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We study scalar-on-function linear regression when each covariate curve
is observed only through finitely many noisy point evaluations. Our goal is
to characterize the minimax estimation and prediction risks as joint functions
of the number of trajectories n and the within-trajectory resolution m. Work-
ing in a fixed trigonometric eigenbasis, with covariance eigenvalues decaying
at rate α and slope function of Sobolev smoothness s, we derive matching
minimax upper and lower bounds under two canonical sampling schemes.

Under an independent random design, the minimax prediction rate is

n
− 2α+2s

2α+2s+1 + (nm)
− 2α+2s

4α+2s+1 .

The first term is the fully observed functional linear regression benchmark,
while the second term captures the cost of noisy point evaluations after am-
plification by the inverse covariance operator. Under a common design on
an equally spaced grid, the shared sampling geometry introduces additional
obstructions, and the minimax prediction rate becomes

n
− 2α+2s

2α+2s+1 + (nm)
− 2α+2s

4α+2s+1 +m−(2α+2s) +m−4α.

Here the third term represents fixed-grid discretization error, whereas the
fourth reflects the cost of identifying unknown eigenvalues from observations
on a common grid.

We further construct data-driven adaptive estimators, based on covariance-
scale screening and blockwise prediction-energy thresholding, that attain
these rates without prior knowledge of the eigenvalue sequence or the
smoothness indices. The results reveal a sharp resolution-dependent phase
transition under independent design and a richer phase diagram under com-
mon design. Numerical simulations and a real-data example illustrate the
theoretical findings.

1. Introduction. Functional linear regression (FLR) is a central model for scalar-on-
function regression in functional data analysis (Ramsay and Silverman, 2005; Wang, Chiou
and Müller, 2016; Hsing and Eubank, 2015). It provides a basic framework for studying how
an entire trajectory, curve, image profile, or time-varying signal predicts a scalar outcome.
When the functional covariate is fully observed, estimation and prediction are supported by
a mature minimax theory. For example, Yuan and Cai (2010) provided an RKHS framework
with smoothness regularization that yields minimax optimal rates for both slope estimation
and prediction. Other related work covers functional PCA and regularization for slope es-
timation (Hall and Horowitz, 2007), adaptive estimation (Cai and Yuan, 2012; Cai, Zhang
and Zhou, 2018), and recent general regularization methods (Fan, Guo and Shi, 2024; Gupta,
Sivananthan and Sriperumbudur, 2025).
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In realistic applications, however, the predictor trajectory is rarely observed as an ideal
function on a continuum. Instead, each subject is typically measured only at finitely many
locations, and each measurement may be contaminated by noise (Cai and Yuan, 2011; Zhang
and Wang, 2016; Zhou, Yao and Zhang, 2023). This regime arises in longitudinal studies,
wearable sensing, imaging, environmental monitoring, and other acquisition systems where
functional predictors are available only through discrete noisy measurements. The distinc-
tion is not a technical nuisance. Discrete noisy observation changes the statistical experi-
ment itself: the sampling frequency, measurement noise, and sampling geometry all affect
how much information about the latent trajectory and the slope function is available. Con-
sequently, procedures that are optimal for fully observed FLR need not remain optimal, or
even rate-optimal, when the covariates are observed only through noisy point evaluations. A
fundamental question is therefore how the minimax risks for slope estimation and prediction
are affected by discretization, and how the within-trajectory resolution m interacts with the
number of trajectories n to determine the effective information in the data.

This paper studies this “cost of discretization” for functional linear regression. Concretely,
the data consist of scalar responses and noisy point evaluations

Yi = 〈Xi, β〉L2 + εi, Zij =Xi(tij) + δij , j = 1, . . . ,m, i= 1, . . . , n.

Here Xi are independent latent trajectories, β is the unknown slope function, and tij are the
sampling locations. For estimation, performance is measured by the squared L2 risk

E‖β̂ − β‖2L2

of the slope function itself. For prediction, performance is measured by the excess prediction
risk

E?[〈X?, β̂ − β〉2L2 ],

where X? is an independent test trajectory drawn from the same distribution as the Xi’s.
The estimation and prediction problems are closely related but not identical: estimation mea-
sures recovery of the slope function in L2, whereas prediction weights errors through the
covariance structure of the future trajectory. In this paper, the two analyses are parallel, so we
focus on prediction risk in the main theorems for clarity, while the corresponding rates for
estimation error are also discussed. The full setting is given in Section 2.

The sampling scheme itself is a central part of the statistical problem. We focus on two
standard schemes: independent design and common design (Cai and Yuan, 2010). Under
independent design, each subject is observed at its own random sampling locations; under
common design, all trajectories share the same deterministic grid. These two designs rep-
resent common data-acquisition mechanisms and lead to fundamentally different forms of
information loss. In independent design, random sampling locations can be pooled across
subjects, so increasing n also improves coverage of the domain. In common design, all sub-
jects are observed through the same grid, so increasing n reduces stochastic variation but
cannot remove geometric aliasing or fixed-grid approximation errors. Thus the central ques-
tion is not only how the minimax rates depend on (n,m), but also how the answer changes
with the sampling geometry. Identifying this dependence is essential for understanding when
discretely observed FLR behaves like the fully observed problem, when the total number of
scalar measurements nm is the limiting resource, and when the grid itself creates an irre-
ducible obstruction.

A related line of work studies the cost of discretization for functional mean and covari-
ance estimation, where the sampling frequency already changes the statistical problem before
the inverse structure of FLR enters. Sparse methods for functional data developed by Yao,
Müller and Wang (2005a) and Hall, Müller and Wang (2006) provide foundational tools for
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TABLE 1
Rate terms appearing in the minimax prediction risk under the main observation settings. Define ν := 2α+ 2s
and κ := 4α+ 2s+ 1. The known λ common design row treats the eigenvalue sequence as fixed and available,

whereas the last row treats it as unknown.

Setting Dense (I) Sampling (II) Grid (III)
Eigenvalue

identification (IV)
Fully observed n−ν/(ν+1)

Independent design n−ν/(ν+1) + (nm)−ν/κ

Common design, known λ n−ν/(ν+1) + (nm)−ν/κ + m−ν

Common design, unknown λ n−ν/(ν+1) + (nm)−ν/κ + m−ν + m−4α

recovering mean and covariance structure from partial noisy trajectories. For mean estima-
tion, Cai and Yuan (2011) made this cost explicit by deriving distinct minimax rates and
phase transitions in m under common and independent designs respectively. Analogous rates
have been obtained for covariance estimation (Cai and Yuan, 2010) and high-dimensional
functional data (Petersen, 2024). The sparse to dense viewpoint was further systematized by
Zhang and Wang (2016) and has also been studied through predictive distributions (Gajardo,
Dai and Müller, 2021). These works often identify a transition between two regimes: whenm
is large, the fully observed rate is recovered, whereas when m is small, the rate is dominated
by a sampling term that depends on m.

The FLR problem considered here is nevertheless different in an essential way with an ad-
ditional inverse-regression structure. One must recover not only the sample path X , but also
the slope function β and the interaction between the two. As a result, discretization terms can
arise in FLR that have no analogue in mean or covariance estimation. For discretely observed
scalar-on-function regression, the most relevant prior work is Zhou, Yao and Zhang (2023),
which focuses on independent random design and gives sufficient conditions on m under
which the fully observed dense rate is recovered. However, it does not provide a minimax
lower bound that depends on m, so it is unclear whether its threshold for the dense regime
is sharp, and it also does not address sampling on a common grid. What left open by these
works is a complete minimax theory for the FLR targets that treats n and m as joint sta-
tistical resources, separates the term due to noisy point evaluations from the fully observed
benchmark, and distinguishes these statistical terms from losses created by a common grid.

We address this problem by establishing minimax rates with respect to both n and m for
the two sampling schemes. To isolate the cost of discretization, we work in a fixed trigono-
metric basis and assume that the covariance operator ofX is diagonalized by this basis, which
includes periodic stationary covariance kernels. This formulation sets aside the additional
effects of covariance eigenbasis estimation and of the alignment between the covariance ge-
ometry and the regularity scale of β (Cai and Yuan, 2012), which are present even in the
fully observed FLR model and are not the focus of this paper. The resulting rates show that
discretely observed FLR has its own phase transition structure, not merely the sparse to dense
transition known from mean and covariance estimation. Under independent design, the cost
of discretization appears through a sampling term with a distinct exponent from the dense
FLR term due to amplification by covariance inversion. Under common design, the rate is
richer: the same statistical branch remains, but the shared grid creates additional geometric
obstructions through fixed grid discretization and the identification of unknown eigenvalues.

To illustrate our results in detail, let α be the decay rate of the covariance eigenvalues of X
and s be the smoothness of the slope function β (see Section 2 for precise definitions). In the
case of independent design, the random sampling locations can be pooled across subjects, so
the discretization cost appears as a single sampling term caused by noisy point evaluations.
In the range α > 1/2 and s≥ 0 of minimum regularity requirement, the minimax prediction
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risk is of order

n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 .

The first term is the minimax rate for fully observed or dense FLR (Cai and Yuan, 2012;
Zhou, Yao and Zhang, 2023). The exponent 2α+ 2s reflects the effective smoothness of the
problem as the sum of the slope smoothness and the covariance decay. The second term does
not appear in the fully observed theory and represents the sampling price paid for noisy point
evaluations. Its exponent has a larger denominator because measurement noise is amplified by
the inverse covariance eigenvalues before it enters prediction. The phase transition between
the two terms occurs at m� n2α/(2α+2s+1). Below this threshold, the effective information
is governed by the total number of scalar measurements nm; above it, further refinement
within each curve no longer improves the rate, and the effective information is governed by
the number of curves n alone.

Common design is different because all trajectories are viewed through the same grid. The
two statistical terms above are still present, but a common grid leaves a geometric error that
cannot be averaged away by increasing the number of curves. When the eigenvalue sequence
(λk)k∈Z is known, the oracle rate for an equal grid consists of the two statistical terms and
an additional term m−(2α+2s), representing the reconstruction error left by the fixed grid.
When (λk)k∈Z is unknown, estimation must also contend with an obstruction from eigenvalue
identification, and the sharp rate has the four term decomposition

n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 +m−(2α+2s) +m−4α.

The additional term m−4α depends solely on the covariance decay and sampling frequency,
and represents the cost of identifying the eigenvalues from the common grid. Our lower
bound shows that this term is unavoidable when the eigenvalues are unknown and is not
merely a byproduct of the adaptive construction. This contrasts with independent design,
where estimating the eigenvalue sequence does not change the minimax rate. In this case,
the phase diagram is more complex, with multiple transitions between the four terms as m
increases. See Figure 1 for an illustration.

Our analysis also requires several new technical ingredients beyond the fully observed
FLR theory, as discretization cannot be analyzed as a separate error. On the lower bound side,
we establish a delicate Fisher information control that accounts for noisy point evaluations.
In addition, under common design, we develop two distinct indistinguishability constructions
to capture the effects of fixed grid discretization and unknown eigenvalue identification. On
the upper bound side, the interplay between the slope function, the covariance function, and
sampling geometry creates a nontrivial tradeoff between bias and variance that cannot be re-
solved by a single truncation or thresholding step for adaptation. To this end, we construct
adaptive procedures that combine eigenvalue screening with blockwise thresholding of pre-
diction energy. We believe that these techniques will be of independent interest for other
functional data problems with discretization and measurement noise.

1.1. Related work. Fully observed scalar-on-function regression has a well-developed
minimax and regularization theory. Classical results develop generalized, principal compo-
nent, smoothing, and prediction-oriented methods for the functional linear model; in particu-
lar, Müller and Stadtmüller (2005) studied generalized functional linear models, Cai and Hall
(2006) separated prediction from slope recovery, and Hall and Horowitz (2007) established
convergence rates for principal component estimators. The RKHS formulation of Yuan and
Cai (2010) and the adaptive prediction theory of Cai and Yuan (2012); Cai, Zhang and Zhou
(2018) provide benchmark rates when the covariate trajectories are observed as functions. Re-
lated inverse problem viewpoints include the Le Cam equivalence result of Meister (2011),
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and recent spectral, general regularization, or unified model analyses include Fan, Guo and
Shi (2024); Gupta, Sivananthan and Sriperumbudur (2025); Balasubramanian, Müller and
Sriperumbudur (2025).

For sparsely or discretely observed functional data, a central theme is that the sampling
frequency within each curve changes the statistical experiment. The PACE methodology of
Yao, Müller and Wang (2005a) and the principal component theory of Hall, Müller and Wang
(2006) provide foundational tools for recovering latent functional structure from noisy partial
trajectories. For mean and covariance structure, Cai and Yuan (2011, 2010) established sharp
rates under discrete sampling, and Zhang and Wang (2016) clarified the transition from sparse
to dense regimes. More recent work extends this regime analysis to predictive distributions
and high-dimensional functional data (Gajardo, Dai and Müller, 2021; Petersen, 2024; Guo
et al., 2025).

Several papers address functional regression with sparse, discrete, or noisy covariates di-
rectly. Yao, Müller and Wang (2005b) developed a functional regression procedure for sparse
longitudinal predictor and response processes using conditional principal component scores.
Li and Hsing (2007) and Cardot et al. (2007) studied slope estimation when functional pre-
dictors are observed on discrete grids with measurement error, and Ferraty et al. (2012) inves-
tigated presmoothing before functional linear regression. The closest minimax comparator is
Zhou, Yao and Zhang (2023), which proves that the fully observed rate is attainable under
independent random design once m is sufficiently large. However, none of these papers gives
a matching m-dependent minimax lower bound for the prediction risk.

1.2. Organization of the paper. The rest of the paper is organized as follows. Section 2
introduces the problem formulation, including the model, parameter spaces, and prediction
and estimation risks. Section 3 studies independent design: it states the sampling assumption,
gives the oracle upper bound, proves the lower bound, and constructs the adaptive estimator
and upper bound. Section 4 follows the same structure for the common design problem on an
equal grid, where the phase diagram includes the additional terms from fixed grid discretiza-
tion and the identification of unknown eigenvalues. Section 5 presents simulation studies and
a real data example. Section 6 returns to the main conclusions, provides the corresponding
L2 estimation rates, and discusses the current limitations and next open questions. All proofs
and technical results are collected in the Supplementary Material (Cai and Li, 2026).

We use the following notation throughout the paper. Let L2([0,1]) be the space of square
integrable functions on [0,1] with inner product 〈·, ·〉L2 and norm ‖·‖L2 . The expectation
operator is denoted by E, with subscripts indicating the variable of integration when needed.
For real numbers a and b, write a∧ b= min{a, b} and a∨ b= max{a, b}, and let bxc be the
integer part of x. For a finite set A, |A| denotes its cardinality, and 1{·} denotes the indicator
function. For two nonnegative quantities a and b, the notation a. b means that a ≤ Cb for
a constant C independent of n, m, and the tuning parameters under discussion; a & b and
a � b are defined analogously. The constants hidden in these comparisons may depend on
fixed model parameters such as cλ,Cλ,R,σε, σδ , and on fixed compact ranges of smoothness
parameters when uniform adaptive statements are considered.

2. Problem Formulation. We use the following functional linear regression model and
loss criteria. Let X(·) be a centered Gaussian process on the unit interval [0,1] with contin-
uous path. Let K(s, t) = E[X(s)X(t)] be its covariance function and Σ be the covariance
operator defined as (Σf)(t) =

∫ 1
0 K(s, t)f(s) ds for any f ∈ L2[0,1]. Let {Xi(·)}ni=1 be

independent copies of X . The response Yi follows the scalar-on-function regression model

(1) Yi =

∫ 1

0
Xi(t)β(t) dt+ εi = 〈Xi, β〉L2 + εi,
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where β is an unknown slope function and εi are independent N (0, σ2
ε) errors.

The predictor trajectories Xi are observed only through noisy point evaluations. Let m be
the number of sampling locations per trajectory and let {tij : j = 1, . . . ,m} be the sampling
locations for the i-th trajectory. The observed point evaluations are

(2) Zij =Xi(tij) + δij ,

where δij are independent N (0, σ2
δ ) measurement errors with σ2

δ > 0. The families {δij},
{εi}, and {Xi} are mutually independent. Throughout the paper, εi denotes the scalar re-
sponse error and δij denotes the pointwise measurement error. The two sampling schemes
for tij are specified later in Assumption 1 and Assumption 2.

Given an estimator β̂ of the slope function β, our primary performance criterion is the
excess prediction risk

(3) E?
[
〈X?, β̂ − β〉2L2

]
,

where X? is an independent test trajectory drawn from the same distribution as the Xi’s and
E? denotes the expectation with respect to X?. We also consider slope recovery under the
squared L2 estimation loss ‖β̂ − β‖2L2 . The main theorems below are stated for prediction
risk; the corresponding rates for estimation risk are discussed in Section 6.

To focus on the impact of discrete noisy sampling and avoid technicalities related to the
choice of basis, we work with the fixed orthonormal trigonometric basis on [0,1]

(4) e0(t) := 1, er(t) :=
√

2 cos(2πrt), e−r(t) :=
√

2 sin(2πrt), r ≥ 1.

The choice of the index set Z is for notational convenience, with r = 0 corresponding to the
constant function, positive indices labeling cosine functions, and negative indices labeling
sine functions. Then, every square integrable function f is represented as

f =
∑
r∈Z

arer, ar = 〈f, er〉L2 =

∫ 1

0
f(t)er(t) dt, ar ∈R.

Throughout the paper, we assume that Σ is diagonalized by the trigonometric basis (er)r∈Z
with eigenvalues (λr)r∈Z. It is satisfied, for example, by periodic stationary covariance ker-
nels K(s, t) = κ(s− t mod 1), which arise naturally for many periodic data settings, such
as daily or weekly trajectories, when covariance depends on circular lag. This assumption
lets us focus on the statistical cost created by noisy point evaluations and by the sampling
geometry, rather than on the additional impact of estimating the covariance eigenbasis or the
alignment between the slope function and the covariance geometry. In a principal component
formulation, the covariance operator is diagonal in its own population eigenbasis, but that
basis is unknown and covariance dependent. The need of estimating the covariance eigenba-
sis from discretely observed data may introduce an additional source of error, which is not
the main focus of this paper. Moreover, imposing coefficient decay or smoothness of β in
that basis ties the slope class to the covariance geometry, thereby introducing an alignment
issue between covariance and slope regularity (Cai and Yuan, 2012; Gupta, Sivananthan and
Sriperumbudur, 2025) that is already present in the fully observed case. Therefore, we instead
use the fixed trigonometric basis both to diagonalize the covariance operator and to unify the
smoothness classes for the predictor trajectories Xi and for the slope function β.

Consequently, the predictor trajectories Xi have the Karhunen–Loève expansion

(5) Xi(t) =
∑
r∈Z

xirer(t), Ex2
ir = λr,
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where the Fourier scores are independent centered Gaussian variables. We also assume that
the unknown slope function β has the Fourier expansion

(6) β(t) =
∑
r∈Z

θrer(t), θr ∈R.

We introduce the cross-covariance function as

(7) g(t) := E[Y1X1(t)] = (Σβ)(t) =
∑
r∈Z

γrer(t), γr := λrθr.

With the fixed trigonometric basis, the excess prediction risk can be expressed as a weighted
`2 error of the Fourier coefficients. If β̂ has the Fourier expansion β̂ =

∑
r∈Z θ̂rer , then

(8) R(β̂;θ,λ) := E?
[
〈X?, β̂ − β〉2

]
=
∑
r∈Z

λr|θ̂r − θr|2.

Since β̂ depends on the training data, R(β̂;θ,λ) is the test risk conditional on that train-
ing sample. The minimax bounds below use the outer expectation ER(β̂;θ,λ), taken over
all training randomness, including the latent trajectories, design points, response errors, and
measurement errors.

For α> 1/2, we define the eigenvalue class

(9) Lα(cλ,Cλ) :=
{

(λr)r∈Z : cλ(1 + |r|)−2α ≤ λr ≤Cλ(1 + |r|)−2α
}

where 0< cλ ≤Cλ <∞ are fixed constants. The requirement α> 1/2 is necessary to ensure
that the eigenvalues are summable and the predictor trajectories Xi are continuous almost
surely. For s≥ 0 and R0 > 0, the slope smoothness is indexed by the Sobolev ball

(10) Θs(R0) :=

{
θ = (θr)r∈Z :

∑
r∈Z

(1 + |r|)2sθ2
r ≤R2

0

}
.

The condition θ ∈Θs(R0) is equivalent to assuming that the slope function β belongs to the
periodic Sobolev space Hs([0,1]). Throughout the paper, we assume that α> 1/2 and s≥ 0
without further mention, which is the minimal regularity range for the problem to be well
defined.

3. Independent Design. Under independent design, each subject is observed on an inde-
pendent random grid. Formally, we introduce the following assumption on the design points.

ASSUMPTION 1 (Independent design). The design points satisfy tij
iid∼ Unif[0,1], inde-

pendently across i and j, and independently of all other random quantities.

The results in this section show that discretization affects the risk only through an addi-
tional statistical measurement term.

3.1. Oracle Estimator. We begin with an oracle estimator that depends on the eigenvalue
sequence (λr)r∈Z and uses a deterministic cutoff d, which may depend on the smoothness
indices (α,s). Define the cross-covariance coefficient estimator for γr by

(11) Z̄ir :=
1

m

m∑
j=1

Zijer(tij), γ̂r :=
1

n

n∑
i=1

YiZ̄ir.
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Under independent design, γ̂r is an unbiased estimator of γr . Since γr = λrθr , define the
plug-in estimator

(12) β̃(t) :=
∑
|r|≤d

λ−1
r γ̂rer(t),

where the cutoff d is a tuning parameter. The oracle estimator satisfies the following upper
bound on the excess prediction risk.

THEOREM 3.1 (Oracle upper bound under independent design). Assume that λ ∈
Lα(cλ,Cλ) is known. Under Assumption 1, for every d≥ 1,

(13) sup
λ∈Lα(cλ,Cλ)

sup
θ∈Θs(R0)

ER(β̃;θ,λ) .
d

n
+
d2α+1

nm
+ d−(2α+2s).

Consequently, take the optimized cutoff

(14) d∗ � n
1

2α+2s+1 ∧ (nm)
1

4α+2s+1

and let β̃∗ be the corresponding estimator. Then

(15) sup
λ∈Lα(cλ,Cλ)

sup
θ∈Θs(R0)

ER(β̃∗;θ,λ) . n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 .

The proof of Theorem 3.1 is deferred to Appendix B of the Supplementary Material (Cai
and Li, 2026). We remark here that d/n is the standard estimation contribution from estimat-
ing d coordinates in fully observed FLR, d−(2α+2s) is the prediction tail, and d2α+1/(nm) is
the cost of estimating γr from noisy point evaluations before division by λr .

3.2. Lower Bound. We next provide a matching lower bound.

THEOREM 3.2 (Lower bound under independent design). Under Assumption 1, we have

(16) inf
β̂

sup
λ∈Lα(cλ,Cλ)

sup
θ∈Θs(R0)

ER(β̂;θ,λ) & n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 .

The proof of Theorem 3.2 is based on a van Trees argument over Gaussian block submod-
els tailored to the independent random design. The main difficulty is to identify the impact
of discrete noisy observations on the Fisher information. A straightforward reduction to ordi-
nary nonparametric regression only recovers the dense observation contribution. To capture
the cost of discretization, our refined analysis provides an alternative upper bound of the
Fisher information that scales with m, leading to the second term in the lower bound. In
addition, we have to choose an optimized block size d to balance the two terms and prior
information, which turns out to mirror the decomposition in the upper bound in (13). The
detailed proof is given in Appendix D of the Supplementary Material (Cai and Li, 2026).

3.3. Adaptive Estimator. We now construct an adaptive estimator that attains the mini-
max rate without knowledge of (λr)r∈Z, α, or s. The main difficulty is that adaptation cannot
be separated from covariance estimation. The oracle risk balance is expressed in the pre-
diction norm (8), so the scale at which a frequency component should be kept or discarded
depends on the eigenvalue λr . The coefficient itself is also recovered through the inverse
relation θr = γr/λr . Thus the eigenvalues enter both the selection step and the final inver-
sion step. A plug-in adaptive procedure must therefore estimate (λr)r∈Z accurately enough
to calibrate the selection rule, while preventing small or poorly estimated eigenvalues from
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producing unstable denominators. This differs from standard block thresholding in fully ob-
served FLR because both the block energy and the local prediction metric are unknown. The
same covariance pilot that stabilizes the inverse estimator γ̂r/λ̌r also determines whether the
empirical prediction energy is meaningful on a block. To this end, we partition the subjects
into two disjoint groups

(17) {1, . . . , n}= Iλ ∪ Iγ , nλ := |Iλ|, nγ := |Iγ |, nλ � nγ � n,
where Iλ is used for the covariance pilot and Iγ is used for the cross-covariance coefficients.
This sample splitting makes the covariance pilot independent of the cross-covariance coef-
ficient estimator, simplifying the analysis of the expected prediction error. If one only aims
for an upper bound in high probability, this independence is not essential and the same upper
bound can be given without splitting the subjects. In practice, it is therefore preferable to use
all subjects in both steps, which typically improves the constant factors.

We begin with the eigenvalue pilot. For each i ∈ Iλ, split the indices within each curve
into two disjoint sets

J
(1)
i ∪ J

(2)
i = {1, . . . ,m}, m

(a)
i := |J (a)

i | �m, a= 1,2.

For r ∈ Z and a= 1,2, define

U
(a)
ir :=

1

m
(a)
i

∑
j∈J(a)

i

Zijer(tij),

and set

(18) λ̌r :=
1

nλ

∑
i∈Iλ

U
(1)
ir U

(2)
ir .

The split within each curve makes the two averages conditionally independent given the latent
curve, removing the leading bias from measurement noise; in particular, λ̌r is unbiased for
λr .

On the regression group, estimate the cross-covariance coefficients similarly to the oracle
case by

(19) γ̂r :=
1

nγ

∑
i∈Iγ

YiZ̄ir.

The adaptive selection is carried out on a deterministic active frequency band. Let the
largest active dyadic block index and the corresponding symmetric cutoff level be

(20) Ln :=
⌊
log2

(
CLmin{n1/2, (nm)1/3}

)⌋
, Kn := 2Ln ,

where CL > 0 is a fixed numerical constant. Then Kn � n1/2 ∧ (nm)1/3, which is large
enough for the oracle comparison in (14) uniformly on compact subsets of {α> 1/2, s≥ 0}.
Define the dyadic blocks byB0 = {0,±1} andB` = {r : 2`−1 < |r| ≤ 2`}, for `≥ 1. For each
active block B`, 0≤ `≤ Ln, define the empirical prediction energy and its variance proxy by

(21) Ŝ` :=
∑
r∈B`

|γ̂r|2

λ̌r
, V̂` :=

CV
n

∑
r∈B`

(
1 +

1

mλ̌r

)
.

Here CV > 0 is a fixed sufficiently large constant. The retention rule requires both a reliable
covariance pilot on the block and empirical energy above the variance proxy. We define the
thresholding level for the covariance pilot by

(22) ζn,m :=M0m
−1

√
log(nm)

nλ
,
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where M0 > 0 is a fixed sufficiently large constant.
The thresholded coefficient estimator is

(23) θ̂r :=
γ̂r

λ̌r
1

{
min
u∈B`

λ̌u ≥ 2ζn,m and Ŝ` ≥ V̂`
}
, for r ∈B`, 0≤ `≤ Ln.

The first thresholding is used to avoid unstable division by small or poorly estimated eigen-
values, so that λ̌r is positive on the retained block and the division is well-defined. The second
thresholding keeps only the significant components in terms of the prediction norm for adap-
tivity. Set θ̂r = 0 for |r| > Kn. Write θ̂B` = (θ̂r)r∈B` for the estimated coordinates in the
block B`.

Finally, we add a projection step for stability. Fix a sufficiently large constant R ≥ R0.
Let ΠR denote the projection operator ΠR(u) := min(1,R/‖u‖2)u. Define the projected
coordinates by

θ̄B` := ΠR

(
θ̂B`

)
, 0≤ `≤ Ln.

Writing θ̄r for the resulting coordinates, define the final estimator

(24) β̂(t) :=
∑
|r|≤Kn

θ̄rer(t).

THEOREM 3.3 (Adaptive upper bound under independent design). Under Assumption 1,
uniformly over any compact subset of {(α,s) : α> 1/2, s≥ 0}, the estimator (24) satisfies

(25) sup
λ∈Lα(cλ,Cλ)

sup
θ∈Θs(R0)

ER(β̂;θ,λ) . n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 .

Theorem 3.3 shows that the adaptive estimator under independent design attains the mini-
max rate without knowledge of (λr)r∈Z, α, or s, with no additional cost in the rate. The proof
controls the error from the covariance pilot, the cross-covariance estimator, and the blockwise
selection rule in the prediction norm. The key point is that the eigenvalue threshold prevents
unstable inversion, while the empirical prediction energy threshold retains only blocks whose
signal is large relative to the dense variance and the variance due to noisy measurements. The
proof is given in Appendix C of the Supplementary Material (Cai and Li, 2026).

3.4. Discussion. We now discuss the implications of the results under independent de-
sign. Let

R?,ind
n,m := inf

β̂
sup

λ∈Lα(cλ,Cλ)
sup

θ∈Θs(R0)
ER(β̂;θ,λ),

where the infimum and risk are evaluated under Assumption 1. Combining the adaptive upper
bound with the lower bound yields the following minimax rate:

COROLLARY 3.4 (Minimax rate under independent design). Under Assumption 1, α >
1/2, and s≥ 0,

(26) R?,ind
n,m � n

− 2α+2s

2α+2s+1︸ ︷︷ ︸
I

+ (nm)−
2α+2s

4α+2s+1︸ ︷︷ ︸
II

.

Under independent design, the rate is the larger of the fully observed FLR rate (Yuan and
Cai, 2010; Cai and Yuan, 2012) and a discretization term due to measurement noise. This
yields a sharp phase transition in the resolution m within each curve. When m is small,
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the discretization term dominates; when m is large, the fully observed term dominates. Let
ζ∗ = 2α/(2α+ 2s+ 1) be the critical exponent for m, ν = 2α+ 2s and κ= ν+ 2α+ 1. The
rate is summarized as

R?,ind
n,m �

(nm)−ν/κ, m≤ nζ∗ ,

n−ν/(ν+1), m≥ nζ∗ .

In the sparse regime, the cost of discretization under independent design enters through
the number nm of effective scalar observations. The exponent 2α+2s

4α+2s+1 comes from the in-
terplay between the smoothness of the slope function and the eigenvalue decay, as well as
the inverse-covariance amplification incurred when converting the cross-covariance coeffi-
cient estimation error to the slope coefficient estimation error. As a result, the exponent in the
discretization term is smaller than that in the fully observed term.

This sparse to dense transition is similar to that of mean function estimation where the
optimal rate is given by n−1 + (mn)−(2α−1)/(2α) under independent design (Cai and Yuan,
2011). For mean function estimation, the fully observed rate is parametric but the discretiza-
tion term is nonparametric, whereas for FLR, both terms are nonparametric. In both settings,
the exponents in the two terms differ, and the discretization term has the smaller exponent.

We also compare our result to the most closely related work of Zhou, Yao and Zhang
(2023), who study the independent random design and provide sufficient conditions for at-
taining the fully observed benchmark rate in the dense regime with noisy discrete covariates.
Translating their notation to ours, their sufficient sampling condition per curve is m& nζZYZ

with ζZYZ = 4α+2
2α+2s+1 ∨

2α+s+1/2
2α+2s+1 . This exponent satisfies ζZYZ > ζ∗ for all α > 1/2 and

s≥ 0, and the gap can be arbitrarily close to 1 when α is large and s is small, so the sufficient
condition in Zhou, Yao and Zhang (2023) is not tight. In contrast, by showing a matching
lower bound, particularly with respect to m, our result establishes the sharp phase transition
in the resolution within each curve and provides a complete characterization of the cost of
discretization under independent design.

Finally, we consider optimal sampling allocation under a fixed total sampling budget. This
question is relevant when the total sampling budget is fixed by cost or other constraints, while
the allocation between the number of subjects and the number of measurements per subject
remains flexible. Under a fixed total scalar sampling budget nm=N , where N denotes the
total number of scalar point measurements and ν,κ are as above, the rate under independent
design with fixed budget is

inf
nm=N

R?,ind
n,m �N−ν/κ,

which is attained by any allocation satisfying m .N2α/κ. Thus, under independent design
with a fixed total budget, the rate favors more subjects with fewer measurements per subject
over fewer subjects with more measurements per subject.

4. Common Design. Under common design, all trajectories are observed on the same
deterministic grid. This setting is natural for many regularly sampled data sets, for example
when measurements are recorded every minute or every hour on a common schedule. We
impose the following deterministic design assumption.

ASSUMPTION 2 (Common design). All trajectories share the deterministic equal grid

tij = tj =
j − 1

m
, j = 1, . . . ,m.
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The shared grid changes the role of discretization. Unlike independent design, the sam-
pling geometry is not averaged out across subjects, so frequencies with the same trace on the
grid remain statistically coupled even as n increases. The minimax rate under common de-
sign contains the same two statistical terms as in the case of independent design. The shared
grid also creates a term from fixed grid discretization and, when the eigenvalue sequence is
unknown, an additional term from eigenvalue identification.

4.1. Oracle Estimator. We first study an oracle estimator that knows the eigenvalue se-
quence (λr)r∈Z. The construction is the same as the oracle estimator under independent de-
sign in (12) with a cutoff level d. However, under common design, the cross-covariance esti-
mator γ̂ in (11) is no longer an unbiased estimator of the population coefficient γr , since bias
can arise from aliasing of distinct frequencies on the shared grid. Here and below, “known
eigenvalues” means that the estimator is allowed to use the particular eigenvalue sequence
(λr)r∈Z. The following upper bound shows that an additional term from fixed grid discretiza-
tion appears in the oracle risk.

THEOREM 4.1 (Oracle upper bound under common design). Assume that λ ∈ Lα(cλ,Cλ)
is known. Under Assumption 2, for every integer 1≤ d≤m/4,

(27) sup
θ∈Θs(R0)

ER(β̃;θ,λ) .
d

n
+
d2α+1

nm
+ d−(2α+2s) +m−(2α+2s).

Take the optimized cutoff

(28) d∗ �m∧ n
1

2α+2s+1 ∧ (nm)
1

4α+2s+1 .

Let β̃∗ denote the estimator β̃ constructed with d= d∗. Then

(29) sup
θ∈Θs(R0)

ER(β̃∗;θ,λ) . n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 +m−(2α+2s).

The proof is given in Appendix E of the Supplementary Material (Cai and Li, 2026). The
term d/n is the usual finite-dimensional estimation contribution. The term d2α+1/(nm) is the
cost due to measurement noise after division by the low frequency eigenvalues, and d−(2α+2s)

is the bias of truncation. The additional term m−(2α+2s) represents the reconstruction error
left by the fixed grid. These terms are discussed further in Subsection 4.4.

4.2. Lower Bound. We next prove minimax lower bounds under common design. The
first part is the oracle experiment with a fixed known eigenvalue sequence, and its lower
bound contains the two statistical terms from independent design together with the fixed grid
discretization term. The second part is the genuine unknown eigenvalue experiment; in that
case an additional identification term from the common grid is unavoidable.

THEOREM 4.2 (Lower bound under common design). Let Assumption 2 hold. If λ ∈
Lα(cλ,Cλ) is fixed and known, then

(30) inf
β̂

sup
θ∈Θs(R0)

ER(β̂;θ,λ) & n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 +m−(2α+2s).

Moreover, in the case when λ is unknown, we have
(31)

inf
β̂

sup
λ∈Lα(cλ,Cλ)

sup
θ∈Θs(R0)

ER(β̂;θ,λ) & n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 +m−(2α+2s) +m−4α.
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Theorem 4.2 is proved in Appendix G of the Supplementary Material (Cai and Li, 2026).
The two statistical terms are obtained through the same van Trees strategy as in the case
of independent design, with the Fisher information evaluated for the deterministic grid ex-
periment. The term m−(2α+2s) is proved by constructing alternatives whose induced cross-
covariance functions vanish on the grid and are therefore indistinguishable no matter how
large n is. The m−4α term enters only when the eigenvalues are unknown; it is obtained from
alternatives with the same law on the grid but different covariance scales for inversion. These
two lower bound constructions are qualitatively different. The first keeps the covariance scale
fixed and hides regression signal between grid points through the cross-covariance g = Σβ.
The second varies the covariance scale itself, showing that even when the observed grid dis-
tribution is unchanged, the inverse-regression target can differ enough to create the m−4α

term.

4.3. Adaptive Estimator. We now construct an adaptive estimator for common design
with unknown eigenvalues and unknown smoothness indices. The construction follows the
adaptive estimator under independent design in Subsection 3.3, with modifications in the co-
variance pilot to account for the shared grid. The main difficulty is that, under a common
grid, the eigenvalues cannot be estimated in the same way as in the independent-design case.
When m is even, one may attempt to use an interlaced partition of the grid to construct an
estimator for λr similar to (18), but the same approach fails for odd m because of nonneg-
ligible bias. We therefore introduce a covariance pilot based on the difference between the
active band and a fixed floor at high frequency; this pilot is accurate enough for blockwise
adaptation. The role of this pilot is twofold: it removes the measurement-noise contribution
from grid Fourier coefficients and provides a scale for the inverse operation in the blockwise
selection rule.

We split the subjects into two groups as before, denoted by Iλ ∪ Iγ = {1, . . . , n} with
nλ � nγ � n. With Z̄ir defined as in (11) (so here tij = tj), we define the pilot estimator for
λr as the difference between the active band and a fixed floor at high frequency:

(32) λ̌r :=
1

nλ

∑
i∈Iλ

(
Z̄2
ir − Z̄2

iHm

)
,

where we take Hm = b(m− 1)/2c. This subtraction removes the additional variance contri-
bution in Z̄2

ir due to noisy observations. At the same time, the frequency Hm is chosen not
too high, to avoid excessive variance, and not too low, so that λHm is negligible.

Under common design, the active band must be chosen more conservatively to ensure that
the bias of γ̂r does not dominate the variance. For a sufficiently small constant cL ∈ (0,1/8),
we define the active band cutoff as

Lm := blog2 (cLm∧ n)c Km := 2Lm .

Additionally, the thresholding level must also be modified to reflect the different balance
between bias, variance and additional bias created by the shared grid under common design.
Instead of (22), we use

(33) ζn,m :=M0

 1

m

√
`λn,m
nλ

+
`λn,m
nλ

 , `λn,m := log
(
n(Km + 1)

)
,

where M0 > 0 is sufficiently large. The adaptive estimator for common design, still denoted
by β̂, is then defined as in (24) with the above modifications. The following upper bound
states that the adaptive estimator attains the minimax rate. The proof is given in Appendix F
of the Supplementary Material (Cai and Li, 2026).
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FIG 1. Phase diagram for the minimax rate under common design. The dominant term in (35) changes with the
grid size m within each trajectory, and the transition points depend on the relative size of s and α.

THEOREM 4.3 (Adaptive upper bound under common design). Under Assumption 2,
uniformly over any compact subset of {(α,s) : α> 1/2, s≥ 0}, we have

(34) sup
λ∈Lα(cλ,Cλ)

sup
θ∈Θs(R0)

ER(β̂;θ,λ) . n−
2α+2s

2α+2s+1 + (nm)−
2α+2s

4α+2s+1 +m−(2α+2s) +m−4α.

Theorem 4.3 shows that the adaptive procedure matches all four terms in the lower bound
when the eigenvalues are unknown under common design. In particular, the fourth term in
(34) should not be interpreted as a technical price of the adaptive construction. It is the min-
imax obstruction created by unknown covariance scales on a shared grid, as reflected by the
lower bound in (31). The last two terms have different origins: m−(2α+2s) is the term from
fixed grid discretization already present with known eigenvalues, whereas m−4α is the addi-
tional cost of estimating a covariance scale that can be aliased on the common grid. Keeping
these terms separate is important because they dominate in different smoothness regimes and
lead to different phase transitions.

4.4. Discussion. Denote the minimax risk under common design as

R?,cd
n,m := inf

β̂
sup

λ∈Lα(cλ,Cλ)
sup

θ∈Θs(R0)
ER(β̂;θ,λ).

Combining Theorem 4.2 and Theorem 4.3 yields the following minimax rate.

COROLLARY 4.4 (Minimax rate under common design). Under Assumption 2,

(35) R?,cd
n,m � n

− 2α+2s

2α+2s+1︸ ︷︷ ︸
I

+ (nm)−
2α+2s

4α+2s+1︸ ︷︷ ︸
II

+m−(2α+2s)︸ ︷︷ ︸
III

+m−4α︸ ︷︷ ︸
IV

.

The minimax rate in (35) has four terms. The first two terms are the same as in the case
of independent design: the term (I) is the fully observed FLR benchmark, and the term (II)
is the contribution caused by noisy point evaluations. The last two terms are specific to the
common grid. The term (III) is the approximation error from the fixed grid that is already
present in the oracle analysis on an equal grid, whereas the term (IV) is the additional cost of
identifying the covariance scale needed for inversion when the eigenvalues are unknown. We
next discuss several implications of this minimax rate.
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4.4.1. Phase transitions. We identify the phase transitions between the four rates across
different regimes of m and (α,s). To simplify the presentation, write

ν := 2α+ 2s, κ := 4α+ 2s+ 1.

Figure 1 displays the following regimes:

(a) If s≤ α, the impact of unknown eigenvalues is negligible compared to the approximation
error from the fixed grid, so the rate coincides with the oracle rate and has the form

R?,cd
n,m �


m−ν , m≤ n1/(κ−1),

(nm)−ν/κ, n1/(κ−1) ≤m≤ n2α/(ν+1),

n−ν/(ν+1), m≥ n2α/(ν+1).

(b) If α < s ≤ 4α2 − α, then the term for identifying unknown eigenvalues dominates the
approximation error from the fixed grid at low resolution, while the sampling term still
determines an intermediate regime. We have

R?,cd
n,m �


m−4α, m≤ nν/(4ακ−ν),

(nm)−ν/κ, nν/(4ακ−ν) ≤m≤ n2α/(ν+1),

n−ν/(ν+1), m≥ n2α/(ν+1).

In this range m−4α dominates m−ν at low resolution, but the sampling term still forms a
nonempty intermediate regime.

(c) If s > 4α2 − α, then m−4α is the dominant term when m is small. The transition is
instead between the covariance identification term and the fully observed benchmark. We
have

R?,cd
n,m �

m
−4α, m≤ nν/[4α(ν+1)],

n−ν/(ν+1), m≥ nν/[4α(ν+1)].

4.4.2. Comparison with independent design. We compare the minimax rate under com-
mon design with the rate under independent design in Corollary 3.4. The two statistical terms
(I) and (II) coincide in both settings, showing the fundamental statistical difficulty of the
problem. However, the sampling geometry changes the nature of discretization, so the dis-
cretization cost under common design contains two additional terms (III) and (IV). Under
common design, all trajectories are observed through the same grid projection, so increasing
n only reduces the stochastic error on this projection, but it does not remove aliasing or errors
in identifying the denominators created by the fixed grid.

The threshold for the dense regime is consequently different. For independent design, the
fully observed benchmark is reached once m& nζind with ζind = 2α/(ν + 1). For common
design, the dense regime requires m & nζind∨ζcd , where ζcd = ν/[4α(ν + 1)]. The second
condition is active precisely in the high smoothness range s > 4α2 − α.

4.4.3. Comparison with mean estimation. It is instructive to compare (35) with the corre-
sponding minimax theory for functional mean or covariance estimation under discrete noisy
observations (Cai and Yuan, 2011, 2010). In mean estimation, the rates under independent
and common design take the schematic forms

n−1 + (mn)−(2α−1)/(2α) and n−1 +m−(2α−1),
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respectively. Both rates enter the dense regime at the same resolution scale m � n1/(2α−1).
Moreover, throughout the range m. n1/(2α−1), the sampling term under independent design
is no larger than the term under a common grid, while above this scale both sampling terms
are dominated by the parametric term n−1. Thus the phase transition for mean estimation
remains essentially a transition between two regimes: a sampling-limited regime and a dense
parametric regime.

The FLR rate under common design is more intricate because the regression problem
is an inverse problem and the slope smoothness s enters the balance. The sampling term is
affected by inversion through λ−1

r , whereas the terms from the fixed grid and from eigenvalue
identification have different dependence on s. Due to the joint dependence on (α,s), the
sampling term (II) is no longer dominated by the additional grid terms (III) and (IV) at low
resolution. Consequently, the phase diagram can have up to four distinct regimes.

The term m−4α is specific to this FLR setting and has no analogue in mean estimation. It
depends only on the covariance decay and the grid resolution, not on the smoothness s of the
slope. Consequently, for sufficiently smooth slopes, the leading obstruction under common
design is not the approximation of β but the identification of the covariance scale required to
transform the cross-covariance into the slope.

4.4.4. Source of the two grid error terms. We next give further insight into the two ad-
ditional grid error terms. From the perspective of the upper bound, term (III) comes from
the bias of the cross-covariance coefficient estimator γ̂r due to aliasing on the common grid.
Indeed, the shared grid makes γ̂r a biased estimator of the population coefficient γr , and
the bias can be large enough to dominate the variance at low frequencies. Term (IV) enters
through the need to invert the covariance operator in the regression problem: under the fixed
grid, eigenvalue estimation is biased, which leads to a nonnegligible error in the estimation
of the slope function.

From the perspective of the lower bound, the two error terms correspond to two geometric
obstructions. The term (III) reflects the approximation error created by the fixed grid, since
small bumps lying between the grid points cannot be detected by the observations on the grid.
When the eigenvalues are unknown, indistinguishability can also arise from the eigenvalues,
yielding a separate m−4α identification cost (IV).

4.4.5. Optimal sampling allocation. Finally, consider the optimal allocation of the sam-
pling budget nm = N under common design, where N denotes the total number of scalar
point measurements and ν,κ are as in the phase-transition display above. Minimizing (35)
over (n,m) gives the following regimes:

• If s≤ α, then

inf
nm=N

R?,cd
n,m �N−ν/κ, for N1/κ .m.N2α/κ.

• If α< s≤ 4α2 − α, then

inf
nm=N

R?,cd
n,m �N−ν/κ, for Nν/(4ακ) .m.N2α/κ.

• If s > 4α2 − α, then the optimal allocation is given by

m? �Nν/[4α(ν+1)+ν], n? �N4α(ν+1)/[4α(ν+1)+ν],

and

inf
nm=N

R?,cd
n,m �N−4αν/[4α(ν+1)+ν].

In this high smoothness range, the optimal choice balances the fully observed term with
the eigenvalue identification term, so a nonnegligible part of the budget must be spent on
increasing the grid resolution.
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Thus, under common design, an optimal allocation must reserve enough budget for the grid
resolution itself. Increasing the number of trajectories cannot compensate for a grid that is
too coarse to control the m-only terms. This contrasts with independent design, where the
optimal rate under a fixed budget can be attained by allocating the budget primarily to the
number of trajectories.

5. Numerical Experiments. In this section, we present simulations that illustrate the
qualitative implications of the theory and a real data example that compares the practical
estimator with established benchmarks. In the numerical implementation, the estimators use
all training subjects for eigenvalue and coefficient estimation for better finite-sample perfor-
mance.

5.1. Simulations. In the simulations, we use the same trigonometric coordinates as in
(4). The data-generating model is truncated to |r| ≤K0 with K0 = 64, giving a total of 129
basis functions. For a smoothness pair (α,s), the true covariance and slope coefficients are

λr = (1 + |r|)−2α, θr = cs(1 + |r|)−(s+1/2), |r| ≤K0,

where the constant cs is chosen so that
∑
|r|≤K0

(1 + |r|)2sθ2
r = 1. This choice of θr lies on

the boundary of the Sobolev ellipsoid in (10) with radius one. For each subject, we generate
independent scores ξir ∼N(0, λr), set Xi(t) =

∑
|r|≤K0

ξirer(t), and generate

Yi =
∑
|r|≤K0

ξirθr + εi, εi ∼N(0,0.52).

The observed functional data are Zij =Xi(tij) + δij , with independent measurement errors
δij ∼ N(0,0.12) in the qualitative phase panels. For common design, tij = (j − 1)/m is a
common equispaced grid for all subjects; for independent design, tij are independently sam-
pled from the uniform distribution on [0,1]. The reported excess prediction risk is computed
against the true coefficients as

∑
|r|≤K0

λr(θ̂r−θr)2. The implementation under common de-
sign uses the high-frequency control pilot on the full grid in (32), with fixed tuning constants
across all settings.

We report the results for three smoothness pairs (α,s) = (1,0.5), (1,1.5), (1,4) under both
independent and common design in Figure 2. For independent design, the three panels display
a similar qualitative pattern. The risk decreases as one moves from the lower left corner to the
upper right corner, reflecting the two-term structure of the rate under independent design in
(26). The first term improves with the number of trajectories, while the second improves with
the total number of noisy point evaluations. Changing s modifies the theoretical exponents,
but the overall geometry of the heatmaps remains comparable across the three smoothness
pairs.

The common-design panels show a different behavior. When m is small, increasing n
alone produces only limited improvement, because the shared grid leaves an approximation
or identification error that depends on m and cannot be averaged away over subjects. The
three panels also have visibly different decay patterns, in agreement with the three regimes
in Subsection 4.4.1. For (α,s) = (1,0.5), the dominant effect at low resolution is the term
m−(2α+2s) from the fixed grid, so the risk decreases mainly as the grid resolution m in-
creases. For (α,s) = (1,1.5) and (1,4), the heatmaps exhibit a more mixed dependence on
m and n, consistent with the interaction between the sampling term, the term for identifying
unknown eigenvalues, and the fully observed benchmark.

Figure 3 compares the two observation schemes on the same grid of (m,n). We choose
relatively large n to show the asymptotic behavior more clearly. The common-design esti-
mator remains strongly constrained by the grid when m = 6 or 7: increasing n alone gives
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FIG 2. Simulation heatmaps under independent design (top) and common design (bottom). Each cell plots the
median excess prediction risk over 50 repetitions. For common design, the three panels correspond to the three
regimes in Subsection 4.4.1.

6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
m

2000

2500

3000

3500

4000

n

Common design

6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
m

2000

2500

3000

3500

4000

n

Independent design

6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
m

2000

2500

3000

3500

4000

n

Log relative risk

10 1

M
ea

n 
ex

ce
ss

 p
re

di
ct

io
n 

ris
k

3

2

1

0

1

2

3

Lo
g 

re
la

tiv
e 

ris
k

FIG 3. Matched comparison between common and independent design for (α,s) = (0.6,0.1). The two left panels
show mean excess prediction risk, and the right panel shows log2(RIND/RCD), so negative values (blue) favor
independent design.

little improvement because the same low-resolution grid is shared by all subjects. As m in-
creases, the common-design risk decreases and the gap between the two designs narrows.
The independent-design estimator is nevertheless smaller over most of the displayed grid,
reflecting the additional fixed grid error terms under common design that cannot be averaged
away across subjects.

To further investigate the rate behavior under common design, we compare the empiri-
cal rates with the theoretical prediction in more detail. To display the qualitative rate be-
havior more clearly and isolate the effect of biased coefficient and eigenvalue estimation,
we use a version of the adaptive estimator with an oracle choice of the truncation level
instead of the block thresholding procedure. We consider three smoothness pairs (α,s) =
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FIG 4. Common design rate comparisons as m varies (top) and along m = nγ (bottom). Each panel uses 50
repetitions and plots the median excess prediction risk with interquartile error bars. The dashed reference lines
show the low-resolution term predicted by (35) in the top plots, and show the dominant rate in the bottom plots.

(0.6,0.1), (0.6,0.7), (0.6,1), which lie in the three regimes in Subsection 4.4.1, and report
the results in Figure 4. The top part of Figure 4 plots the risk against m under various val-
ues of n. For each fixed n, the risk decreases as m grows until the grid is fine enough that
the part of the error depending on n becomes dominant. After this point, the curves form a
plateau, and the plateau level decreases as n increases. This pattern matches the phase tran-
sition described by (35). The dashed reference lines show the low-resolution terms predicted
by the theory: m−(2α+2s) in the first panel and m−4α in the second and third panels, and
the empirical curves align closely with these theoretical guides. The bottom part of Figure 4
gives the corresponding comparison along paths m= nγ . Different values of γ correspond to
different regimes in the phase diagram and hence to different dominant terms in the rate. As
γ increases, the curves move from grid-constrained behavior toward the statistical terms, and
the transition occurs at different values of γ across the three smoothness pairs. The empirical
curves again align with the theoretical rates shown by the dashed reference lines, supporting
the predicted rate behavior in the different regimes. Together, the two plots support the rate
behavior predicted by the theory.

Figure 5 isolates the effect of estimating the eigenvalue sequence under common design.
It compares the risk-oracle estimator that uses the true eigenvalues with the corresponding
estimator that estimates the eigenvalues from common-grid data. The known eigenvalue es-
timator has smaller prediction error and reaches the dense plateau at a much smaller grid
size m. The plateau levels are nevertheless comparable, as both estimators are then mainly
governed by the dense FLR term, which does not depend on the grid resolution. This contrast
is consistent with the additional unknown eigenvalue term in (35).
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FIG 5. Known versus estimated eigenvalues under common design for (α,s) = (0.6,1). The two panels use the
same vertical scale.

5.2. Real Data. We next compare our estimators with other FLR methods on the wheat
data set, a commonly used benchmark in the FLR literature. The data contain 100 near-
infrared spectra measured on a common grid of 701 wavelengths from 1100 nm to 2500
nm, with wheat protein content as the scalar response. Following the experimental setup in
Zhou, Yao and Zhang (2023), we use the first 80 samples for training and the last 20 samples
for testing, and compare performance under sparse observation settings with m = 10 and
m = 30 observed wavelengths per curve. For the estimator under common design, we use
equispaced common subgrids withm= 10,30, so no subsampling randomness is introduced.
The estimator under independent design is evaluated under random subsampling within each
curve with m= 10,30 over 200 repetitions. The results and the published benchmarks from
Zhou, Yao and Zhang (2023) are reported in Table 2. In this evaluation, the estimator under
common design has the smallest reported prediction error. While seemingly contrary to the
theory, this finite-sample behavior may reflect smaller hidden constants for equispaced fixed
grids than for random subsampling. The comparison should nevertheless be interpreted with
the sampling protocol in mind: the common design estimator uses deterministic subgrids,
whereas the independent design estimator and the published benchmarks are evaluated under
random subsampling protocols.

TABLE 2
Wheat data prediction error. CD for common design and IND for independent design are the two estimators from

this paper. The benchmarks are quoted from Table 2 in Zhou, Yao and Zhang (2023): Plug-in (Hall and
Horowitz, 2007); IN: approximated least square method with integrated scores; PACE (Yao, Müller and Wang,
2005b). Numbers in parentheses are standard deviations over repetitions; no standard deviation is reported for

CD because the common subgrid is deterministic.

m CD IND Plug-in IN PACE Zhou et al.
10 0.294 0.473 (0.037) 0.781 (0.840) 0.499 (0.198) 1.517 (9.112) 0.345 (0.074)
30 0.252 0.396 (0.044) 0.513 (0.925) 0.398 (0.183) 0.363 (0.244) 0.278 (0.066)

6. Discussion and Future Directions. This paper establishes sharp minimax rates for
functional linear regression with noisy discrete observations under two canonical sampling
designs. In the independent design, each functional trajectory is observed on its own random
grid; in the common design, all trajectories are observed on a shared fixed grid. These two
designs represent substantially different statistical regimes. In the independent design, the
randomness of the observation grids provides a form of averaging across trajectories, while
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in the common design the shared sampling geometry creates additional identifiability and
approximation issues. By treating the two settings separately, our results clarify how the
within-trajectory resolution m interacts with the sample size n, the smoothness of the slope
function, and the decay of the covariance spectrum.

A central contribution of the paper is to isolate the precise cost of discretization in func-
tional linear regression. Both sampling designs inherit the fully observed benchmark rate,
corresponding to the idealized setting in which the entire functional predictor is available
without discretization error. In addition, both designs contain a term reflecting the statistical
cost of recovering the relevant cross-covariance information from noisy point evaluations.
This term captures the effective loss of information caused by observing only m noisy mea-
surements per trajectory rather than the full curve. Under the common design, however, two
further effects appear. One is the deterministic approximation error induced by the fixed grid;
the other is the cost of identifying or reliably estimating the unknown covariance eigenval-
ues on the grid. These additional terms are absent, or substantially attenuated, under the
independent design because independent random grids provide more diversified sampling
information across subjects.

Although the paper focuses on excess prediction risk, the same arguments extend naturally
to the L2 estimation risk

E‖β̂ − β‖2L2 .

In Fourier coordinates, prediction risk weights the squared coordinate error by λr , while L2

risk removes this weight. Thus high-frequency components become more difficult to estimate
under L2 loss. For s > 0, the independent-design estimation rate becomes

n−
2s

2α+2s+1 + (nm)−
2s

4α+2s+1 .

Under the common design with unknown eigenvalues, the corresponding rate is

n−
2s

2α+2s+1 + (nm)−
2s

4α+2s+1 +m−2s +m−4α.

At the proof level, this change amounts to normalizing the cross-covariance estimation er-
ror by λ2

r rather than λr , and replacing the prediction-weighted block loss in the van Trees
lower bounds by the unweighted block loss. The adaptive procedure also carries over: the
eigenvalue screening step is unchanged, while the second thresholding step is based on the
empirical L2 block energy ∑

r∈B`

|γ̂r|2

λ̌2
r

,

with the corresponding variance proxy adjusted accordingly.
Methodologically, the adaptive estimator is not specific to this FLR model. The main dif-

ficulty is that the loss depends jointly on the smoothness of the slope function and on the un-
known covariance spectrum. The estimator must therefore identify frequency blocks contain-
ing estimable signal while also determining whether the covariance scale on those blocks can
be stably inverted. This motivates the two-stage thresholding rule: an eigenvalue threshold
first removes unstable blocks, and an empirical energy threshold then selects blocks whose
signal exceeds the relevant noise level. This principle may be useful in other inverse or semi-
parametric problems where the effective loss is governed by an unknown nuisance operator,
metric, or covariance structure.

The lower-bound arguments also provide tools beyond the present setting. Under the in-
dependent design, the discretization cost is characterized through Fisher information bounds
for noisy point evaluations, showing that the loss from observing only finitely many measure-
ments per trajectory is intrinsic rather than estimator-specific. Under the common design, the
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lower bounds exploit unidentifiability created by the interaction between the covariance func-
tion, the slope function, and the shared sampling grid. These mechanisms may be relevant
for other functional problems in which discrete sampling and inverse structure interact.

Several limitations and open questions remain. The analysis considers two stylized ac-
quisition schemes: independent random grids and a regular common grid. Extending sharp
minimax theory to heterogeneous protocols, such as irregular, nonuniform, or partially de-
terministic grids, would broaden the scope of the results. Another direction is to relax the
fixed trigonometric basis formulation. If the covariance eigenbasis must be estimated from
discretely observed data, or if the smoothness scale of β is not aligned with the covariance
geometry, additional costs may appear. A complete theory would need to combine the present
analysis of the dependence on m with covariance eigenbasis recovery (Cai and Yuan, 2010)
and the alignment effects between covariance geometry and slope regularity studied in fully
observed FLR. Finally, it would be interesting to understand how these discretization phe-
nomena affect downstream goals such as inference, testing, distributed learning, and privacy-
constrained functional prediction.

SUPPLEMENTARY MATERIAL

Supplement to “The Cost of Discretization in Functional Linear Regression: Mini-
max Rates and Adaptation”
This supplement contains additional numerical experiments, proofs, and auxiliary results
omitted from the main text.
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