anisotropic random designs,
and target domain prediction.

By trace relaxation, the matrix lower bound further yields a scalar lower bound that is convenient in homogeneous or isotropic
settings. This scalar relaxation also recovers known central and local DP lower bounds as special cases.

Our lower bound is powerful yet easy to use, reducing lower bounds to simple calculation of Fisher information. It enables
us to identify or recover the minimax rates in extensive problems. See Table I for a summary of the examples. The applications
include Gaussian mean estimation, homogeneous and heterogeneous linear regression, coverage and target-relevance problems,
Bradley–Terry learning on comparison graphs, and nonparametric regression problems.

B. Related work

a) Lower bounds in central DP: The central DP lower bound literature adapts several classical minimax techniques to
privacy constrained estimation. Private versions of Le Cam, Fano, and Assouad inequalities give general tools based on testing
reductions for central DP statistical estimation [5]. These reductions are conceptually close to classical packing and hypercube
arguments, and they are especially useful when the private difficulty can be encoded through pairwise or coordinatewise testing
instances.

A second line of work is based on fingerprinting, tracing, and score attacks. Fingerprinting codes were first used to prove
lower bounds for private query release and empirical risk problems [6, 23], and robust tracing arguments later removed some
distributional restrictions [7]. For statistical estimation, generalized fingerprinting lemmas have produced sharp private lower
bounds for Gaussian covariance and other exponential family problems [8, 9]. The score attack of Cai et al. [10] abstracts this
approach through likelihood scores, recovering and extending sharp lower bounds for generalized linear models, ranking, sparse
models, and nonparametric regression. The earlier “cost of privacy” analysis of Cai et al. [3] used related tracing ideas for
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Problem Minimax rate Matching upper bound Earlier lower-bound
scope

Gaussian mean estimation over Rd d

mn
+

d2

ρmn2
private weighted mean non-interactive

Linear regression, x ∈ Rd d

mn
+

d2

ρmn2
private weighted GD sample splitting

Missing features and coordinate
coverage

d

qn
+

ds

qρn2
one noninteractive
vector message

–

Target domain prediction with q
relevant clients, r = 1

1

qn
+

1

qρn2
[13] non-interactive

Target domain prediction with q
relevant clients, r = d

d

qn
+

d2

qρn2
[13] sample splitting

Bradley–Terry preference learning on a
graph G

Tr(L†
G)

q

(
1

n
+

1

ρn2

)
Gaussian-perturbed
empirical win rates

central DP

Nonparametric regression over Hα

with uniform design on [0, 1]
(mn)−

2α
2α+1 + (ρmn2)−

α
α+1 [14] non-interactive

Functional mean:
k independent measurements

1

mn
+(mkn)−

2α
2α+1 +(ρmkn2)−

α
α+1 +

1

ρmn2
[16, 22] sample splitting

Functional mean:
k common measurements

1

mn
+ k−2α + (ρmn2)−

2α
2α+1 [22] non-interactive

TABLE I
MINIMAX RATES (UP TO LOGARITHMIC FACTORS) OBTAINED BY COMBINING THE LOWER BOUNDS PROVED HERE WITH THE MATCHING CONSTRUCTIONS

OR REFERENCES. RATES ARE SHOWN IN THE HOMOGENEOUS CASE nl = n AND ρl = ρ. LITERATURE UPPER BOUNDS ARE STATED ON THE
CORRESPONDING ZCDP SCALE. HERE m IS THE NUMBER OF CLIENTS, n IS THE SAMPLE SIZE PER CLIENT.

mean estimation and linear regression. More recently, a Fisher information contraction was developed in Cai and Li [11] to
give a general van Trees lower bound for central DP estimation, which is especially well suited to dependent priors and matrix
parameters. All of these results are central DP results: the statistic is a single private output of a pooled sample, so they do not
address clientwise privacy budgets or adaptive public transcripts.

b) Lower bounds in local DP: The local DP model is more restrictive than central DP: each observation, user, or client
must privatize its own message before it is observed by any curator. The minimax theory of local privacy was initiated by Duchi
et al. [24, 25, 26], who developed private data processing inequalities and sharp minimax rates for locally private estimation.

Subsequent work has refined the information-theoretic and interactive aspects of local privacy. Acharya et al. [19] derive
lower bounds for interactive high-dimensional estimation under local privacy and communication constraints, while Barnes
et al. [20, 21] derive minimax lower bounds from Fisher information contractions in the blackboard model. In their fully
interactive formulations, each player holds a single observation, so these results do not provide a sample-level information
bound with explicit dependence on a local sample size nl > 1. Related Fisher information inequalities for local privacy are
studied by Chen and Özgür [27]. Results for user-level local DP with multiple observations instead protect each user’s entire
local collection [28, 29], which corresponds to a different adjacency relation from the sample-level privacy considered here.
Other work studies testing and communication limited local privacy [30], nonparametric density and functional estimation under
local privacy [31–34], and high-dimensional regression under local privacy [35].

However, the techniques used in local DP lower bounds are not directly applicable to the central or federated DP setting
here. If applied naively to the central DP setting, these approaches often lose a factor of nl in the effective sample size through
a rough conversion by group privacy.

c) Lower bounds in federated DP: A growing literature studies statistical and optimization lower bounds under federated
or distributed DP constraints. For convex federated learning without a trusted server, Lowy and Razaviyayn [36] establish
nearly tight excess risk bounds under inter-silo record level privacy. Zhang et al. [37] study how server trust affects private
federated estimation and inference, while related distributed learning work considers robustness and privacy tradeoffs under
distributed mechanisms [38]. Their lower bound arguments are tied to convex optimization or specific inferential tasks and do
not give a clientwise Fisher information bound for general parametric experiments.

In nonparametric and transfer learning problems, recent papers have shown that heterogeneous client sample sizes and privacy
budgets change both the optimal aggregation rule and the minimax rate. Results include federated nonparametric regression
and testing under heterogeneous distributed DP [12, 14], federated transfer learning and nonparametric classification under
distributed DP [13, 15], adaptive federated density estimation [18], private distributed functional data analysis [16], federated
Cox regression and cumulative hazard estimation [17], and federated PCA/spiked covariance estimation [39].

Van Trees lower bound arguments in this literature have been developed for heterogeneous federated nonparametric and
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Interactive public-transcript federated protocol

Public history

G<t

Updated transcript

G≤t contains
G

(1)
t , . . . , G

(m)
t , At

Local data
X(1)

Randomized
mechanism

M1( · ;G<t)

G
(1)
t

Local data
X(l)

Randomized
mechanism

Ml( · ;G<t)

G
(l)
t

Local data
X(m)

Randomized
mechanism

Mm( · ;G<t)

G
(m)
t

Client 1 Client l Client m

· · · · · ·

Round t: broadcast G<t to all clients

G≤t becomes the public history in round t+ 1

Fig. 1. One round of an interactive federated protocol with a public transcript. At round t, each client receives the public history G<t, applies a local
randomized algorithm to its local data X(l), and contributes G

(l)
t ; the public environment then appends the public record At at the end of the round to form

the updated transcript G≤t.

matrix estimation [14, 16, 39]. These model-specific proofs use noninteractive local releases, one-pass or chained sequential
transcripts, fresh batch decompositions, or reductions adapted to the target problem. These arguments do not cover protocols in
which a local dataset is repeatedly queried across adaptive rounds under a single final privacy guarantee. The missing ingredient
is therefore not another version of the classical van Trees inequality, but a clientwise contraction for multi-sample clients under
one zCDP guarantee on the complete public transcript that retains heterogeneous information directions. We close this gap with
a clientwise matrix contraction that depends only on each client’s total sample-level zCDP budget, rather than on the number or
ordering of communication rounds.

C. Notation

For nonnegative quantities a and b, we write a ≲ b if a ≤ Cb for a constant C independent of the main asymptotic parameters,
such as dimensions, sample sizes, privacy budgets, and the privacy mechanism. We write a ≍ b if a ≲ b and b ≲ a. For
symmetric matrices A and B, A ⪯ B means that B − A is positive semidefinite, and A ⪰ B is defined analogously. For a
matrix J , J† denotes its Moore–Penrose pseudoinverse. Let PA denote the orthogonal projection onto the range of a matrix A.

II. STATISTICAL MODEL AND FEDERATED PRIVACY

Differential privacy requires the output distribution of a randomized algorithm to remain stable when a single sample is
modified. Throughout the paper, adjacency is imposed at the sample level within a client: two local datasets X(l) and X̃(l) are
adjacent if they differ in exactly one observation and have the same size. Thus the privacy unit is one sample held by a client,
not the whole client dataset. We work mainly with zero-concentrated differential privacy (zCDP) [40, 41], which is particularly
convenient for interactive protocols. Let Dα(P∥Q) denote the Rényi divergence of order α between distributions P and Q,
given by Dα(P∥Q) = 1

α−1 log
∫ (

dP
dQ

)α
dQ; we use the same notation for random variables.

Let D denote a data domain, H an auxiliary input space, and Y an output space. We begin with the definition of zCDP for a
single mechanism [40, 41], which is also standard in the central DP model.

Definition II.1 (ρ-zCDP). A randomized mechanism M : D ×H → Y is called ρ-zero-concentrated differentially private if,
for every fixed pair of adjacent datasets X, X̃ , every auxiliary input h ∈ H,

Dα

(
M(X;h)

∥∥∥M(X̃;h)
)
≤ ρα, ∀α > 1.

In federated learning, the data are distributed across multiple clients, and the algorithm may consist of multiple rounds of
interaction. Formally, suppose there are m clients and client l holds a local dataset of size nl:

X(l) = (X
(l)
1 , . . . , X(l)

nl
), l = 1, . . . ,m.

The federation is coordinated through an untrusted public server. We call the public coordination layer, comprising the server,
public randomization, and public post-processing records, the public environment. Each client must protect its raw data from
both the public environment and the other clients. Each client therefore releases only a privatized transcript, which may depend
on the raw data, its own private history, and other public information. These transcripts are public and accessible to the server
and all clients.
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The learning algorithm is an interactive protocol between the clients and the server and may adapt fully through the public
transcript. At a high level, the protocol starts from an initial public record. In each round, the current public history is broadcast
to the clients, the clients release local public messages, and the public environment appends a public record before the next
round begins. Figure 1 illustrates one such round.

Write G0 for the initial public record. Client l may also maintain a private local history H(l)
t , initialized at H(l)

0 , which is not
released as part of the public transcript. In communication round t, after observing the public history G<t, client l produces a
public local message and updates its private history through a θ-independent randomized algorithm(

G
(l)
t , H

(l)
t

)
= Ml

(
X(l);G<t, H

(l)
t−1

)
. (1)

Once the local public messages in round t are available, the public environment may generate a public post-processing record
At through a θ-independent public randomized algorithm

At = A
(
G<t, G

(1)
t , . . . , G

(m)
t

)
. (2)

The public record in round t is

Gt = (G
(1)
t , . . . , G

(m)
t , At), G<t = G≤t−1 = (G0, G1, . . . , Gt−1).

Let T be the total number of communication rounds. The complete ordered transcript is G = G≤T , and a federated learning
estimator is a function θ̂(G).

We now define the zCDP federated protocol used throughout the paper.

Definition II.2 (zCDP federated protocol). An interactive federated protocol with a public transcript is called a ρ-zCDP
federated protocol, with ρ = (ρ1, . . . , ρm), if the complete public transcript G is ρl-zCDP as a mechanism of client l’s data
X(l) conditional on the other clients’ data X(−l). Namely, for every client l ∈ [m], every fixed value of the other clients’ data
X(−l), every adjacent pair X(l), X̃(l),

Dα

(
G(X(l), X(−l)), G(X̃(l), X(−l))

)
≤ αρl, ∀α > 1. (3)

The privacy unit in Definition II.2 is one sample within a client, not the entire client dataset. Client-level privacy, where two
adjacent datasets may differ in all records held by one client, is a different and generally stronger requirement; it falls within
the present sample-level formulation only in the special case nl = 1.

The following conventions specify the scope of the transcript model.
Complete transcript. The privacy guarantee is imposed on the complete public transcript G, not on any single message in

isolation. It therefore allows arbitrary adaptivity and sample reuse across rounds. The unreleased local states H(l)
t themselves

are not required to satisfy a privacy guarantee; privacy is imposed only on what becomes public. Inactive clients are represented
by deterministic null messages. If a nominal communication round has an internal order of local transmissions, we refine the
indexing so that t ranges over the resulting ordered public transmissions.

Public records. The public records contain all public control information used by the protocol. The initial record G0 may
include initial public randomness and any initial public query, schedule, or broadcast information. The record At appended after
round t contains the public computation produced after that round, including server broadcasts, query choices, scheduling and
participation decisions, stopping indicators, public randomness, and any other public information used in later rounds. If the
protocol uses random stopping times, data dependent schedules, or adaptive participation rules, those decisions are part of G.

Protocol kernels. The local algorithms Ml depend only on client l’s local dataset, its own private history, and the public
history. The public algorithm A depends only on already public information. These randomized algorithms do not explicitly
depend on the unknown parameter θ, which enters only through the sampling distribution of the raw data. If a protocol uses
explicitly time indexed local or public algorithms, the round counter and all time indexed instructions are included in the public
history G<t. Private randomizations and local state updates are independent across clients conditional on the full data and
public history. No shared private randomness, secure aggregation, aggregation across clients, or trusted server state may affect
future communication unless the relevant information is recorded in the public transcript.

Nonexamples. The definition does not cover a secure aggregation protocol whose hidden partial sums or masks affect later
communication without being recorded in G. It also excludes a trusted server that stores a private state derived from client
messages and uses that state to choose later queries without adding it to the transcript. Similarly, clients may not rely on shared
private randomness that is unobserved in G but influences future public messages.

The following examples satisfy this definition. For simplicity, these examples take no unreleased local history, so Ml outputs
only the public message G(l)

t .
Example II.1 (One pass sequential protocol). Consider a one pass sequential protocol in which clients 1, . . . ,m speak once in
order. At step l, client l releases

G
(l)
l = Ml(X

(l);G<l), l = 1, . . . ,m,
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while inactive clients release deterministic null messages and the public record Al at the end of the round may be empty.
Suppose that, for every realized public history g<l, the local mechanism Ml(·; g<l) is ρl-zCDP as a mechanism of X(l). Then
the complete transcript G≤m is a ρ-zCDP federated protocol.
Example II.2 (Roundwise protocol). Consider a roundwise zCDP protocol in which the local mechanism Ml(·; g<t) at round t
is ρl,t-zCDP as a mechanism of X(l), conditional on every realized public history g<t. Then, by adaptive composition of zCDP,
the complete transcript is a ρ-zCDP federated protocol with ρl =

∑T
t=1 ρl,t.

Example II.3 (General sequential protocol). Consider a general sequential protocol. Let at ∈ [m] be the active client at
transmission t, and write

G
(at)
t = Mat(X

(at);G<t), t = 1, . . . , T,

with deterministic null messages from inactive clients and with any public post-processing at the end of the round included in
At. Suppose that the local mechanism Mat(·; g<t) is ρat,t-zCDP as a mechanism of X(at), conditional on every realized public
history g<t. This is a special case of Example II.2: in each transmission, all inactive clients send deterministic null messages,
equivalently ρl,t = 0 for l ̸= at. Hence the complete ordered transcript is a ρ-zCDP federated protocol with ρl =

∑
t:at=l

ρl,t.

III. CLIENTWISE FISHER INFORMATION GEOMETRY AND FEDERATED VAN TREES BOUNDS

This section establishes the paper’s general lower bounds for fully interactive federated zCDP protocols. The clientwise matrix
Fisher information contraction retains the full geometry of the local experiments and leads to the associated matrix van Trees
inequality. We first record the homogeneous trace compression, and then retain the full clientwise geometry for heterogeneous
experiments and derive an exact dual for the resulting matrix envelope. This separation makes the privacy argument reusable:
for a new regular statistical model, only the raw client Fisher information must be recalculated. For presentation, we defer the
regularity conditions to Assumption 1, including the standard differentiability, integrability, boundary, and transcript regularity
conditions needed to apply the classical van Trees inequality.

A. Homogeneous Models and Trace Compression

We start with the homogeneous experiment, where all clients sample from the same parametric model but may have different
sample sizes and privacy budgets. Client l holds independent local observations

X
(l)
i

i.i.d.∼ Pθ, i = 1, . . . , nl, l = 1, . . . ,m, θ ∈ Θ ⊆ Rp. (4)

The local datasets are independent across clients. Let pθ be a density of Pθ with respect to a θ-independent dominating measure.
Define

s(x; θ) = ∇θ log pθ(x), Ix(θ) = Eθ[s(X; θ)s(X; θ)⊤]

to be the score and Fisher information matrix of one observation. To match the heterogeneous notation used below, this is the
case sli = s, with

Sl(θ) =

nl∑
i=1

s(X
(l)
i ; θ), Jl(θ) = nlIx(θ).

The complete public transcript is denoted by G, and all estimators in this section are functions of G. The notation EπEθ means
that θ ∼ π is drawn first, after which the data and transcript are generated under Pθ.

For a clientwise zCDP budget ρ = (ρ1, . . . , ρm), write

κl = e2ρl − 1, l = 1, . . . ,m.

Under the privacy regime where ρl is upper bounded by a constant, the factor κl ≍ ρl is equivalent to ρl up to constants. The
first ingredient is an information contraction inequality for the complete public transcript. It is the only point at which the
interactive protocol and the clientwise zCDP constraint enter the trace lower bound.

Proposition III.1 (Trace contraction of the public transcript). Under model (4) and Assumption 1, let G be the complete public
transcript of a ρ-zCDP federated protocol. Then, for every fixed θ,

Tr IG(θ) ≤
m∑
l=1

[
κln

2
l ∥Ix(θ)∥op ∧ nl Tr Ix(θ)

]
. (5)

The two terms in each clientwise summand have different origins. The term nl Tr Ix(θ) is the ordinary Fisher information
available in client l’s raw sample. The term κln

2
l ∥Ix(θ)∥op places an upper bound on the Fisher information that can pass

through the complete public transcript under client l’s sample-level zCDP budget. The proposition charges the single complete
transcript budget ρl. It is therefore compatible with arbitrary adaptivity and repeated reuse of the same local observations across
public rounds.
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Combining this contraction with the multivariate van Trees inequality gives the main trace lower bound.

Theorem III.2. Under model (4) and Assumption 1, every estimator θ̂ = θ̂(G) based on a ρ-zCDP federated protocol satisfies

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ p2∫

Θ

m∑
l=1

[
κln

2
l ∥Ix(θ)∥op ∧ nl Tr Ix(θ)

]
dπ(θ) + TrJπ

.

The limitation of this form appears when the loss or the local experiments are directional. A client may carry substantial
Fisher information entirely in directions irrelevant to the target, yet the scalar denominator above counts that information
together with useful information. In Proposition IV.5, for example, only the q clients whose designs overlap the target subspace
can reduce the target risk, whereas a trace calculation alone cannot exclude the remaining clients. The matrix formulation
below retains the supporting subspace of each client contribution and therefore gives a sharper bound in such settings; see also
Subsection III-D4.

B. Heterogeneous Models and Clientwise Matrix Contraction

The preceding trace bound retains only total transcript Fisher information. This compression is appropriate when the
coordinates are statistically comparable and the loss treats all directions symmetrically. In heterogeneous experiments, however,
different clients may observe different subspaces or have anisotropic designs. Then total Fisher information is not enough: the
lower bound must also record where that information is located. The matrix bound retains this clientwise directional geometry.

Consider independent, not necessarily identically distributed, local observations

X
(l)
i ∼ Pθ,li, i = 1, . . . , nl, l = 1, . . . ,m, θ ∈ Θ ⊆ Rp. (6)

Let
sli(X

(l)
i ; θ) = ∇θ log pθ,li(X

(l)
i )

be the local score, and define

Sl(θ) =

nl∑
i=1

sli(X
(l)
i ; θ), Jl(θ) = Eθ[Sl(θ)Sl(θ)⊤].

If the observations are i.i.d. within client l, then Jl(θ) = nlIl(θ), where Il(θ) is the Fisher information of one sample from
that client. Thus Jl(θ) is the raw Fisher information available at client l before privacy is imposed.

The next theorem decomposes the transcript Fisher information into clientwise positive semidefinite contributions. Each
contribution is bounded by the client’s raw information matrix and by a whitened trace budget determined by the zCDP
constraint. The proof is given in Subsection A-D.

Theorem III.3 (Clientwise matrix contraction). Under the heterogeneous client model in (6) and Assumption 1, let G be the
complete public transcript of a ρ-zCDP federated protocol. For every fixed θ, there exist positive semidefinite matrices Al(θ),
l = 1, . . . ,m, such that

IG(θ) =

m∑
l=1

Al(θ),

and
0 ⪯ Al(θ) ⪯ Jl(θ), Tr

[
Jl(θ)

†Al(θ)
]
≤ κlnl.

Equivalently,
Al(θ) = Jl(θ)

1/2Bl(θ)Jl(θ)
1/2,

where
0 ⪯ Bl(θ) ⪯ PJl(θ), TrBl(θ) ≤ κlnl.

Proof idea. Conditioning on the complete transcript preserves the factorization of the local data, so IG(θ) =
∑
lAl(θ). For

each client, on one hand, the conditional expectation cannot increase its raw Fisher information, which gives Al(θ) ⪯ Jl(θ).
On the other hand, the trace Tr

[
Jl(θ)

†Al(θ)
]

represents a sum of samplewise score–transcript correlations. Replacing one
sample by an independent copy removes its correlation with the new transcript, while zCDP controls the resulting change, and
summing these bounds gives the trace constraint. The representation in terms of Bl(θ) is then given by whitening with Jl(θ).

The theorem retains the clientwise geometry of the transcript information. The trace bound above is obtained by taking traces
in these clientwise constraints and thereby discarding the location of the information. Here Al(θ) is the part of the transcript
Fisher information attributable to client l. The Loewner bound Al(θ) ⪯ Jl(θ) says that privacy and interaction cannot create
more information than the client’s raw sample. The whitened trace bound says that, after measuring information in the geometry
of Jl(θ), the public transcript can pass through at most κlnl Fisher information units from client l.
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Taking traces in the matrix contraction gives the corresponding heterogeneous trace consequence. Since

TrAl = Tr(JlBl) ≤ ∥Jl∥op TrBl ≤ κlnl ∥Jl∥op
and Al ⪯ Jl gives TrAl ≤ Tr Jl, we obtain

Tr IG(θ) ≤
m∑
l=1

[
κlnl ∥Jl(θ)∥op ∧ Tr Jl(θ)

]
.

In the homogeneous model, Jl(θ) = nlIx(θ), so this reduces to (5).
Combining the matrix van Trees inequality with Theorem III.3 gives the following matrix federated lower bound. In the

statement, PJl(θ) denotes the orthogonal projection onto range(Jl(θ)). Thus, if Jl(θ) is singular, Bl(θ) is constrained to act
only on the directions in which client l’s raw experiment has Fisher information. The final inverse is interpreted in the extended
sense: zero eigenvalues contribute +∞.

Theorem III.4. Under the heterogeneous client model in (6) and Assumption 1, for a measurable family B = {Bl(θ)}ml=1,
define

M(B) = Jπ +

∫
Θ

m∑
l=1

Jl(θ)
1/2Bl(θ)Jl(θ)

1/2 dπ(θ). (7)

Then every estimator θ̂ = θ̂(G) satisfies

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ inf

{Bl(θ)}
Tr
[
M(B)−1

]
, (8)

where the infimum is over measurable choices satisfying

0 ⪯ Bl(θ) ⪯ PJl(θ), TrBl(θ) ≤ κlnl.

The trace inverse is interpreted in the extended sense: zero eigenvalues contribute +∞.

Proof idea. For a fixed protocol, the matrix van Trees inequality lower bounds the Bayes risk by Tr[(Jπ+
∫
Θ
IG(θ) dπ(θ))

−1].
Theorem III.3 supplies a feasible clientwise allocation BG for which the matrix in this expression is exactly M(BG). Thus
every protocol gives a feasible allocation, and taking the infimum over the stated feasible families yields the variational lower
bound.

For heterogeneous experiments, the matrix expression is generally more complex than the scalar trace bound and need not
reduce to a simpler closed form. To apply it, one first computes the raw client Fisher information Jl(θ). The matrix Bl(θ) then
describes the information from client l that passes through the transcript after whitening in the geometry of Jl(θ). The trace
constraint TrBl(θ) ≤ κlnl says that client l can contribute at most this many effective whitened directions. After combining
these clientwise contributions, one inserts the resulting information matrix into the matrix van Trees expression, or restricts it to
the subspace relevant to a projected loss.

C. Dual Representation and Spectral Allocation

The matrix lower bound in Theorem III.4 involves a minimization over matrix-valued information allocations that can obscure
the relevant directions. The following dual converts this optimization to a finite-dimensional concave maximization and identifies
the corresponding clientwise spectral allocation. For a positive semidefinite matrix C, let λ1(C) ≥ λ2(C) ≥ · · · be its ordered
eigenvalues, extended by λr(C) = 0 for r > rank(C). For t ≥ 0, define the fractional Ky–Fan functional

Γt(C) =
∑

1≤r≤t
λr(C) + (t− ⌊t⌋)λ⌊t⌋+1(C). (9)

Thus
sup

0⪯B⪯P, TrB≤t
Tr(BC) = Γt(PCP ) (10)

for every orthogonal projection P : the budget fills the largest eigendirections first, with at most one fractional direction away
from ties. Write τl = κlnl.

Theorem III.5 (Dual representation). Under the conditions of Theorem III.4 and Jπ ≻ 0, the matrix value V = infB Tr(M(B)−1)
satisfies

V = sup
X∈Rp×p

{
2TrX − Tr(X⊤JπX)−

∫
Θ

m∑
l=1

Γτl
(
Jl(θ)

1/2XX⊤Jl(θ)
1/2
)
dπ(θ)

}
. (11)

The dual objective is concave, the primal infimum is attained, and the equality is valid without simultaneous diagonalization of
the client Fisher matrices.
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Corollary III.6 (Optimal spectral allocation). If B∗ minimizes the primal and M∗ =M(B∗), then for almost every θ, client
l’s matrix B∗

l (θ) solves the spectral allocation problem for

C∗
l (θ) = Jl(θ)

1/2(M∗)−2Jl(θ)
1/2.

Equivalently, it allocates up to total mass τl ∧ rank Jl(θ) to the leading eigendirections of C∗
l (θ).

The exact dual and Corollary III.6 give complementary views of the primal matrix bound. The primal infimum over measurable
matrix-valued information allocations is exact, but leaves the relevant directions implicit. Without relaxation, the exact dual
replaces this infimum with a finite-dimensional concave maximization; for each dual variable X , its Ky–Fan terms record the
largest contribution allowed by each client’s whitened information budget and local Fisher geometry, without requiring the
client Fisher matrices to be simultaneously diagonalizable. The water-filling characterization identifies the corresponding primal
geometry. At a primal optimizer, (M∗)−2 weights directions that remain globally uncertain, so the rule allocates each client’s
budget not simply to its largest local Fisher directions but to the directions where its local information most reduces aggregate
uncertainty. It is self-consistent because all clientwise allocations determine M∗, which in turn determines the matrices C∗

l (θ)
used to select those allocations; it is noncommutative because each client can make this spectral choice in its own eigenbasis.
The proof is given in Subsection B-B.

D. Consequences and Discussions

The preceding results identify the exact geometry of the general federated lower bound. We now draw out its rate, interaction,
and directional consequences.

1) Homogeneous Rates: Theorem III.2 reduces the homogeneous lower bound calculation to the Fisher information Ix(θ) of
one observation. Suppose, for example, that ∥Ix(θ)∥op ≤ σ−2 uniformly and the prior Fisher information is dominated by the
transcript information term. Then the bounded privacy form gives

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≳ σ2

[
m∑
l=1

(
p

nl
∨ p2

ρln2l

)−1
]−1

.

In the homogeneous case nl = n and ρl = ρ, this becomes

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≳ σ2

(
p

mn
∨ p2

ρmn2

)
.

When m = 1, the expression reduces to the central DP van Trees form based on Fisher information contraction [11]. When
nl = 1 for all l, the privacy limited term matches the usual high privacy local DP Fisher information scaling studied in local
privacy lower bounds [19, 26].

2) Interaction and Matched Rates: Theorems III.2 and III.4 are uniform over the full class of interactive protocols with
public transcripts in Definition II.2. They apply to protocols with a single local release, ordered sequential protocols, and
protocols with multiple adaptive rounds in which the same local data may be reused across rounds. The bounds depend on the
protocol only through the clientwise zCDP budgets ρl for the complete transcript, not through the number of rounds, the order
of messages, or the way in which a budget is split across rounds. For an explicitly roundwise protocol, this means that the
lower bound applies after the usual zCDP composition ρl =

∑
t ρl,t; more generally, no roundwise decomposition is required

once the complete transcript satisfies Definition II.2.
This uniformity clarifies what a matching upper bound establishes. If a one round or noninteractive procedure attains a rate

matching the trace or matrix bound, then allowing arbitrary interaction over multiple rounds cannot improve that rate. In this
sense, a simple protocol that matches the bound is rate optimal not only within its own restricted communication structure
but also within the larger class of fully interactive protocols with public transcripts. Interaction may still matter for constants,
communication, numerical stability, or adaptation to unknown tuning parameters, but it cannot overcome the transcript Fisher
information limits in Theorems III.2 and III.4.

This uniformity rests on the clientwise score decomposition for the complete transcript. Existing lower bounds are proved
only for noninteractive releases, fresh batch protocols, or sample splitting reductions, and they do not by themselves rule
out a fully adaptive algorithm that repeatedly queries the same local datasets. Here the entire ordered public transcript G,
including all adaptive messages and public post-processing records, is the statistic to which the information contraction is
applied. Conditioning on a realized complete transcript fixes the public adaptive choices, while the unreleased private histories
remain local to their clients. This gives posterior factorization and hence the clientwise score projections used in Proposition III.1
and Theorem III.3. The proof therefore accommodates arbitrary interaction and sample reuse directly, rather than reducing to
fresh batches or noninteractive releases.
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3) Heterogeneous Information Geometry: The exact dual in Subsection III-C gives a finite-dimensional concave representation
of the matrix optimization. The fully isotropic case gives a closed form expression for the matrix bound before client Fisher
geometries introduce directional distinctions. Suppose that Jπ = λIp for some λ > 0 and that Jl(θ) ≡ jlIp for every client l.
Writing τl = κlnl, the matrix value in (8) reduces to

inf
0⪯Bl⪯Ip
TrBl≤τl

Tr

[
λIp +

m∑
l=1

jlBl

]−1

=
p

λ+
∑m
l=1 jl

(
1 ∧ τl

p

) .
Indeed, rotational averaging makes each optimal Bl a scalar multiple of Ip, and monotonicity uses its full feasible trace budget.
The scalar privacy penalty therefore arises by distributing each client’s whitened budget symmetrically across statistically
indistinguishable directions. Once the client Fisher geometries are no longer jointly isotropic, this compression is unavailable.

The allocation geometry in Corollary III.6 describes the corresponding general case. Although B∗ is the information allocation
that makes the lower bound weakest rather than an actual protocol, a candidate mechanism approaching the geometry of the
lower bound should induce transcript information aligned with these globally weighted directions. Realizing this allocation
through a concrete release or a roundwise zCDP budget split depends on the mechanism and may require handling the unknown
parameter θ.

For applications, one may either solve the matrix optimization directly or lower bound its value using simpler consequences
of the constraints. The measurability condition in Theorem III.4 permits such bounds to be derived from sharp integrated upper
bounds on possible transcript information matrices. Enlarging the feasible class gives a weaker but still valid lower bound,
whereas evaluating a single feasible family gives only an upper bound on the infimum. Another common route is to replace each
feasible contribution J1/2

l BlJ
1/2
l by an explicit Loewner upper bound or to project the expression to the subspace appearing in

the loss. These relaxations preserve validity because the trace of the inverse is order reversing on the positive semidefinite cone.
The allocation becomes coordinatewise when the relevant Fisher information matrices commute. Suppose, for instance, that

Jπ and Jl(θ) are independent of θ and are diagonal in the same orthonormal basis:

Jπ = diag(jπ1, . . . , jπp), Jl = diag(jl1, . . . , jlp).

Then Theorem III.4 yields

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ inf

{blj}

p∑
j=1

1

jπj +
∑m
l=1 jljblj

,

where

0 ≤ blj ≤ 1{jlj > 0},
p∑
j=1

blj ≤ κlnl for each l.

Thus blj is the fraction of client l’s available information budget allocated to direction j, and
∑
j blj ≤ κlnl is the corresponding

clientwise privacy budget.
This coordinatewise interpretation fails for noncommuting Fisher geometries. For a simple example, take p = 3, Jπ = λI3,

and two clients with
J1 = n1σ

−2P1, J2 = n2σ
−2P2,

where P1 is the projection onto span{e1, e2} and P2 is the projection onto span{(e1 + e3)/
√
2, e2}. Then P1P2 ̸= P2P1, so

there is no common orthonormal basis in which the two clients’ allocations reduce to independent scalars blj . If κlnl ≤ 1, each
client can pass through at most one effective whitened direction, but the two available planes overlap obliquely. In this case the
matrix bound records how information subject to privacy constraints can be placed across nonaligned subspaces, while a trace
calculation records only total Fisher mass. The contrast between these two summaries is illustrated in Figure 2.

4) Information Relevant to the Target: The matrix bound records information in the directions selected by the loss, rather

than only the total transcript Fisher information. For a linear target Rθ, R ∈ Rq×p, and loss
∥∥∥ψ̂ −Rθ

∥∥∥2
2
, it suffices to replace

Tr[M(B)−1] with Tr[RM(B)−1R⊤] in the lower bound. Thus, R identifies the target directions, while the client Fisher
matrices identify the directions from which information can be supplied.

A coordinate target makes this alignment explicit. Let T ⊆ [p], and let RT ∈ R|T |×p select the coordinates in T . Suppose
that client l has Fisher information Jl = nlσ

−2
l Pl, where Pl is the orthogonal projection onto a coordinate subset Sl ⊆ [p], and

that Jπ = diag(jπ1, . . . , jπp). Coordinate sign averaging reduces the matrix allocation to diagonal entries, so every estimator
ψ̂T of RT θ satisfies

EπEθ
∥∥∥ψ̂T −RT θ

∥∥∥2
2
≥ inf

{blj}

∑
j∈T

1

jπj +
∑
l: j∈Sl

nlσ
−2
l blj

,

where
0 ≤ blj ≤ 1 for j ∈ Sl,

∑
j∈Sl

blj ≤ κlnl.
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Scalar trace contraction Clientwise matrix allocation

client 1 client 2

one total-information number

orientation is lost

target  v

client 1 client 2

direction and privacy budget are both retained

Fig. 2. Why a matrix contraction is needed. A scalar trace constraint retains total Fisher mass but discards its orientation. The clientwise matrix allocation
preserves the raw information subspaces and the privacy-limited contribution in the target direction.

Thus, client l contributes to target coordinate j only when j ∈ T ∩ Sl. The next corollary gives a closed form consequence
when the target coordinates have balanced coverage.

Corollary III.7 (Balanced target coordinate coverage). Under the conditions of Theorem III.4, suppose nl = n, ρl = ρ, and
Jl = nσ−2Pl, where each Pl is a coordinate projection onto a coordinate subset Sl ⊆ [p]. Let ∅ ̸= T ⊆ [p], and suppose that,
for some q, rT ≥ 1, every client intersecting T observes exactly rT target coordinates and every target coordinate is observed
by q clients:

|Sl ∩ T | = rT whenever Sl ∩ T ̸= ∅, #{l : j ∈ Sl} = q for every j ∈ T .
If 0 ≺ Jπ ⪯ λπIp for some λπ > 0, then every estimator ψ̂T of RT θ satisfies

EπEθ
∥∥∥ψ̂T −RT θ

∥∥∥2
2
≥ |T |
λπ + σ−2qn

(
1 ∧ κn

rT

) , κ = e2ρ − 1.

In particular, when the prior information is no larger than the transcript information term,

EπEθ
∥∥∥ψ̂T −RT θ

∥∥∥2
2
≳ σ2

( |T |
qn

∨ |T | rT
qκn2

)
.

The proof is given in Subsection A-D. Here q is the number of clients covering each target coordinate, while rT is the
number of target coordinates over which each target-relevant client must spend its privacy information budget. The privacy
contribution therefore produces the additional term |T | rT /(qκn2). Unlike the matrix bound, a scalar trace denominator cannot
distinguish information in T from information in its complement. For example, if every Jl is supported on span(e1) and
R = e⊤2 , then the matrix bound leaves the target direction controlled only by the prior, whereas a trace bound still sees positive
total Fisher information.

The target subspace result in Proposition IV.5 applies the same principle to a noncoordinate target subspace. The rank-one
binary regression result in Proposition IV.6 shows that the corresponding global and fixed linear target risks can be attained in a
concrete model.

IV. APPLICATIONS

This section illustrates the application of Theorems III.2 and III.4 to several canonical estimation problems. The examples
progress systematically from settings with isotropic Fisher information to those with directional coverage and target relevance,
followed by rank-one binary regression, graph geometry, and infinite-dimensional reductions. Let Mρ denote the class of
estimators generated by ρ-zCDP federated protocols, as formalized in Definition II.2. Throughout this section, we assume that
the clientwise privacy budgets are uniformly bounded, 0 ≤ ρl ≤ C, for a fixed constant C > 0. For each problem, we establish
a minimax lower bound over Mρ. In the homogeneous setting where nl = n and ρl = ρ for all clients l, Table I summarizes
the resulting rate comparisons. Detailed derivations for all applications are deferred to Section C.

A. Gaussian Mean Estimation and Homogeneous Linear Regression

The Gaussian mean model and homogeneous linear regression have Fisher information per observation comparable to σ−2Id.
Applying the trace bound gives lower bounds of the same order in the two settings.
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1) Gaussian Mean Estimation: Suppose client l observes

X
(l)
i ∼ N (θ, σ2Id), i = 1, . . . , nl, (12)

independently across i and l.

Proposition IV.1 (Gaussian mean estimation). Under the model (12), we have

inf
θ̂∈Mρ

sup
θ∈[−1,1]d

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≳ d ∧ σ2

[
m∑
l=1

(
d

nl
∨ d2

ρln2l

)−1
]−1

. (13)

The two terms inside the clientwise maximum represent ordinary sampling difficulty and privacy contraction difficulty,
respectively. The calculation appears in Subsection C-A1.

2) Homogeneous Linear Regression: To connect mean estimation to regression, consider the random design linear model

Y
(l)
i = (Z

(l)
i )⊤θ + ξ

(l)
i , ξ

(l)
i ∼ N (0, σ2), (14)

where Z(l)
i is independent of the noise and

c0Id ⪯ EZ(l)
i (Z

(l)
i )⊤ ⪯ c1Id (15)

uniformly in l, for fixed constants 0 < c0 ≤ c1 <∞.

Proposition IV.2 (Homogeneous linear regression). Under the model (14) and design condition (15), we have

inf
θ̂∈Mρ

sup
θ∈[−1,1]d

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≳ d ∧ σ2

[
m∑
l=1

(
d

nl
∨ d2

ρln2l

)−1
]−1

. (16)

The rate has the same form as for Gaussian mean estimation because the Fisher information of one observation is uniformly
comparable to σ−2Id in the well conditioned regime. The derivation appears in Subsection C-A2.

B. Coverage Geometry and Target Relevance
The matrix bound records where local information is placed, not merely how much information each client carries. We begin

with an example with missing features and then turn to general heterogeneous designs and target loss.
1) Estimation with Missing Features: Let Sl ⊆ [d] have cardinality s, and suppose client l observes n independent vectors

X
(l)
i = (X

(l)
ij : j ∈ Sl) ∈ {−1, 1}s, Pθ(X(l)

ij = 1) =
1 + θj

2
,

with independent coordinates and θ ∈ [−1/2, 1/2]d. Denote by Pl the projection onto the coordinates in Sl. Assume the
balanced coverage condition for simplicity:

m∑
l=1

Pl = qId, ms = dq.

Proposition IV.3 (Estimation with missing features). In the preceding experiment, let every client have the same zCDP budget
0 ≤ ρ ≤ C. Then

inf
θ̂∈Mρ

sup
θ∈[−1/2,1/2]d

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≍ d ∧

(
d

qn
+

ds

qρn2

)
,

with the usual convention at ρ = 0. One noninteractive vector message per client attains the upper bound.

Thus each coordinate receives information from q clients, while each client spends its privacy information budget over s
observed coordinates. The proof is given in Subsection C-B1.

2) Heterogeneous Linear Regression: For heterogeneous designs, the matrix bound preserves the orientation of local Fisher
information. Suppose client l observes

Y
(l)
i = (Z

(l)
i )⊤θ + ξ

(l)
i , ξ

(l)
i ∼ N (0, σ2

l ), EZ(l)
i (Z

(l)
i )⊤ = Σl. (17)

Proposition IV.4 (Heterogeneous linear regression). Under the model (17), we have

inf
θ̂∈Mρ

sup
θ∈[−1,1]d

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ inf

{Bl}
Tr

[
cId +

m∑
l=1

nlσ
−2
l Σ

1/2
l BlΣ

1/2
l

]−1

, (18)

where
0 ⪯ Bl ⪯ PΣl

, TrBl ≤ (e2ρl − 1)nl. (19)

Here c > 0 is a universal constant and PΣl
denotes the orthogonal projection onto range(Σl). The transcript contributes no

information in directions outside span{range(Σl) : 1 ≤ l ≤ m}. This directional obstruction is not captured by a scalar trace
denominator. The derivation appears in Subsection C-B2.
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3) Prediction on a Target Subspace: The target subspace problem is a direct specialization of the matrix bound for linear
targets. Let R0 ∈ Rr×d have orthonormal rows spanning the target subspace, and write P0 = R⊤

0 R0. In the heterogeneous
linear model (17), the target is R0θ and the loss is

L0(θ̂, θ) =
∥∥∥R0(θ̂ − θ)

∥∥∥2
2
= (θ̂ − θ)⊤P0(θ̂ − θ). (20)

Suppose exactly q clients are target relevant with nl = n, ρl = ρ, σl = σ, and Σl = P0, while all other clients satisfy
P0ΣlP0 = 0:

#{l : Σl = P0, nl = n, ρl = ρ, σl = σ} = q, P0ΣlP0 = 0 for all other clients. (21)

Proposition IV.5 (Prediction on a target subspace). Under the model (17), target loss (20), and relevance condition (21), we
have

inf
θ̂∈Mρ

sup
θ∈B2(0,1)

EθL0(θ̂, θ) ≳ 1 ∧ σ2

(
r

qn
∨ r2

qρn2

)
. (22)

This specialization isolates the target relevance obstruction: only clients relevant to the target contribute to the lower bound,
while information in orthogonal source directions is irrelevant for L0. A trace calculation alone cannot make this distinction,
because it summarizes source clients by total Fisher mass rather than by Fisher mass in the target subspace. The matrix bound
removes clients whose information is supported in P⊥

0 from the denominator of the lower bound for the target risk. The
derivation appears in Subsection C-B3.

C. Rank-One Binary Regression

Rank-one binary regression isolates the directional geometry captured by the matrix bound: client l observes signs only along
a public design direction ul. Let client l have a public unit-norm design profile ul ∈ Rd and observe nl independent signs
X

(l)
i ∈ {−1, 1} such that

Pθ(X(l)
i = 1) =

1 + u⊤l θ
2

, θ ∈ Θh = [−h, h]d.

Put Pl = ulu
⊤
l , let Lu = maxl ∥ul∥1, and assume hLu ≤ 1/2. For 0 < ρl ≤ C, set

ωl =

(
1

nl
+

2

ρln2l

)−1

, H =

m∑
l=1

ωlPl,

and set ωl = 0 when ρl = 0. The matrix H is the privacy-weighted design matrix: ωl is the precision scale available after
client l averages its sample and adds privacy noise, while Pl specifies the direction carrying that precision.

Proposition IV.6 (Rank-One Binary Regression). Under the preceding model, suppose H ⪰ h−2Id. Then

inf
θ̂∈Mρ

sup
θ∈Θh

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≍ Tr(H−1).

More generally, for every fixed R ∈ Rq×d,

inf
ψ̂R∈Mρ

sup
θ∈Θh

Eθ
∥∥∥ψ̂R −Rθ

∥∥∥2
2
≍ Tr(RH−1R⊤).

One noninteractive scalar message per client attains these upper bounds. The implicit constants depend only on C.

The case R = v⊤ gives the risk of a contrast in direction v. The following two-dimensional comparison makes the directional
role of the matrix bound explicit. Even in dimension two, H⊥ =WI2 and

Hβ =W (e1e
⊤
1 + uβu

⊤
β ), uβ = (cosβ, sinβ)⊤,

have the same trace 2W . If 0 < β ≤ π/4 and W sin2 β ≥ 4h−2, their contrast risks in direction e2 have respective orders

e⊤2 H
−1
⊥ e2 =W−1, e⊤2 H

−1
β e2 =

1 + cos2 β

W sin2 β
.

Thus equal total Fisher information can yield contrast risks differing by order β−2: the information must be placed in directions
that identify the target. The proof is given in Subsection C-C.
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D. Bradley–Terry Learning on a Comparison Graph

Pairwise preference data are used to rank products, treatments, players, and candidate model outputs. The Bradley–Terry
model is the classical parametric model for such comparisons [42]; modern ranking procedures also exploit the geometry of the
comparison graph [43]. We consider a graph setting in which this geometry is explicit. Let G = ([K], E) be a connected graph
with Laplacian LG . For each edge e = {a, b} ∈ E, there are q clients, and each client observes n independent outcomes from
the oriented comparison

Pτ (Y (e,r)
i = 1) = σ(τa − τb), σ(t) =

et

1 + et
. (23)

The score vector is centered, τ ∈ 1⊥
K , and the privacy unit is one comparison outcome within a client. A bounded score range

is necessary for a uniform squared-error statement: along an unbounded score ray with a strict ordering, the event that every
finite comparison favors the higher-scored item has probability tending to one, so even the nonprivate data do not identify the
scale. For a dynamic range B > 0, let

ΘG(B) =
{
τ ∈ 1⊥

K : |τa − τb| ≤ B for every {a, b} ∈ E
}
, (24)

For client r on edge e, let 0 ≤ ρe,r ≤ C be its zCDP budget, and write

ωe,r =


(
1

n
+

1

ρe,rn2

)−1

, ρe,r > 0,

0, ρe,r = 0,

we =

q∑
r=1

ωe,r.

The privacy-weighted comparison graph has Laplacian

LG,ρ =
∑

e={a,b}∈E
we(ea − eb)(ea − eb)

⊤.

For a pair of items, write

RG,ρ(a, b) = (ea − eb)
⊤L†

G,ρ(ea − eb), rG,ρ = max
{a,b}∈E

RG,ρ(a, b).

Proposition IV.7 (Bradley–Terry model on a graph). Under the model (23), suppose that 0 < B ≤ B0, that client r on edge e
satisfies ρe,r-zCDP, and that LG,ρ is connected. Then

inf
τ̂∈Mρ

sup
τ∈ΘG(B)

Eτ ∥τ̂ − τ∥22 ≳
Tr(L†

G,ρ)

1 + (K − 1)rG,ρ/B2
. (25)

If, in addition, for fixed constants c0, κ0 > 0,

(K − 1)rG,ρ ≤ c0B
2,

λmax(LG,ρ)
λ2(LG,ρ)

≤ κ0, (26)

then the global score risk satisfies
inf

τ̂∈Mρ

sup
τ∈ΘG(B)

Eτ ∥τ̂ − τ∥22 ≍ Tr(L†
G,ρ). (27)

Under (26), empirical win rates perturbed with Gaussian noise yield a matching upper bound. For a centered error vector z,

∥z∥22 =
1

K

∑
a<b

(za − zb)
2, Tr(L†

G,ρ) =
1

K

∑
a<b

RG,ρ(a, b).

Thus Tr(L†
G,ρ) is the average effective resistance over all item pairs for the graph with edge weights we. It reflects not only

the number of comparisons, but also their placement in the graph and the privacy budgets of the clients making them: poorly
connected pairs, or pairs supported mainly by clients with small privacy budgets, contribute more to the global score risk. The
proof is given in Subsection C-D.

E. Infinite-Dimensional Models via Finite-Dimensional Reductions

Both examples apply the trace bound to a finite-dimensional submodel, with the resolution p balancing approximation against
transcript information.
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1) Nonparametric Regression: The trace bound yields nonparametric rates after projection onto finite-dimensional Sobolev
submodels. Consider the nonparametric regression model on [0, 1]d,

Y
(l)
i = f(U

(l)
i ) + ξ

(l)
i , ξ

(l)
i ∼ N (0, σ2), (28)

where the design density is bounded above and below and f ∈ Hα(R).

Proposition IV.8 (Nonparametric regression). Under the model (28), we have

inf
f̂∈Mρ

sup
f∈Hα(R)

Ef
∥∥∥f̂ − f

∥∥∥2
L2

≳ sup
p≥1

[
p2α/d

R2
+

1

σ2

m∑
l=1

(
p

nl
∨ p2

ρln2l

)−1
]−1

. (29)

In the homogeneous case nl = n and ρl = ρ, this implies

inf
f̂∈Mρ

sup
f∈Hα(R)

Ef
∥∥∥f̂ − f

∥∥∥2
L2

≳ R2 ∧
[
R

2d
2α+d

(
σ2

mn

) 2α
2α+d

+R
2d

α+d

(
σ2

ρmn2

) α
α+d

]
. (30)

The supremum over p applies the lower bound to each p-dimensional Sobolev submodel and retains the strongest result. Here
p indexes the finite-dimensional reduction: the first term is the Sobolev truncation contribution, and the sum is the transcript
information available at that resolution. The first component is the ordinary nonprivate sampling term, while the second is due
to privacy. The derivation appears in Subsection C-E1.

2) Functional Mean Estimation: We next consider functional mean estimation from discretely observed curves. On client l,
the nl private samples are independent curves. The i-th curve is observed through

Y
(l)
ij = X

(l)
i (T

(l)
ij ) + ξ

(l)
ij , j = 1, . . . , kl, (31)

where ξ(l)ij ∼ N (0, 1), and the mean function is f = EX(l)
i ∈ Hα(R) with α > 1/2. Let Pα(R,CX) denote the class of

distributions P of random curves X such that the mean function fP = EPX belongs to Hα(R) and ∥X − fP ∥L2 ≤ CX
almost surely. We treat the radii R and CX as fixed.

Under Definition II.2, the privacy unit is one entire discretely observed curve {(T (l)
ij , Y

(l)
ij ) : 1 ≤ j ≤ kl}, not an individual

grid measurement. Thus adjacent local datasets differ by one curve, and the lower bounds combine measurement sparsity with
variation at the curve level.

We consider two design settings. Under independent design, the measurement locations are private and independently sampled
for each curve. Under common design, the grid is public and shared across curves. The resulting lower bounds have the same
form as those for noninteractive algorithms in Cai et al. [22].

a) Independent design: Suppose the measurement locations are private and independently sampled for each curve:

T
(l)
ij

ind∼ µl, 0 < c0 ≤ dµl
dt

≤ c1 <∞. (32)

To apply the van Trees lower bound, we use finite-dimensional submodels fθ =
∑p
r=1 θrϕr, where p is the resolution parameter

and {ϕr} is a localized wavelet system. Let I indl,p (θ) be the Fisher information matrix for the coefficient parameter from one
discretely observed curve at client l. Its information contribution is limited by both the number of measurements kl and variation
at the curve level: ∥∥I indl,p (θ)∥∥op ≲ kl ∧ p2α+1, Tr I indl,p (θ) ≲ klp ∧ p2α+2.

The kl-terms reflect the fact that only kl random measurement locations are observed from each curve. The p2α+1-terms reflect
variation at the curve level, which limits the information that one curve can carry about the p mean coefficients. Substituting
these bounds into the van Trees inequality gives the following result. The detailed derivation appears in the appendix with the
application proofs.

Proposition IV.9 (Functional mean estimation with independent design). Under the model (31) and independent design condition
(32), we have

inf
f̂∈Mρ

sup
P∈Pα(R,CX)

EP
∥∥∥f̂ − fP

∥∥∥2
L2

≳ sup
p≥1

[
p2α +

m∑
l=1

(
klnl
p

∧ ρlkln
2
l

p2
∧ p2αnl ∧ p2α−1ρln

2
l

)]−1

. (33)

In the homogeneous case nl = n, kl = k, and ρl = ρ, this gives

inf
f̂∈Mρ

sup
P∈Pα(R,CX)

EP
∥∥∥f̂ − fP

∥∥∥2
L2

≳ 1 ∧
[

1

mn
+ (mkn)−

2α
2α+1 + (ρmkn2)−

α
α+1 +

1

ρmn2

]
. (34)

In the homogeneous independent-design case, the privacy term follows by balancing the Sobolev contribution p2α with
ρmkn2/p2, while the low-frequency privacy bottleneck is obtained at p = 1. The appendix with the application proofs carries
out the full optimization over p.
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b) Common design: Suppose the grid is public and common across curves, with kl = k:

T
(l)
ij = tj , j = 1, . . . , k, l = 1, . . . ,m. (35)

Fix a sufficiently small constant cgrid ∈ (0, 1). We again use finite-dimensional submodels fθ =
∑p
r=1 θrϕr, now choosing ϕr

as localized bump functions aligned with the public grid and taking 1 ≤ p ≤ cgridk. Let Icomp (θ) be the Fisher information
matrix for the coefficient parameter from one curve observed on the common grid. In this case,∥∥Icomp (θ)

∥∥
op

≲ p, Tr Icomp (θ) ≲ p2.

Together with the usual discretization obstruction term k−2α, this yields the following lower bound; its derivation appears in
the appendix with the application proofs.

Proposition IV.10 (Functional mean estimation with common design). Under the model (31) and common design condition
(35), suppose k ≥ c−1

grid. Then

inf
f̂∈Mρ

sup
P∈Pα(R,CX)

EP
∥∥∥f̂ − fP

∥∥∥2
L2

≳ k−2α + sup
1≤p≤cgridk

[
p2α +

m∑
l=1

(
nl ∧

ρln
2
l

p

)]−1

. (36)

In the homogeneous case nl = n and ρl = ρ,

inf
f̂∈Mρ

sup
P∈Pα(R,CX)

EP
∥∥∥f̂ − fP

∥∥∥2
L2

≳ 1 ∧
[

1

mn
+ k−2α + (ρmn2)−

2α
2α+1

]
, (37)

For common design, the privacy exponent comes from balancing p2α with ρmn2/p, subject to p ≤ cgridk. When this
resolution exceeds the public grid, the discretization term k−2α is active. The appendix with the application proofs carries out
the full optimization over p.

V. CONCLUSION

We developed van Trees lower bounds for federated learning under sample-level zCDP with complete public transcripts. Our
framework accommodates fully interactive protocols: clients may communicate over multiple adaptive rounds, the server’s
subsequent queries may depend on past public messages, and local samples may be reused across rounds. At the technical core
of our work is a clientwise matrix Fisher information contraction for the complete transcript under local privacy constraints.
This result decomposes the total transcript information into positive semidefinite contributions, each bounded by the client’s
raw Fisher information and a whitened privacy budget. By preserving the directional Fisher geometry of heterogeneous local
experiments, this matrix bound proves essential when clients observe distinct subspaces or when the loss depends on specific
target directions. For homogeneous models, trace compression yields a simplified scalar bound that reduces the lower bound
calculation directly to the single-observation Fisher information and clientwise privacy budgets.

A key advantage of these inequalities is that they decouple the model-specific Fisher information calculation from the privacy
and interaction mechanism. For the applications considered herein, this separation yields minimax lower bounds across the
full class of interactive protocols with public transcripts for mean estimation, linear regression, nonparametric regression, and
functional mean estimation. When paired with existing upper bounds, our results establish the exact minimax rates for these
problems. Consequently, we show that simpler one-round or restricted protocols achieving these rates remain rate-optimal even
against arbitrary multi-round interaction and repeated sample reuse.

Several open directions remain. For pure ϵl-DP, the lower bounds follow immediately because any ϵl-DP client mechanism is
ϵ2l /2-zCDP, so our results apply with ρl = ϵ2l /2. However, approximate (ϵl, δl)-DP lacks a direct conversion to zCDP. Extending
these results would require replacing the single-client zCDP contraction with an approximate-DP comparison that controls the
exceptional δl-events, which remains an avenue for future work. Other promising extensions include lower bounds under secure
aggregation, shuffle privacy, and protocols with trusted private server state. Furthermore, one could combine the complete
transcript privacy contraction with explicit communication or computational constraints. Finally, the matrix-valued bound points
toward new applications in heterogeneous learning and transfer learning, where minimax performance is governed by the
specific subspace directions spanned by the clients rather than overall scalar Fisher information.

APPENDIX A
PROOFS OF INFORMATION CONTRACTION AND FEDERATED VAN TREES BOUNDS

The following sufficient conditions are standard for Bayesian Cramér–Rao or van Trees inequalities; see Gill and Levit
[44], Gassiat and Stoltz [45] and Lemma C.1 of Cai and Li [11]. We state them for the heterogeneous product model. For each
θ, the raw data law is

PXθ =

m⊗
l=1

nl⊗
i=1

Pθ,li, X
(l)
i ∼ Pθ,li.
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Let pθ,li be the density of Pθ,li, and define the local scores and information matrices by

sli(X
(l)
i ; θ) = ∇θ log pθ,li(X

(l)
i ), Ili(θ) = Eθ[sli(X(l)

i ; θ)sli(X
(l)
i ; θ)⊤].

For the client and full data scores, write

Sl(θ) =

nl∑
i=1

sli(X
(l)
i ; θ), S(θ) =

m∑
l=1

Sl(θ).

Regularity of the raw data gives

Eθsli(X(l)
i ; θ) = 0, l = 1, . . . ,m, i = 1, . . . , nl,

Ili(θ) = Covθ(sli(X
(l)
i ; θ)),

Jl(θ) := Eθ[Sl(θ)Sl(θ)⊤] =
nl∑
i=1

Ili(θ).

(38)

Consequently, EθSl(θ) = 0 for each l. For a possibly randomized statistic T generated from the raw data, let pθ,T be the density
of its induced law, IT (θ) its Fisher information matrix, and SX(θ) the score of the raw data entering T . The corresponding
score projection identities are

∇θ log pθ,T (T ) = Eθ[SX(θ) | T ],
IT (θ) = Eθ

[
Eθ[SX(θ) | T ]Eθ[SX(θ) | T ]⊤

]
.

(39)

For the complete public transcript G, write IG(θ) for the Fisher information matrix of its induced law.

Assumption 1 (Regularity conditions for the van Trees bounds). For the heterogeneous product model above, we use the
following standard sufficient conditions for the van Trees inequality. They are not intended to be minimal.

(i) For each l and i, the density pθ,li is defined with respect to a θ-independent dominating measure and is continuously
differentiable in θ.

(ii) For each l and i, the local likelihood satisfies the conditions for differentiating under the integral sign that yield the local
identities in (38).

(iii) The client Fisher information matrices Jl(θ) are well defined and∫
Θ

∥Jl(θ)∥op dπ(θ) <∞, l = 1, . . . ,m.

(iv) The parameter space Θ is a compact subset of Rp with piecewise smooth boundary.
(v) The prior distribution π has a continuously differentiable density on Rp and vanishes on the boundary of Θ.

(vi) The prior Fisher information matrix

Jπ =

∫
Θ

∇θ log π(θ)∇θ log π(θ)
⊤π(θ) dθ

is well defined and finite.
(vii) The data, private history, and transcript spaces are standard Borel, so regular conditional distributions for randomized

transcripts exist. The induced transcript laws are dominated and differentiable in θ and satisfy (39).

A. Information Contraction for One Client

The trace argument starts from the following zCDP information contraction for one client, due to Cai and Li [11].

Lemma A.1 (zCDP information contraction for one client). Let X1, . . . , Xn be i.i.d. samples from Pθ, with score s(X; θ) and
one-sample Fisher information Ix(θ). Let T be a statistic generated from X = (X1, . . . , Xn) by a θ-independent ρ-zCDP
mechanism at the sample level. Write SX(θ) =

∑n
i=1 s(Xi; θ). Then

Eθ ∥Eθ[SX(θ) | T ]∥22 = Tr IT (θ) ≤ (e2ρ − 1)n2 ∥Ix(θ)∥op .
The matrix argument uses a strengthening invariant under affine transformations. Its proof adapts the zCDP information

contraction argument of Lemmas C.2 and C.3 of Cai and Li [11] after whitening the score.

Lemma A.2 (Matrix zCDP information contraction for one client). Let X1, . . . , Xn be independent observations from models
Pθ,i that are not necessarily identical. Let si(Xi; θ) and Ii(θ) be the score and Fisher information matrix of Xi. Let

S(θ) =

n∑
i=1

si(Xi; θ), J(θ) = Eθ[S(θ)S(θ)⊤] =
n∑
i=1

Ii(θ).
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Let T =M(X) be generated by a θ-independent ρ-zCDP mechanism at the sample level, and define

U(T ; θ) = Eθ[S(θ) | T ], A(θ) = Eθ[U(T ; θ)U(T ; θ)⊤].

Then
0 ⪯ A(θ) ⪯ J(θ), Tr

[
J(θ)†A(θ)

]
≤ (e2ρ − 1)n.

Proof. Fix θ, take all expectations in this proof under Pθ, and write S, J, U,A for the corresponding quantities. We first assume
J ≻ 0. The law of total covariance gives

J = E[Cov(S | T )] + Cov(E[S | T ]),
and since ES = 0, the second term is A. Hence 0 ⪯ A ⪯ J .

Set W (T ) = J−1U(T ) and
a = Tr(J−1A) = E[U⊤J−1U ] = E ⟨W (T ), U(T )⟩ .

Since U(T ) = E[S | T ],
a = E ⟨W (T ), S⟩ =

n∑
i=1

E ⟨W (T ), si(Xi)⟩ .

Fix i. Let X ′
i be an independent copy of Xi, define

X(i) = (X1, . . . , Xi−1, X
′
i, Xi+1, . . . , Xn), T (i) =M(X(i)),

and write W (i) =W (T (i)). Since X(i) is independent of Xi and Esi(Xi) = 0,

E
〈
W (i), si(Xi)

〉
= 0.

Therefore
E ⟨W (T ), si(Xi)⟩ = E

〈
W (T )−W (i), si(Xi)

〉
.

The datasets X and X(i) are adjacent, so zCDP gives, conditional on (X,X(i)),

D2(M(X)∥M(X(i))) ≤ 2ρ.

Hence, using the relation between order-2 Rényi divergence and χ2 divergence [46],

χ2(T∥T (i) | X,X(i)) = χ2(M(X)∥M(X(i))) ≤ e2ρ − 1 =: κ.

We use the chi-square mean difference inequality in Lemma F.1 of Cai and Li [11],

|EP f − EQf |2 ≤ χ2(P∥Q)EQ[f2],

Applying it conditionally on (X,X(i)), with P = L(T | X,X(i)), Q = L(T (i) | X,X(i)), and f(t) = ⟨W (t), si(Xi)⟩, gives(
E[f(T ) | X,X(i)]− E[f(T (i)) | X,X(i)]

)2
≤ κE[f(T (i))2 | X,X(i)].

Averaging and applying Jensen’s inequality yields

|E ⟨W (T ), si(Xi)⟩|2 ≤ κE
〈
W (T (i)), si(Xi)

〉2
.

Since T (i) is independent of Xi and has the same marginal distribution as T ,

E
〈
W (T (i)), si(Xi)

〉2
= Tr

(
E[W (T )W (T )⊤]Ii

)
= Tr(J−1AJ−1Ii).

Denote the last quantity by bi. Then by the triangle inequality and Cauchy–Schwarz,

a ≤ √
κ

n∑
i=1

√
bi ≤

√
κ

√√√√n

n∑
i=1

bi.

But
n∑
i=1

bi = Tr

(
J−1AJ−1

n∑
i=1

Ii

)
= Tr(J−1A) = a.

Thus a ≤ √
κna. If a > 0, dividing by

√
a gives a ≤ κn; if a = 0, the same conclusion is trivial.
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If J is singular, let R = range(J). For v ∈ R⊥ = ker(J),

0 = v⊤Jv = E(v⊤S)2,

so v⊤S = 0 almost surely. Hence v⊤U = E[v⊤S | T ] = 0 almost surely, and v⊤Av = E(v⊤U)2 = 0. Since A ⪰ 0, this
implies Av = 0 for all v ∈ R⊥, or equivalently range(A) ⊆ R. If R = {0}, then A = 0 and the claim is trivial. Otherwise,
choose an orthonormal matrix Q whose columns span R and apply the preceding positive definite argument to S̃ = Q⊤S,
Ũ = Q⊤U , J̃ = Q⊤JQ, and Ã = Q⊤AQ. Then J̃ ≻ 0, and

Tr(J̃−1Ã) ≤ κn.

Because range(A) ⊆ R, the last trace equals Tr(J†A). In both the nonsingular and singular cases, set B = (J†)1/2A(J†)1/2.
The range inclusion gives A = J1/2BJ1/2, while A ⪯ J gives B ⪯ PJ ; moreover TrB = Tr(J†A). This gives the
representation needed below.

B. Posterior Factorization

This subsection supplies the factorization step that allows transcript Fisher information to be charged client by client. Once a
complete transcript value g is fixed, all public adaptive choices and post-processing records are fixed, and each unreleased
private history enters only through the likelihood factor of its own client. This yields posterior factorization of the local datasets
given G = g, after which the matrix score decomposition follows by projecting the raw client scores onto the sigma-field
generated by G.

Lemma A.3 (Posterior factorization). Under the public transcript protocol and independent client sampling model, for
Pθ,G-almost every transcript value g,

Lθ(X(1), . . . , X(m) | G = g) =

m⊗
l=1

Lθ(X(l) | G = g).

Proof. Let θ be fixed. To make the core idea transparent, we first prove the result in a dominated setting where the local
randomizations, local private history updates, initial randomizations, and public post-processing kernels admit densities. We
then give the general argument with probability kernels. Let ν0(g0) be the density of the initial public record G0, and write
client l’s private history path as h(l)0:T = (h

(l)
0 , . . . , h

(l)
T ). Let

λl(h
(l)
0 | x(l), g0)

be the conditional density of the initial private history H(l)
0 given local data x(l) and the initial public record g0, and let

qt,l(g
(l)
t , h

(l)
t | x(l), g<t, h(l)t−1),

be the conditional density of the pair (G(l)
t , H

(l)
t ) given local data x(l), public history g<t, and previous private history h(l)t−1.

Finally, let
αt(at | g<t, g(1)t , . . . , g

(m)
t )

be the density of the public post-processing record At at the end of the round given the already public information in that
round. Deterministic messages, deterministic private history updates, and deterministic public post-processing are interpreted as
point masses in this notation.

For a realized complete transcript

g =
(
g0, (g

(1)
1 , . . . , g

(m)
1 , a1), . . . , (g

(1)
T , . . . , g

(m)
T , aT )

)
,

the conditional density of G = g given all datasets is

K(g | x(1), . . . , x(m)) = Ppub(g)

m∏
l=1

∫
λl(h

(l)
0 | x(l), g0)

×
T∏
t=1

qt,l(g
(l)
t , h

(l)
t | x(l), g<t, h(l)t−1) dh

(l)
0:T ,

where the public factor is

Ppub(g) = ν0(g0)

T∏
t=1

αt(at | g<t, g(1)t , . . . , g
(m)
t ).
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Since g is fixed, all adaptive public histories and all At-factors in this display are constants. The private histories remain inside
client l’s own integral and are not shared across clients. Define

Ll(g;x
(l)) =

∫
λl(h

(l)
0 | x(l), g0)

T∏
t=1

qt,l(g
(l)
t , h

(l)
t | x(l), g<t, h(l)t−1) dh

(l)
0:T .

Once the transcript value is fixed, the public factor Ppub(g) is independent of the data and may be absorbed into one local
factor, for instance by setting K1(g | x(1)) = Ppub(g)L1(g;x

(1)) and Kl(g | x(l)) = Ll(g;x
(l)) for l ≥ 2. Hence

K(g | x(1), . . . , x(m)) =

m∏
l=1

Kl(g | x(l)).

By independence across clients,

pθ(x
(1), . . . , x(m)) =

m∏
l=1

pθ,l(x
(l)),

where pθ,l is the local joint density of client l’s data. Bayes’ formula gives

pθ(x
(1), . . . , x(m) | g) =

m∏
l=1

pθ,l(x
(l))Kl(g | x(l))
Zl(g)

,

with Zl(g) =
∫
pθ,l(u)Kl(g | u) du. This proves posterior independence of the local datasets given G.

The same result follows without densities by working with probability kernels. Assume the data, private history, and transcript
spaces are standard Borel, so regular conditional distributions exist. Fix θ. The protocol consists of the initial public kernel
ν0( dg0), the initial local private history kernels Λl( dh

(l)
0 | x(l), g0), the local round kernels

Qt,l( dg
(l)
t , dh

(l)
t | x(l), g<t, h(l)t−1),

and the public post-processing kernels
At( dat | g<t, g(1)t , . . . , g

(m)
t ).

Deterministic messages and deterministic post-processing are simply degenerate kernels.
We use the following elementary disintegration fact. If, conditional on a public variable C, the pairs (Yl,Ml), l = 1, . . . ,m,

are independent with product conditional law ⊗lRl( dyl, dml | C), then, for almost every realized m = (m1, . . . ,mm),

L(Y1, . . . , Ym | C,M = m) =

m⊗
l=1

L(Yl | C,Ml = ml).

This is just disintegration of a product kernel with respect to its M -marginal.
We prove by induction on the public rounds that the local private states are conditionally independent given the public

transcript available at that time:

Lθ
(
(X(1), H

(1)
t ), . . . , (X(m), H

(m)
t ) | G≤t

)
=

m⊗
l=1

Lθ(X(l), H
(l)
t | G≤t)

for Pθ,G≤t
-almost every G≤t. At t = 0, the local datasets are independent and, conditional on (X(l), G0), the initial private

histories are generated by separate local kernels; hence the claim holds conditional on G0. Suppose it holds before round t,
conditional on G<t. Given G<t, each client applies its own kernel Qt,l only to (X(l), H

(l)
t−1) and the public history. Therefore

the enlarged local blocks (
X(l), H

(l)
t , G

(l)
t

)
, l = 1, . . . ,m,

are conditionally independent given G<t. Disintegrating this product kernel with respect to the observed public messages
(G

(1)
t , . . . , G

(m)
t ) shows that (X(l), H

(l)
t ), l = 1, . . . ,m, remain conditionally independent given G<t and those messages. The

additional public record At is then drawn from a kernel depending only on already public quantities, so conditioning on At
does not couple the local private blocks. Hence the induction step gives conditional independence given G≤t.

Taking t = T and then marginalizing out the private histories gives

Lθ(X(1), . . . , X(m) | G = g) =

m⊗
l=1

Lθ(X(l) | G = g)

for Pθ,G-almost every g, which is the desired factorization.
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Corollary A.4 (Clientwise score decomposition). Under the conditions of Lemma A.3, if

Ul(G; θ) = Eθ[Sl(θ) | G], Al(θ) = Eθ[Ul(G; θ)Ul(G; θ)⊤],

then

IG(θ) =

m∑
l=1

Al(θ).

Proof. The score projection identity gives

∇θ log pθ,G(G) = Eθ[S(θ) | G] =
m∑
l=1

Ul(G; θ).

Hence
IG(θ) =

∑
l

Eθ[UlU⊤
l ] +

∑
l ̸=k

Eθ[UlU⊤
k ].

For l ̸= k, Lemma A.3 gives

Eθ[Sl(θ)Sk(θ)⊤ | G] = Eθ[Sl(θ) | G]Eθ[Sk(θ) | G]⊤ = UlU
⊤
k .

Taking expectations,
Eθ[UlU⊤

k ] = Eθ[Sl(θ)Sk(θ)⊤] = 0,

because the local datasets are unconditionally independent and the local scores have mean zero. Therefore IG(θ) =
∑
lAl(θ).

C. Proof of the Federated van Trees Bound for Homogeneous Models

Lemma A.5 (Trace contraction of the public transcript). Let G be the complete public transcript of a ρ-zCDP federated
protocol under the common iid model in Subsection III-A. Then

Tr IG(θ) ≤
m∑
l=1

[
(e2ρl − 1)n2

l ∥Ix(θ)∥op ∧ nl Tr Ix(θ)
]
.

Proof. By Corollary A.4,

Tr IG(θ) =

m∑
l=1

Eθ ∥Eθ[Sl(θ) | G]∥22 .

The ordinary Fisher bound follows from L2 contraction of conditional expectation:

Eθ ∥Eθ[Sl(θ) | G]∥22 ≤ Eθ ∥Sl(θ)∥22 = nl Tr Ix(θ).

For the privacy bound, set
Ũl(G,X

(−l)) = Eθ[Sl(θ) | G,X(−l)].

Since conditioning on (G,X(−l)) gives a finer sigma-field than conditioning on G, Jensen’s inequality gives

Eθ ∥Eθ[Sl(θ) | G]∥22 ≤ Eθ
∥∥∥Ũl(G,X(−l))

∥∥∥2
2
.

Conditional on X(−l) = x(−l), the complete transcript G is a ρl-zCDP statistic of the nl i.i.d. local samples X(l). Therefore
Lemma A.1, applied conditionally and then averaged over X(−l), gives

Eθ ∥Eθ[Sl(θ) | G]∥22 ≤ (e2ρl − 1)n2
l ∥Ix(θ)∥op .

Combining the two clientwise bounds and summing over l proves the lemma.

Proof of Theorem III.2. The classical multivariate van Trees inequality [44, 45], in the form recalled in Lemma C.1 of Cai and
Li [11], applied to the statistic G gives

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ p2∫

Θ
Tr IG(θ) dπ(θ) + TrJπ

.

Substituting the information contraction bound from Lemma A.5 proves the displayed bound.
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D. Proof of Clientwise Matrix Contraction and Its Consequences

Proof of Theorem III.3. Let

Ul(G; θ) = Eθ[Sl(θ) | G], Al(θ) = Eθ[Ul(G; θ)Ul(G; θ)⊤].

By Corollary A.4,

IG(θ) =

m∑
l=1

Al(θ).

The ordinary matrix contraction follows from the law of total covariance:

Al(θ) = Covθ(Eθ[Sl(θ) | G]) ⪯ Covθ(Sl(θ)) = Jl(θ).

It remains to prove the whitened trace bound. Define the finer posterior score

Ũl(G,X
(−l); θ) = Eθ[Sl(θ) | G,X(−l)],

and
Ãl(θ) = Eθ[Ũl(G,X(−l); θ)Ũl(G,X

(−l); θ)⊤].

Since Ul(G; θ) = Eθ[Ũl(G,X(−l); θ) | G], Jensen’s inequality in Loewner order gives

Al(θ) ⪯ Ãl(θ).

Conditional on X(−l) = x(−l), the complete transcript G is a ρl-zCDP mechanism at the sample level for the local dataset
X(l). The local score covariance is Jl(θ), which does not depend on x(−l). Applying Lemma A.2 conditionally gives

Tr
(
Jl(θ)

†Eθ[ŨlŨ⊤
l | X(−l) = x(−l)]

)
≤ (e2ρl − 1)nl.

Averaging over X(−l) and using Al ⪯ Ãl gives

Tr
[
Jl(θ)

†Al(θ)
]
≤ Tr

[
Jl(θ)

†Ãl(θ)
]
≤ (e2ρl − 1)nl.

Finally, since 0 ⪯ Al ⪯ Jl, the range of Al is contained in the range of Jl. Setting

Bl(θ) = (Jl(θ)
†)1/2Al(θ)(Jl(θ)

†)1/2

yields
Al(θ) = Jl(θ)

1/2Bl(θ)Jl(θ)
1/2, 0 ⪯ Bl(θ) ⪯ PJl(θ),

and TrBl(θ) = Tr[Jl(θ)
†Al(θ)]. The jointly measurable score versions make Al(θ) measurable. Matrix square root and

Moore–Penrose inversion are Borel maps on the positive semidefinite cone, so the displayed choice of Bl(θ) is measurable as
well.

Proof of Theorem III.4. The matrix form of the van Trees inequality [44, 45] gives

EπEθ[(θ̂ − θ)(θ̂ − θ)⊤] ⪰
(
Jπ +

∫
Θ

IG(θ) dπ(θ)

)−1

,

with the usual regularization if the matrix is singular. Now fix an admissible protocol. By Theorem III.3, this protocol induces
positive semidefinite matrices Al(θ) and hence feasible matrices Bl(θ) satisfying

IG(θ) =

m∑
l=1

Jl(θ)
1/2Bl(θ)Jl(θ)

1/2.

Substituting this feasible family into the matrix van Trees bound gives a lower bound for the fixed protocol. The displayed
theorem follows by weakening that bound: the family induced by the protocol is one admissible measurable choice in the
feasible class, so its trace inverse value is at least the infimum over all feasible measurable choices Bl(θ).
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a) Coordinate target reduction.: Suppose that Jπ is diagonal and Jl = nlσ
−2
l Pl, where Pl is a coordinate projection onto

Sl ⊆ [p]. Let RT select the coordinates in T ⊆ [p], and set PT = R⊤
T RT . For a fixed protocol with integrated information

matrix K, the matrix van Trees inequality for the linear target RT θ lower bounds its Bayes risk by Tr(PTK−1). For any
feasible family Bl(θ), first set

Bl =

∫
Θ

Bl(θ) dπ(θ).

The averaged matrices remain feasible, and they give the same integrated information matrix. For a diagonal sign matrix D, the
matrices DBlD are feasible as well, while both Jπ and every Pl commute with D. Moreover, the map

K 7−→ Tr(PTK
−1)

is convex and invariant under K 7→ DKD, with the usual regularization when needed. Averaging over all diagonal sign
matrices therefore yields a diagonal feasible allocation without increasing the target inverse-trace objective. Writing its diagonal
entries as blj gives the coordinate target bound in Subsection III-D4; conversely, every collection of such entries satisfying the
displayed constraints defines a feasible diagonal allocation.

Proof of Corollary III.7. Fix any feasible family Bl(θ) in Theorem III.4, and set

Bl =

∫
Θ

Bl(θ) dπ(θ).

Convexity of the Loewner and trace constraints gives 0 ⪯ Bl ⪯ Pl and TrBl ≤ κn. Since Jl = nσ−2Pl is constant in θ, the
integrated matrix in the theorem is

K = Jπ +

m∑
l=1

nσ−2PlBlPl.

Write
blj = e⊤j Blej , aj =

∑
l: j∈Sl

blj , j ∈ T ,

where blj = 0 if j /∈ Sl. Let
mT = #{l : Sl ∩ T ̸= ∅}.

For each target-relevant client, ∑
j∈Sl∩T

blj ≤ rT ∧ κn.

Double counting the target incidences gives

mT rT =
∑
j∈T

#{l : j ∈ Sl} = |T | q.

Therefore ∑
j∈T

aj =

m∑
l=1

∑
j∈Sl∩T

blj ≤ mT (rT ∧ κn) = |T | q
(
1 ∧ κn

rT

)
.

Also Kjj ≤ λπ + σ−2naj . By the Schur complement inequality, (K−1)jj ≥ 1/Kjj ; the inverse exists because K ⪰ Jπ ≻ 0.
Hence

Tr(PTK
−1) ≥

∑
j∈T

1

λπ + σ−2naj
.

By convexity of x 7→ (λπ + σ−2nx)−1,∑
j∈T

1

λπ + σ−2naj
≥ |T |
λπ + σ−2qn

(
1 ∧ κn

rT

) .
Taking the infimum over feasible matrix fields Bl(θ) in the target form of the matrix van Trees bound proves the first display.
The final display follows when λπ is absorbed into the transcript information term.

APPENDIX B
MATRIX DUALITY AND FUNCTIONAL TARGETS

This appendix proves the exact matrix dual and water-filling characterization stated in Subsection III-C, and records the
consequences for functional targets. For the dual calculations below, we impose the additional nondegeneracy condition Jπ ≻ 0.
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A. Matrix van Trees Bounds for Functional Targets

For a continuously differentiable target ψ : Θ → Rq , define

Dπ,ψ =

∫
Θ

∇ψ(θ) dπ(θ), KG = Jπ +

∫
Θ

IG(θ) dπ(θ).

Under the regularity conditions in Assumption 1, the standard matrix-valued van Trees inequality gives

Theorem B.1 (Matrix van Trees bounds for functional targets). Assume Jπ ≻ 0. For every continuously differentiable target ψ
with integrable derivative and every transcript estimator ψ̂(G),

EπEθ[(ψ̂ − ψ(θ))(ψ̂ − ψ(θ))⊤] ⪰ Dπ,ψK
−1
G D⊤

π,ψ.

In particular, for the identity target,

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ TrK−1

G .

Proof. This is the standard matrix and functional form of the van Trees inequality under the regularity conditions in Assumption 1;
see Gill and Levit [44], Gassiat and Stoltz [45]. The result is used here as the van Trees foundation for the dual calculation
below.

B. Proof of the Dual Representation and Allocation Rule

We restate the local spectral allocation notation used in the proofs. The extension to functional targets follows the two proofs
below.

For a positive semidefinite matrix C, let λ1(C) ≥ · · · ≥ λp(C). For 0 ≤ t ≤ p, put r = ⌊t⌋ and define the fractional Ky–Fan
functional

Γt(C) =

r∑
j=1

λj(C) + (t− r)λr+1(C), (40)

where the last term is absent if r = p. If P is an orthogonal projection, diagonalization on range(P ) gives

sup
0⪯B⪯P, TrB≤t

Tr(BC) = Γt∧rank(P )(PCP ). (41)

Indeed, if uj is an ordered eigenbasis of PCP , every feasible B has diagonal entries bj = u⊤j Buj ∈ [0, 1] with
∑
j bj = TrB,

and Tr(BC) =
∑
j bjλj(PCP ). Conversely, every such vector is realized by B =

∑
j bjuju

⊤
j . The matrix optimization

therefore reduces to the linear program sup{∑j bjλj : 0 ≤ bj ≤ 1,
∑
j bj ≤ t}, which fills the largest eigenvalues first. If the

cutoff eigenvalue is simple, one may use at most one fractional coefficient; a tied cutoff permits an arbitrary positive contraction
of the required trace inside that eigenspace.

Write τl = κlnl.

Proof of Theorem III.5. For every positive definite M , completing the square proves

Tr(M−1) = sup
X

(
2TrX − Tr(X⊤MX)

)
, (42)

because the difference between the right-hand objective and Tr(M−1) is −Tr((X −M−1)⊤M(X −M−1)). Let F (B,X)
denote the objective after substituting M(B).

Let Sp denote the real symmetric p× p matrices. The feasible families form a convex subset of
∏
l L

∞(π;Sp). It is weak-star
compact: the constraint 0 ⪯ Bl ⪯ I gives a uniformly bounded set, and the order, range, and trace inequalities are weak-star
closed because each can be tested by integration against nonnegative L1 scalar functions and a countable dense set of fixed
vectors. For example, Bl ⪰ 0 is equivalent to

∫
h(θ)v⊤Bl(θ)v dπ ≥ 0 for every nonnegative h ∈ L1 and every rational vector

v, and the other constraints have the same form. The integrability in Assumption 1 makes F weak-star continuous and affine in
B. It is continuous and concave in X . Moreover, uniformly in B,

F (B,X) ≤ 2
√
p ∥X∥F − λmin(Jπ) ∥X∥2F .

Since F (B, 0) = 0, every relevant maximizer lies in one fixed compact Frobenius ball. Sion’s minimax theorem [47] therefore
applies on a compact convex restriction of the X-space and yields

inf
B

sup
X
F (B,X) = sup

X
inf
B
F (B,X).

For fixed X , the term depending on client l and θ is the negative of

Tr
(
Bl(θ)Jl(θ)

1/2XX⊤Jl(θ)
1/2
)
.
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Thus its infimum is the negative pointwise spectral supremum in (41). The pointwise optimizers can be chosen measurably:
ordered eigenvalues and spectral projections are Borel functions of a symmetric matrix, and inside a tied eigenspace one obtains
a measurable ordered orthonormal basis by projecting the fixed standard basis and applying lexicographic Gram–Schmidt.
Hence the pointwise supremum may be integrated, giving (11).

Each Ky–Fan term is the supremum of the convex quadratic forms X 7→ Tr(X⊤J1/2
l BJ

1/2
l X) over feasible B. It is therefore

convex in X , so the displayed dual objective is concave. Finally, B 7→M(B) is continuous on the weak-star compact feasible
set and M(B) ⪰ Jπ ≻ 0; continuity of matrix inversion proves primal attainment.

Proof of Corollary III.6. For any feasible B̃, set Bt = (1− t)B∗ + tB̃. Differentiating f(t) = Tr(M(Bt)
−1) at zero gives

f ′(0+) = −
∫ ∑

l

Tr[(B̃l(θ)−B∗
l (θ))C

∗
l (θ)] dπ(θ).

The map B 7→ Tr(M(B)−1) is convex, so its first-order condition is necessary and sufficient. Optimality implies f ′(0+) ≥ 0,
so B∗ maximizes the corresponding linear functional over the feasible class. The constraints separate over clients and θ;
applying (41) pointwise gives the asserted rule. Indeed, a failure on a set of positive prior measure could be replaced there by
the measurable spectral optimizer constructed in the preceding theorem, strictly increasing the linear functional and contradicting
optimality.

C. Bounds for Functional Targets

Theorem B.2 (Federated van Trees bound for functional targets). Under the heterogeneous model and public-transcript zCDP
conditions of Theorem III.4 and Jπ ≻ 0, let ψ : Θ → Rq be continuously differentiable with Dπ,ψ =

∫
∇ψ dπ. Every transcript

estimator obeys

EπEθ
∥∥∥ψ̂ − ψ(θ)

∥∥∥2
2
≥ inf

B
Tr(Dπ,ψM(B)−1D⊤

π,ψ). (43)

The right side equals

sup
X∈Rp×q

(
2Tr(Dπ,ψX)− Tr(X⊤JπX)−

∫
Θ

m∑
l=1

Γτl∧rank Jl(θ)

(
Jl(θ)

1/2XX⊤Jl(θ)
1/2
)
dπ(θ)

)
. (44)

Proof. Apply Theorem B.1 and the clientwise information representation in Theorem III.3. The family induced by the protocol
is feasible, so replacing it by the infimum over all feasible B proves (43). For a positive definite M , completion of the square
gives

Tr(Dπ,ψM
−1D⊤

π,ψ) = sup
X∈Rp×q

(
2Tr(Dπ,ψX)− Tr(X⊤MX)

)
.

The compactness, minimax, measurable selection, and pointwise spectral allocation steps in the proof of Theorem III.5 apply
verbatim, now with XX⊤ of rank at most q. This proves the exact dual.

Corollary B.3 (Closed form for scalar functionals). Under the conditions of Theorem B.2 and Jπ ≻ 0, let q = 1 and write
aπ,ψ =

∫
Θ
∇ψ(θ) dπ(θ). Then

EπEθ(ψ̂ − ψ(θ))2 ≥ a⊤π,ψ

[
Jπ +

∫
Θ

m∑
l=1

(1 ∧ τl)Jl(θ) dπ(θ)
]−1

aπ,ψ. (45)

Proof. In the scalar dual, X = x ∈ Rp, and J1/2
l xx⊤J1/2

l has rank at most one with nonzero eigenvalue x⊤Jlx. Its fractional
Ky–Fan value is therefore (1 ∧ τl)x⊤Jlx. The dual reduces to supx

(
2a⊤π,ψx− x⊤Hx

)
, where H is the matrix in brackets in

(45). Completion of the square gives a⊤π,ψH
−1aπ,ψ.

APPENDIX C
PROOFS OF THE APPLICATIONS

This appendix gives the proofs in the order of Section IV. We repeatedly use the following minimax reduction. If a prior π
is supported in the parameter space, then

inf
θ̂∈Mρ

sup
θ∈Θ

EθL(θ̂, θ) ≥ inf
θ̂∈Mρ

EπEθL(θ̂, θ).

For rectangular finite-dimensional submodels we use the cosine prior with density

p0(t) = a−1 cos2
(
πt

2a

)
, t ∈ [−a, a],

and p0(t) = 0 otherwise. It has one-dimensional Fisher information π2/a2. Thus the p-fold product prior has Fisher matrix
(π2/a2)Ip and trace pπ2/a2.
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A. Gaussian Mean Estimation and Homogeneous Linear Regression

1) Gaussian Mean Estimation:

Proof of Proposition IV.1. For the Gaussian mean model in (12), the score of one observation has Fisher information

Ix(θ) = σ−2Id, ∥Ix(θ)∥op = σ−2, Tr Ix(θ) = dσ−2.

Applying Theorem III.2 with the d-fold cosine prior supported on [−1, 1]d and using κl ≍ ρl for bounded ρl gives

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≳

d2

σ−2
∑m
l=1 (ρln

2
l ∧ dnl) + d

.

Since

ρln
2
l ∧ dnl = d2

(
d

nl
∨ d2

ρln2l

)−1

,

the preceding display is equivalent, up to constants, to

inf
θ̂∈Mρ

sup
θ∈[−1,1]d

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≳ d ∧ σ2

[
m∑
l=1

(
d

nl
∨ d2

ρln2l

)−1
]−1

.

The minimax bound follows because the prior is supported in [−1, 1]d.

2) Homogeneous Linear Regression:

Proof of Proposition IV.2. For client l in random design linear regression,

Y = (Z(l))⊤θ + ξ, ξ ∼ N (0, σ2),

the joint observation X = (Z(l), Y ) has score σ−2Z(l)(Y − (Z(l))⊤θ), and hence

Ix,l(θ) = σ−2EZ(l)(Z(l))⊤.

If EZ(l)(Z(l))⊤ ⪯ c1Id uniformly in l, then

∥Ix,l(θ)∥op ≤ c1σ
−2, Tr Ix,l(θ) ≤ c1dσ

−2.

Applying the trace consequence of the heterogeneous matrix contraction with the d-dimensional cosine prior on [−1, 1]d gives
the same denominator as in the Gaussian mean calculation, up to constants depending on c1. Thus

inf
θ̂∈Mρ

sup
θ∈[−1,1]d

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≳ d ∧ σ2

[
m∑
l=1

(
d

nl
∨ d2

ρln2l

)−1
]−1

.

The lower eigenvalue condition in (15) is not needed for the lower bound itself; it records the usual well conditioned regime in
which this lower bound has the same order as the corresponding nonprivate and private upper rates.

B. Coverage Geometry and Target Relevance

1) Estimation with Missing Features and Target Subspaces: For an r-dimensional target subspace, take d = s = r, let
each of the q clients relevant to the target observe every target coordinate, and allow any number of additional clients whose
observation laws do not depend on the target parameter. This corresponds exactly to Proposition IV.5.

Corollary C.1 (Prediction on a target subspace). In the target experiment just described, under the common 0 ≤ ρ ≤ C zCDP
budget,

inf
θ̂∈Mρ

sup
θ∈[−1/2,1/2]r

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≍ r ∧

(
r

qn
+

r2

qρn2

)
.

Here the privacy term is interpreted as +∞ when ρ = 0. The same rate holds for squared prediction loss on an orthonormal
target subspace after identifying its coefficient vector with θ.

Proof of Proposition IV.3 and Corollary C.1. For one bounded observation from client l, the Fisher information is

Il(θ) =
∑
j∈Sl

1

1− θ2j
eje

⊤
j .

On [−1/2, 1/2]d,

Pl ⪯ Il(θ) ⪯
4

3
Pl, ∥Il(θ)∥op ≤ 4

3
, Tr Il(θ) ≤

4s

3
.
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The n-record Fisher information is Jl(θ) = nIl(θ). Let Al(θ) denote the clientwise transcript information matrices from
Theorem III.3, and put κ = e2ρ − 1. The matrix constraints imply

TrAl(θ) ≤
4

3

(
κn2 ∧ ns

)
.

The raw information bound gives the second term, while the whitened trace constraint gives TrAl ≤ ∥Jl∥op TrBl ≤ (4n/3)κn.
Thus

Tr IG(θ) ≤
4m

3

(
κn2 ∧ ns

)
.

Use the product cosine prior on [−1/2, 1/2]d, for which Jπ = 4π2Id. Set KG = Jπ +
∫
Θ
IG(θ) dπ(θ). The identity-target case

of Theorem B.1 and Tr(K−1
G ) ≥ d2/TrKG give the Bayes, and hence minimax, lower bound

cd2

d+m (κn2 ∧ ns) .

Since ms = dq and κ ≍ ρ for bounded ρ, this is equivalent up to constants to

d ∧
(
d

qn
+

ds

qρn2

)
.

For the matching upper bound with ρ > 0, client l releases

Yl = X l + Zl, Zl ∼ N
(
0,

2s

ρn2
Is

)
,

where X l is its empirical mean over the coordinates in Sl. Replacing one record changes X l by at most 2
√
s/n in Euclidean

norm, and the Gaussian mechanism with variance ∆2
2/(2ρ) is ρ-zCDP. For each coordinate j, averaging the q releases from

clients with j ∈ Sl has variance at most
1

qn
+

2s

qρn2
.

Summing over coordinates, projecting onto [−1/2, 1/2]d, and comparing with the zero estimator prove the upper bound,
including ρ = 0.

For the target subspace result, take d = s = r and m = q for the relevant clients. Additional clients whose observation
laws do not depend on the target parameter have zero score and raw Fisher information for that parameter. The heterogeneous
contraction therefore assigns them zero transcript information in the lower bound argument; the upper construction ignores
them. This proves Corollary C.1.

2) Heterogeneous Linear Regression:

Proof of Proposition IV.4. For client l,

Il(θ) = σ−2
l Σl, Jl(θ) = nlσ

−2
l Σl.

Substituting this into Theorem III.4 yields

J
1/2
l BlJ

1/2
l = nlσ

−2
l Σ

1/2
l BlΣ

1/2
l ,

where
0 ⪯ Bl ⪯ PΣl

, TrBl ≤ (e2ρl − 1)nl.

Therefore

EπEθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ inf

{Bl}
Tr

[
Jπ +

m∑
l=1

nlσ
−2
l Σ

1/2
l BlΣ

1/2
l

]−1

.

For Θ = [−1, 1]d, the product cosine prior has Jπ = cId for a universal constant c > 0, giving the display in (18) by the
minimax reduction. Each summand is supported on range(Σl). Consequently the public transcript cannot reduce posterior
uncertainty in directions orthogonal to span{range(Σl) : 1 ≤ l ≤ m}. This is the directional obstruction that a scalar trace
denominator discards.
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3) Prediction on a Target Subspace:

Proof of Proposition IV.5. Take P0 to be the projection onto an r-dimensional target subspace, and choose R0 ∈ Rd×r with
orthonormal columns such that P0 = R0R

⊤
0 . Restrict the parameter to the submodel θ = R0u, where u ∈ Rr, and consider

L0(θ̂, θ) = (θ̂ − θ)⊤P0(θ̂ − θ) =
∥∥∥R⊤

0 θ̂ − u
∥∥∥2
2
.

Only the q clients with Σl = P0 contribute to L0; all other clients satisfy P0ΣlP0 = 0 and therefore contribute no target

information. Indeed, positive semidefiniteness gives
∥∥∥Σ1/2

l P0

∥∥∥2
F
= Tr(P0ΣlP0) = 0, so ΣlP0 = P0Σl = 0. In the u-coordinates,

each relevant client has raw Fisher information nσ−2Ir and a whitened budget κn, where κ = e2ρ − 1. For the minimax risk
over B2(0, 1), choose a product cosine prior for u on a coordinate cube of radius r−1/2. Its Fisher matrix is bounded by a
constant multiple of rIr, and the induced prior for θ = R0u is supported in B2(0, 1). Applying the balanced target coordinate
calculation with dimension r, coverage q, and target rank r gives

inf
θ̂∈Mρ

sup
θ∈B2(0,1)

EθL0(θ̂, θ) ≳ 1 ∧ σ2

(
r

qn
∨ r2

qκn2

)
.

For bounded ρ, κ ≍ ρ, which gives the rate displayed in (22).

C. Rank-One Binary Regression

Proof of Proposition IV.6. Write ηl = u⊤l θ. For one sign observation from client l, the score and Fisher information are

sl(x; θ) =
x− ηl
1− η2l

ul, Il(θ) =
1

1− η2l
Pl.

The condition hLu ≤ 1/2 gives

Pl ⪯ Il(θ) ⪯
4

3
Pl.

Let κl = e2ρl − 1 and ω̃l = nl(1 ∧ κlnl). Because Pl has rank one, every feasible allocation in Theorem III.4 is a scalar
multiple of Pl, and the inverse-trace objective decreases as that scalar increases. With the product cosine prior on Θh, whose
information is Jπ = π2h−2Id, the matrix theorem gives

inf
θ̂∈Mρ

sup
θ∈Θh

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≥ Tr

[
π2h−2Id +

4

3

m∑
l=1

ω̃lPl

]−1

.

For ψR(θ) = Rθ, we have Dπ,ψR
= R. The functional target bound in Theorem B.2 therefore gives, for every R ∈ Rq×d,

inf
ψ̂R∈Mρ

sup
θ∈Θh

Eθ
∥∥∥ψ̂R −Rθ

∥∥∥2
2
≥ Tr

R
[
π2h−2Id +

4

3

m∑
l=1

ω̃lPl

]−1

R⊤

 .

For 0 < ρl ≤ C,

ω̃l ≍ nl(1 ∧ ρlnl) ≍
(

1

nl
+

2

ρln2l

)−1

= ωl.

When ρl = 0, both ω̃l and ωl are zero. Hence
∑
l ω̃lPl ≍ H in Loewner order. The assumed condition H ⪰ h−2Id also absorbs

the prior term. The two displays above are therefore bounded below by constant multiples of Tr(H−1) and Tr(RH−1R⊤),
respectively.

For the matching upper bound, client l releases

Yl = X l + Zl, Zl ∼ N
(
0,

2

ρln2l

)
when ρl > 0, and sends a deterministic null message otherwise. Replacing one record changes X l by at most 2/nl, so the
Gaussian mechanism with variance ∆2

2/(2ρl) gives exact ρl-zCDP. Define

θ̂ = H−1
m∑
l=1

ωlulYl.

Since EθYl = u⊤l θ, this estimator is unbiased. For every l with ρl > 0,

Varθ(Yl) ≤
1

nl
+

2

ρln2l
= ω−1

l .
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Independence across clients yields

Eθ
∥∥∥θ̂ − θ

∥∥∥2
2
≤ Tr

[
H−1

(
m∑
l=1

ωlPl

)
H−1

]
= Tr(H−1).

For every R ∈ Rq×d,

Eθ
∥∥∥Rθ̂ −Rθ

∥∥∥2
2
≤ Tr

[
RH−1

(
m∑
l=1

ωlPl

)
H−1R⊤

]
= Tr(RH−1R⊤).

D. Bradley–Terry Learning on a Comparison Graph

We first justify the condition that the score range is bounded. Fix a finite comparison design and a centered vector v ∈ 1⊥
K

whose coordinates are all distinct. Along the ray τt = tv, let E be the event that every observed comparison favors the
higher-scored item. Then Pτt(E) → 1 as t → ∞. Conditional on E, the distribution of any estimator is fixed and does not
depend on t. If it has finite second moment, its squared error from tv diverges; otherwise, its squared error is already infinite.
Thus no finite comparison experiment has a uniform squared-error bound over the unbounded score space, even without privacy.

Proof of Proposition IV.7. Let d = K − 1, and let Q0 ∈ RK×d have orthonormal columns spanning 1⊥
K . Write τ = Q0θ and,

for an oriented edge e = (a, b), put
xe = Q⊤

0 (ea − eb).

Thus ∥xe∥22 = 2, and the model is
Pθ(Y (e,r)

i = 1) = σ(x⊤e θ).

Put
Hρ = Q⊤

0 LG,ρQ0.

This matrix is positive definite because LG,ρ is connected.
We first prove the lower bound. One comparison along edge e has Fisher information

σ(x⊤e θ){1− σ(x⊤e θ)}xex⊤e ⪯ 1

4
xex

⊤
e .

The rank-one form of the matrix contraction in Theorem III.4 therefore gives, for every client,

Ae,r(θ) ⪯ CCωe,rxex
⊤
e .

Summing over clients gives ∫
Θ

IG(θ) dπ(θ) ⪯ CCHρ.

Write
rρ = max

e∈E
x⊤e H

−1
ρ xe = rG,ρ, a =

B√
drρ

.

In the coordinates z = H
1/2
ρ θ, take a product cosine prior on [−a, a]d. For every edge e, its support satisfies∣∣x⊤e θ∣∣ ≤ ∥∥∥H−1/2

ρ xe

∥∥∥
2
∥z∥2 ≤ √

rρ
√
d a = B,

so the induced prior is supported on ΘG(B). Its Fisher information in the θ coordinates is

Jπ =
π2

a2
Hρ =

π2drρ
B2

Hρ.

The matrix van Trees inequality and the preceding contraction bound therefore yield

inf
τ̂∈Mρ

sup
τ∈ΘG(B)

Eτ ∥τ̂ − τ∥22 ≥ Tr(H−1
ρ )

CC + π2drρ/B2
≳

Tr(L†
G,ρ)

1 + (K − 1)rG,ρ/B2
.

For the matching upper bound, each client releases

Ze,r = Y e,r +We,r, We,r ∼ N
(
0,

1

2ρe,rn2

)
,
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independently across clients whenever ρe,r > 0; clients with ρe,r = 0 are ignored. Replacing one comparison changes Y e,r by
at most 1/n, so this release is ρe,r-zCDP. For ρe,r > 0, write

ve,r =
1

4n
+

1

2ρe,rn2
, Hv =

∑
e∈E

∑
r: ρe,r>0

v−1
e,rxex

⊤
e .

Then
2Hρ ⪯ Hv ⪯ 4Hρ.

Moreover, if pe = σ(x⊤e θ), then
EθZe,r = pe, Varθ Ze,r ≤ ve,r.

Let θ̂ minimize, over
Θ̃G(B) = {ϑ : Q0ϑ ∈ ΘG(B)}

the convex criterion
LZ(ϑ) =

∑
e∈E

∑
r: ρe,r>0

v−1
e,r

{
log(1 + ex

⊤
e ϑ)− Ze,rx

⊤
e ϑ
}
,

and set τ̂ = Q0θ̂. On Θ̃G(B),

∇2LZ(ϑ) ⪰ qBHv, qB = min
|t|≤B

σ(t){1− σ(t)} > 0.

Since B ≤ B0, we have qB ≥ qB0 > 0.

g =
∑
e∈E

∑
r: ρe,r>0

v−1
e,rxe{Ze,r − pe},

Covθ(g) ⪯ Hv.

The first-order optimality condition and strong convexity therefore imply

sup
τ∈ΘG(B)

Eτ ∥τ̂ − τ∥22 ≲
d

q2Bλmin(Hv)
≤ d

q2B0
λmin(Hv)

≲
d

λ2(LG,ρ)
.

The condition-number bound in (26) bounds this by a constant multiple of

Tr(L†
G,ρ),

which proves the upper bound and completes the proof.

E. Infinite-Dimensional Models via Finite-Dimensional Reductions

1) Nonparametric Regression:

Proof of Proposition IV.8. Let ϕ1, . . . , ϕp be an orthonormal system in L2([0, 1]d) adapted to the Sobolev norm, and consider
the finite-dimensional submodel

fθ(u) =

p∑
j=1

θjϕj(u).

Choose a product cosine prior on the coefficients with radius

rp ≍ Rp−1/2−α/d.

Then the prior is supported in Hα(R), and

TrJπ,p ≍ pr−2
p ≍ R−2p2+2α/d.

The design density is bounded above and below, so the Fisher information of one observation in the submodel satisfies

∥Ix(θ)∥op ≲ σ−2, Tr Ix(θ) ≲ σ−2p.

Applying Theorem III.2 and using κl ≍ ρl for bounded ρl gives, for each fixed resolution p,

EπEf
∥∥∥f̂ − f

∥∥∥2
L2

≳
p2

R−2p2+2α/d + σ−2
∑m
l=1 (ρln

2
l ∧ pnl)

.
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Dividing numerator and denominator by p2 gives

EπEf
∥∥∥f̂ − f

∥∥∥2
L2

≳

[
p2α/d

R2
+

1

σ2

m∑
l=1

(
p

nl
∨ p2

ρln2l

)−1
]−1

.

Since the prior is supported in Hα(R), the minimax reduction applies for each p. Taking the supremum over p proves the
heterogeneous display.

For homogeneous clients, the nonprivate component is obtained by balancing

R−2p2α/d ≍ mn

σ2p
,

which yields

R
2d

2α+d

(
σ2

mn

) 2α
2α+d

.

The privacy component is obtained by balancing

R−2p2α/d ≍ ρmn2

σ2p2
,

which yields

R
2d

α+d

(
σ2

ρmn2

) α
α+d

.

Since a lower bound by the larger of finitely many components is equivalent, up to a universal constant, to a lower bound by
their sum, the homogeneous rate in (30) follows whenever the optimizing resolutions are at least one. If a formal optimizer is
smaller than one, the one-dimensional submodel gives a constant multiple of R2. This proves the truncated homogeneous rate
for all parameter values.

2) Functional Mean Estimation: The privacy unit is one entire discretely observed curve. The finite-dimensional reductions
below use localized wavelet submodels

fθ =

p∑
r=1

θrϕr

with coefficient radius p−α−1/2. For these submodels,

TrJπ ≍ p2α+2,

so the Sobolev truncation contribution after the p2 van Trees numerator is p2α. Let Z have the cosine density p0 above with
a = 1. Then EZ = 0, |Z| ≤ 1, and its location Fisher information is π2. Because both p0 and p′0 vanish at the endpoints, its
translated location family satisfies the regularity conditions used below.

a) Independent design:

Proof of Proposition IV.9. For the independent design lower bound, take the measurement locations T (l)
ij to be private observations

generated independently from a density on [0, 1] bounded above and below. Use the finite-dimensional bounded curve submodel

X
(l)
i (t) = fθ(t) +

p∑
r=1

η
(l)
ir ϕr(t), η

(l)
ir = τpZ

(l)
ir , Z

(l)
ir

i.i.d.∼ p0, τ2p ≍ p−2α−1.

This variation at the curve level is admissible deterministically because the wavelet norm equivalence and
∣∣∣Z(l)
ir

∣∣∣ ≤ 1 give

∥∥∥X(l)
i − fθ

∥∥∥2
Hα

≲ p2α
p∑
r=1

∣∣∣η(l)ir ∣∣∣2 ≤ p2α+1τ2p ≲ 1.

For a fixed client l, write

φ(t) = (ϕ1(t), . . . , ϕp(t))
⊤, ΦT =


φ(T

(l)
i1 )⊤

...
φ(T

(l)
ikl

)⊤

 .

Conditionally on the location vector T = (T
(l)
i1 , . . . , T

(l)
ikl

), the observed vector Y (l)
i = (Y

(l)
i1 , . . . , Y

(l)
ikl

)⊤ satisfies

Y
(l)
i = ΦT θ +ΦT η

(l)
i + ξ

(l)
i , ξ

(l)
i ∼ N (0, Ikl).
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Let I indl,p (θ) be the Fisher information matrix of (T, Y
(l)
i ) for θ. Revealing η

(l)
i can only increase Fisher information, and

conditionally on (T, η
(l)
i ) the observation is a Gaussian location experiment. Therefore

I indl,p (θ) ⪯ ET
[
Φ⊤
TΦT

]
. (46)

By the bounded design density and the L2-normalization of the localized wavelets,

ET
[
Φ⊤
TΦT

]
= klET [φ(T )φ(T )⊤] ⪯ CklIp,

which gives the first information bound. For the second bound, let W = θ + η
(l)
i . The Markov chain θ →W → (T, Y

(l)
i ) and

Fisher information processing give
I indl,p (θ) ⪯ IW (θ) = π2τ−2

p Ip ⪯ Cp2α+1Ip.

Combining the two bounds gives the explicit bounds∥∥I indl,p (θ)∥∥op ≲ kl ∧ p2α+1, Tr I indl,p (θ) ≲ klp ∧ p2α+2. (47)

Applying the trace contraction to both upper bounds and retaining the smaller allowed transcript information gives the following
client contribution after division by the p2 numerator:

klnl
p

∧ ρlkln
2
l

p2
∧ p2αnl ∧ p2α−1ρln

2
l .

Combining this contribution with the truncation term p2α proves

inf
f̂∈Mρ

sup
P∈Pα(R,CX)

EP
∥∥∥f̂ − fP

∥∥∥2
L2

≳ sup
p≥1

(
p2α +

m∑
l=1

(
klnl
p

∧ ρlkln
2
l

p2
∧ p2αnl ∧ p2α−1ρln

2
l

))−1

.

In the homogeneous case, the four displayed rate components are obtained as follows. The sample size component at the
curve level is obtained by taking p = 1, giving 1/(mn). Balancing p2α with mkn/p gives

p2α+1 ≍ mkn, risk ≍ (mkn)−2α/(2α+1).

Balancing p2α with ρmkn2/p2 gives

p2α+2 ≍ ρmkn2, risk ≍ (ρmkn2)−α/(α+1).

Finally, balancing the privacy bottleneck at low frequencies, ρmn2p2α−1, at p = 1 gives 1/(ρmn2). Together these yield the
homogeneous lower bound displayed in (34). The restriction p ≥ 1 gives the outer truncation by the fixed Sobolev-radius scale
in that display.

b) Common design:

Proof of Proposition IV.10. We give the common design construction explicitly. Use the same sufficiently small constant cgrid
as in Proposition IV.10, and suppose k ≥ c−1

grid. For clarity, take a regular public grid tj = j/k, j = 1, . . . , k; the same argument
requires only quasi uniform grid spacing. Fix 1 ≤ p ≤ cgridk and partition the grid into p consecutive blocks

Br = {j : tj ∈ Ir}, Ir =

[
r − 1

p
,
r

p

]
, r = 1, . . . , p.

For a sufficiently small fixed cgrid, each block contains uniformly many grid points. Choose a fixed compactly supported
smooth wavelet ψ with ∥ψ∥L2 = 1, and define

ϕr(t) = p1/2ψ(pt− r + 1), r = 1, . . . , p,

after translating the supports inside Ir if necessary. The functions ϕr have disjoint supports, are orthonormal in L2, and satisfy

∥ϕr∥Hα ≲ pα.

Hence the submodel

fθ(t) =

p∑
r=1

θrϕr(t), |θr| ≲ p−α−1/2,

is contained in the Sobolev ball. As in the independent design calculation, the product prior on these coefficients has

TrJπ ≍ p2α+2.
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Let vr = (ϕr(t1), . . . , ϕr(tk))
⊤ ∈ Rk, and let Φ be the p×k matrix with rows v⊤r . By disjoint support and the grid Riemann

sum estimate,
v⊤r vs = 0 (r ̸= s), ∥vr∥22 ≍ k.

Use the bounded submodel for the mean curve

Xi(t) = fθ(t) +

p∑
r=1

ηirϕr(t), ηir = τpZir, Zir
i.i.d.∼ p0, τ2p = c/p,

with c > 0 fixed. The random curve variation has deterministically bounded L2 energy since ∥Xi − fθ∥2L2 ≤ pτ2p = c. On the
common grid, the observed vector Yi = (Yi1, . . . , Yik)

⊤ satisfies

Yi = Φ⊤θ +Φ⊤ηi + ξi, ξi ∼ N (0, Ik).

Let W = θ + ηi. Since θ →W → Yi is a Markov chain, Fisher information processing gives

Icomp (θ) ⪯ IW (θ) = π2τ−2
p Ip ⪯ CpIp. (48)

Consequently, ∥∥Icomp (θ)
∥∥
op

≲ p, Tr Icomp (θ) ≲ p2. (49)

After dividing the transcript information terms by p2, client l’s contribution is

nl ∧
ρln

2
l

p
.

The public grid also creates the usual discretization obstruction. To make this explicit, choose a smooth bump h supported
in (0, 1), and place a rescaled copy strictly between two adjacent grid points. If its width is w ≍ k−1 and its amplitude is
cRwα−1/2, then Sobolev scaling gives

∥hk∥Hα ≲ R, ∥hk∥2L2 ≍ R2k−2α, hk(tj) = 0 (j = 1, . . . , k).

Take the scalar subexperiment Xi(t) = βhk(t), with a smooth one-dimensional prior for β ∈ [−1, 1]. All public grid observations,
and hence every public transcript, have distributions independent of β. The scalar van Trees inequality therefore gives a constant
lower bound for the mean-squared error of estimating β. Since∥∥∥f̂ − βhk

∥∥∥2
L2

≥ ∥hk∥2L2

(
⟨f̂ , hk⟩
∥hk∥2L2

− β

)2

,

this yields the required k−2α term. Therefore

inf
f̂∈Mρ

sup
P∈Pα(R,CX)

EP
∥∥∥f̂ − fP

∥∥∥2
L2

≳ k−2α + sup
1≤p≤cgridk

(
p2α +

m∑
l=1

(
nl ∧

ρln
2
l

p

))−1

.

For homogeneous clients, taking p = 1 gives the 1/(mn) component when the raw sample size term is active. The privacy
component is obtained by balancing

p2α ≍ ρmn2

p
, p2α+1 ≍ ρmn2,

which yields
(ρmn2)−2α/(2α+1).

If the optimizing p exceeds cgridk, the discretization term k−2α is active instead. This proves the rate displayed in (37). The
restriction p ≥ 1 gives the outer truncation by the fixed Sobolev-radius scale in that display.
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