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Abstract

Federated learning (FL) is a distributed machine learning technique designed to preserve
data privacy and security, and it has gained significant importance due to its broad range of
applications. This paper addresses the problem of optimal functional mean estimation from
discretely sampled data in a federated setting.

We consider a heterogeneous framework where the number of individuals, measurements
per individual, and privacy parameters vary across one or more servers, under both common
and independent design settings. In the common design setting, the same design points are
measured for each individual, whereas in the independent design setting, each individual
has their own random collection of design points. Within this framework, we establish
minimax upper and lower bounds for the estimation error of the underlying mean function,
highlighting the differences between common and independent designs under distributed
privacy constraints.

We propose algorithms that achieve the optimal trade-off between privacy and accuracy
and provide optimality results that quantify the fundamental limits of private functional
mean estimation. We further support the theory with simulations and a real-data illustration
using BMI trajectories from the Health and Retirement Study.

Keywords: Differential Privacy, Federated Learning, Functional Mean Estimation, Hetero-

geneous Privacy Constraints, Minimax Rates, Privacy-Accuracy Trade-off

1 Introduction

In the era of big data, sensitive information is often distributed across multiple sources in
fields such as healthcare and financial services. Privacy concerns prevent direct data pooling,
making it essential to develop efficient statistical inference methods that preserve privacy while
leveraging the collective power of distributed data. Federated learning addresses this challenge
by enabling organizations or groups to collaboratively train and improve a shared global machine
learning model without sharing raw data externally, ensuring that privacy is maintained at each

data source. Differential privacy (DP) [I7] has emerged as the leading framework for providing



rigorous privacy guarantees, offering a principled approach to quantifying the extent to which
individual privacy is protected within a dataset.

The problem of estimating the mean of random functions based on discretely sampled data
arises naturally in functional data analysis and has significant applications in areas such as
signal processing, biomedical imaging, environmental monitoring, and financial modeling [29]
19]. Classical methods have explored this problem extensively, with adaptive algorithms and
theoretical results establishing optimal rates of convergence under varying sampling schemes
12l 23], 32, 30]. These methods emphasize a critical balance: increasing the number of subjects
reduces variability across the population, while increasing the number of measurements per
subject improves the precision of individual function estimates. This trade-off is fundamental
to designing efficient sampling strategies.

Incorporating differential privacy into functional mean estimation introduces unique chal-
lenges. DP requires a trade-off between privacy and accuracy by adding noise to the data or the
estimation process. For functional data, this trade-off is further complicated by the relation-
ship between sampling intensity and privacy risk — taking more measurements per individual
increases privacy risks, even though it enhances estimation accuracy. Developing DP-compliant
estimators requires careful consideration of both privacy constraints and the intrinsic properties
of functional data, diverging significantly from traditional non-private methods.

The federated learning paradigm introduces additional complexities to functional mean es-
timation under privacy constraints. In federated settings, data is distributed across multiple
servers or entities, such as hospitals, mobile devices, or autonomous vehicles, each with distinct
privacy requirements, see e.g. [8] and references therein for an overview. These settings of-
ten involve heterogeneous data characterized by varying numbers of individuals, measurements,
and privacy budgets across servers. This heterogeneity exacerbates the challenges of balancing
privacy and statistical accuracy.

This paper investigates the cost of privacy in functional mean estimation within the frame-
work of Federated Differential Privacy (FDP). FDP extends DP principles to distributed envi-
ronments, enabling privacy-preserving statistical analysis at various levels, including individual
data holders, servers, or aggregated data. Private functional data analysis, especially when the
private outputs are functions, has received recent attention, primarily within the central DP
framework [21], 27]. The closest work to ours in the distributed private setting is [33], which
studies private distributed estimation of a functional mean under a random-design model. Our
framework differs in that we treat both independent and common-design regimes in a federated
multi-server setting under heterogeneous privacy constraints, and in the overlapping heteroge-
neous independent-design setting our results yield a sharper rate characterization. We return
to this comparison in Section see also Section [C] for a detailed comparison.

Our work makes several key contributions. First, we establish minimax upper and lower
bounds for the estimation error of the mean function under both common and independent

design settings, highlighting key differences under FDP constraints. Second, we propose novel



algorithms that achieve the optimal trade-off between privacy and accuracy, accommodating
heterogeneity in the number of individuals, measurements, and privacy budgets across servers.
Third, we extend lower bound techniques by introducing innovative data processing methods
that address information bottlenecks arising from server heterogeneity. Lastly, we quantify the
fundamental limits of private functional mean estimation across various distributed environ-
ments, offering practical insights for privacy-preserving statistical analysis of functional data
under diverse conditions, from local to central DP frameworks. We complement these theoret-
ical and methodological results with an expanded simulation study and a real-data illustration
in an emulated multi-server federated setting based on the Health and Retirement Study, illus-
trating the practical performance of the proposed methods under varying privacy budgets and

heterogeneous server settings.

1.1 Problem Formulation

We consider the problem of distributed functional mean estimation under privacy constraints,

where the data are partitioned across multiple servers. Specifically, for s = 1,...,S5, server s
holds ns independent observations.

For each s = 1,...,5, let X(® be a server-specific random function on [0,1], and let
Xl(s), . ,X,g‘? be independent copies of X(9). We assume these server-specific laws share the

same mean function
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The goal is to estimate this common mean based on noisy observations from discrete locations
on these curves distributed across S servers:
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where Ci(;) are the sampling points and fz(]s )N (0,02). We assume the common mean function f
belongs to H*(R). Here, H*(R) denotes the Holder ball of radius R within the class of a-Hélder
continuous functions. In the classical setting without privacy constraints and distributed data,
this problem has been extensively studied in the literature (e.g., [19, 12]). In this article, we
focus on quantifying the cost of privacy in a distributed setup for this problem.

So far, we have not discussed the design of the experiment. We will consider two cases: the
common design and the independent design. In the common design case, all individuals are
observed on the same locations (grid points), i.e., for all s € [S] and i € [ng], Cf;) = (; for all
Jj € [ms]. Note that in the common design case the design points are not considered to be private
since they are shared among all individuals. In the independent design case, the grid points are
random and distinct for each individual. In this case, the design points are considered to be
private. This reflects real-world situations where individuals could be identified based on specific
measurement time points. We make the simplifying assumption that they are i.i.d. draws from

a uniform distribution on [0,1]. This can be relaxed to non-uniform distributions that are,



e.g., bounded above and below by a constant, and the estimator presented in this paper can be
easily adapted to non-uniform designs using the privacy-preserving technique presented in the
Supplementary Material of [10]. The assumptions on the latent process X differ between these
two settings: in the common design case, our results only require a pointwise subgaussian tail
condition, while in the independent design case we assume the sample paths lie in H*(R) almost
surely.

To account for privacy constraints, we adopt the general framework of distributed estimation
under privacy constraints introduced in [I0]. Let Z() = {Zi(s)}?;l denote the dataset held by
server s, with Zl-(s) = {YZ-S-S),CZ-(J-S )};-":51. Each server s outputs a (randomized) transcript 7°(*)
based on Z(®), with the law of the transcript determined conditionally on Z®), i.e., P(-[Z()).
The collection of transcripts T' = (T(®))5_; must satisty (&, 8) = (e, ds)5_,-federated differential
privacy (FDP), defined as follows:

Definition 1. The transcript T = (T*))5_, is (e, §)-federated differentially private (FDP) if for
all s € [S], A € J and 2,2 € 2" differing in one individual datum it holds that

P (T(8> € A|Z©) = z) < 5P (T<5> e A|Z) = z’) + 4,

In the above definition, “differing in one datum” refers to being Hamming distance “neigh-
bors.” Specifically, local datasets Z(*) and Z(®) are neighboring if their Hamming distance is at
most 1, calculated over Z™ x Z"s. In other words, Z(*) can be derived from Z() by modifying
at most one observation among Zfs), ey ZT(LSS). In the common design setup, where the design
points are shared among all individuals, neighboring datasets share the same design points, and
only the measurements Y differ. The smaller the values of €5 and §;, the stricter the privacy
constraint. We consider ¢; < C; for s = 1,...,S5, with a fixed constant C. > 0 that does not
affect the derived rates.

The Federated Differential Privacy (FDP) framework addresses scenarios where sensitive
data is distributed across multiple parties, each generating outputs while maintaining differential
privacy. In this distributed protocol, each server’s transcript depends solely on its local data,
with no direct communication or data exchange between servers. This framework is particularly
relevant in settings like multi-site studies or trials conducted on the same population, where
institutions (e.g., hospitals) aim to collaborate without sharing raw data due to privacy concerns.
The FDP framework generalizes commonly studied settings, including the local DP model (ng =
1), where privacy mechanisms operate at the individual level, and the central DP model (S = 1),
where data is aggregated at a single location.

Each server transmits its transcript to a central server. Using all transcripts 7' =
(TW, ..., 7)), the central server computes an estimator f: 75 = F. We refer to the pair
(f,{P(- | Z&)}5_)) as a distributed estimation protocol. The class of distributed estimation
protocols satisfying Definition [I{is denoted by M (e, d). We let P denote the joint law of tran-
scripts and the N = 2;9:1 ns observations. We let E; denote the expectation corresponding to



The aim is to estimate the function f based on the distributed data. The difficulty of this
estimation task arises from both the distributed nature of the data and privacy constraints that
limit the sharing of information between servers. As in the conventional decision-theoretical
framework, the estimation accuracy of a distributed estimator f = f (T') is measured by the
integrated mean squared error (IMSE), E|| f — fl3, where the expectation is taken over the
randomness in both the data and construction of the transcripts, and the quantity of particular
interest is the minimaz risk over the Holder class H*(R) with o > 1/2,

_inf  sup Eglf - 3 (1)
feM(e,d) feH>(R)
This ‘global’ risk characterizes the difficulty of the federated learning problem over the param-
eter class when trying to infer the entire function underlying the data whilst adhering to the

heterogeneous privacy constraints.

1.2 Related work

Federated Differential Privacy (FDP), as considered in this paper, applies DP at the level of local
samples consisting of multiple observations. Optimal statistical inference under this framework
has been studied in the context of nonparametric models for estimation [10], goodness-of-fit
testing [9], and transfer learning for nonparametric classification [6].

The homogeneous setting has been explored for discrete distributions |26} [3] and parametric
mean estimation [25 28]. Additionally, [13] examines discrete distribution testing in a two-server
setting (m = 2) with differing DP constraints. Like [I0} 9], this paper works in the federated
differential privacy framework where each server releases only a privatized local transcript. The
main difference is the statistical task: [10] studies nonparametric regression, [9] studies nonpara-
metric hypothesis testing, whereas here we study functional mean estimation from discretely
sampled random curves, including both common and independent design. Complementary work
on vertically partitioned private data includes [5] and [14] which studies estimation problems
under server-level privacy constraints.

Upon completion of this work, we came across the paper [33], which considers a setting
similar to ours and claims some partially overlapping results. There are important differences
between the papers, however. Foremost, the upper and lower bounds in [33] exhibit a polynomial
gap in the heterogeneous setting, whereas our bounds are tight up to polylogarithmic factors;
see Section [C] in the Supplementary Material for a detailed comparison. Another important
difference is that in [33], only the random design case is considered, which means the contrast
with the fixed design setup are not treated in their work. Finally, the methods also differ:
[33] relies on a sequential federated learning algorithm with multiple rounds of communication,
while our procedure uses a single round in which each server transmits a transcript to a trusted
central server. Part of this methodological difference is tied to the sampling-design assumptions:
their random-design formulation allows a more general design distribution, whereas in our main

presentation the design distribution is taken to be known (and uniform for simplicity).



In terms of lower bound techniques, several approaches have been specifically developed for
private settings. [24] and [4] explore private adaptations of general methods, such as Fano,
Assouad, and Le Cam techniques, for establishing lower bounds in the central DP setting. In
contrast, [7] develops Van Trees-based lower bounds tailored to local DP, which do not directly
extend to central DP. Similarly, the techniques in [I, 2] are designed for the local DP setting
and lack straightforward extensions to central DP.

Building on these foundations, [10] extends the Van Trees-based lower bound techniques of
[7] to the federated DP setting, addressing the complexities introduced by distributed data and
federated privacy constraints. In this paper, we further advance these methodologies by applying
them to the functional mean estimation problem. We introduce novel data processing techniques
that account for the diverse information bottlenecks arising from user, measurement, and server

heterogeneity, enabling the derivation of optimal lower bounds for heterogeneous configurations.

1.3 Organization of the paper

The rest of the paper is organized as follows. In Section [2| we present our main results, which
summarize the fundamental performance limits of private functional mean estimation in the
common and independent design settings. In Section 3] we describe the methods for differentially
private functional mean estimation in the common and independent design settings. In Section[d]
we present the lower bound for the common and independent design setting. Proofs of the main

results are provided in the Supplementary Material.

1.4 Notation, definitions and assumptions

S

Throughout the paper, we shall write N := ) 7_, n, and consider asymptotics in S, ms, the ny’s
and the privacy budget (e, d) := {es,ds}5_;. Throughout the text we assume o’s are uniformly
bounded below by a constant op,i,. We assume that N — oo and maxses = O(1). For two
positive sequences ay, by we write ap < by if the inequality a; < Cby holds for some universal
positive constant C. Similarly, we write ax < by if ap < by and by < ag hold simultaneously and
let ay < by, denote that ay /by = o(1).

We use a Vb and a A b for the maximum and minimum, respectively, between a and b. For
k € N, [k] shall denote the set {1,...,k}. Throughout the paper ¢ and C denote universal
constants whose value can differ from line to line. The Euclidean norm of a vector v € R? is
denoted by ||v||2. For a matrix M € R%*? the norm M + || M]|| is the spectral norm and Tr(M)
is its trace. Furthermore, we let I; denote the d x d identity matrix. For a real-valued random

variable Z, we define its Orlicz norm by || Z||y, :=inf {t > 0 : Eexp(Z?/t*) < 2} .



2 Main results

In most practical settings, different servers often contain differing numbers of samples in terms
of individuals, measurements per individual, and privacy parameters. We consider the most
general setting where each server s = 1,...,5 can have a different number of individuals ng,
a different number of measurements mg for each individual in the server, and varying privacy
parameters €5 and ds. In the common design setting, our theory allows for heterogeneity in all
of the aforementioned characteristics except for the design points.

Our main results are summarized in Theorem [I| and Theorem [2| below, which capture the
fundamental performance limits of private functional mean estimation in the independent and

common design settings, respectively.

2.1 Optimal performance when the design is independent

In this section, we consider the independent design setting. Theorem [I| below describes the
minimax risk for differentially private estimators in the independent design setting. The rate-

determining quantity in this setting is governed by the parameter D, > 1:

S
20 : : -1_-2 -2 -2 2_2 N2 20—1,2_2
D;* = inf E min { Do, *nsm,, D" %0 *mynie;, D**ng, D** 'njel} . (2)
1<D<D.
s=1
Whenever the minimax risk is nontrivial, this equation admits a unique solution; see Section [G]

of the Supplementary Material.

Theorem 1. Assume that, for each server s € [S], the sample paths of X®) belong to H*(R)
almost surely and that

n _ —-3/2
55 lOg(l/(Ss) 5 <M€§D* 1) AN <€§n§/4D* / ) ,

where D, solves (2)). Then

inf sup Eg||f — f[5 = an D%,
f€M5,6 fEHa (R)

where Ny is a polylogarithmic factor in N = 235:1 ng and 1/6min, With dmin = ming ds.

The upper-bound part of Theorem [I] is established by Theorem [3| proved in Section
the matching lower bound is Theorem [5] proved in Section

The optimization problem in can be interpreted as the minimum of four terms, which
correspond to the sampling error, the measurement error, and their respective private coun-
terparts. Our upper bounds rely on solving the optimization problem , which determines,
roughly speaking, the effective dimension of the problem. The effective dimension D, balances

the trade-offs between design complexity, sample sizes, noise levels, and the smoothness of the



underlying function class. More concretely, D, is the largest effective resolution at which the ag-
gregate information across servers still balances approximation bias. The four terms in corre-
spond to measurement information, privacy-limited measurement information, between-subject
averaging information, and its privacy-limited counterpart. Thus, increasing m, improves the
measurement-related terms, increasing ngs improves both measurement and averaging terms,
and increasing €5 relaxes only the privacy-limited terms. The smoothness parameter o enters
through the bias side D?®, determining how aggressively the effective resolution can increase
before approximation error becomes dominant.

In the non-private case, where the privacy constraints are removed by setting €, — o0
for all s € [S], the rate simplifies to the classical non-private minimax rate. Notably, minimax
optimal rates in the heterogeneous setup, where design points differ across samples, were not well
understood prior to this work. The optimization problem in this case reveals how differences
in sample sizes and design complexities across datasets interact with the smoothness of the

underlying function to determine the rate.

2.2 Optimal performance when the design is common

In this section, we consider the case of common design, where ms =m for all s =1,...,5. For
the main result of this section, we assume the common design points satisfy the quasi-uniform
spacing condition
<% 1S fogn-g<S jonim-n @
m m m
for fixed constants 0 < ¢ < C¢ < oo. This includes the canonical equispaced grid ¢; = j/m
as a special case. We note that our upper bounds for the common design setting hold for more
general design point setups (see Section and under the relaxed pathwise assumption
sup | X (#)]ly, < Cxos for all s € [S] (4)
t€[0,1]
for some fixed constant C'x > 0.
Theorem [2] below describes the minimax risk for differentially private estimators in the com-
mon design setting. The rate-determining quantity in this setting is governed by the parameter

D, > 1, which is the solution to the following equation:
S
D2 = 2« /\ Z min {0} *n,, D, ‘o, *nZe?} . (5)
s=1
Whenever the minimax risk is nontrivial, this equation admits a unique solution; see Section [G]

of the Supplementary Material.

Theorem 2. Assume that the common design satisfies and that holds. Let D, be the
solution to (). Further suppose that, for each s € [S], §s1log(1/85) < Dy te?. Then

inf sup Byl f - fl3 = av DI,
fEMs,é fEHQ (R)



where ny 18 a polylogarithmic factor in N = 235:1 ng and 1/6min, With dmin = ming ds.

The upper-bound part of Theorem [2]is established by Theorem [4] proved in Section [E.T} the
matching lower bound is Theorem [6] proved in Section

It is instructive to consider two specific limiting cases to better understand the implications
of this result. First, in the non-private case, where the privacy constraints are removed by
setting €5 — oo for all s € [S], the rate simplifies to the known minimax rates established in
[12]. This scenario corresponds to the classical non-private setting where privacy considerations
do not impose any restrictions. The effective rate is determined solely by the design complexity
and sample sizes, without the additional penalties introduced by privacy constraints.

Second, in the large-sample limit, where ns — oo for all s € [S], the rate reduces to m =22,
Here, the noise becomes negligible due to the abundance of samples, and the discretization
error from the common design dominates the estimation error. This reflects a regime where the
design complexity m dictates the achievable performance, independent of the privacy constraints
or noise levels.

In order to gain more fine-grained insight it is helpful to look at the homogeneous setting,
which we do in Section 2.3

2.3 Comparison of the common and independent design settings

In this section, we compare the minimax rates of convergence for the common and independent
design settings under the homogeneous case, where ng = n, ms; =m, s =€, 0, = 1 and §; = 6.
While in practice, settings are more often heterogeneous than not, the homogenous case allows
for a more straightforward formulation of the minimax rate than the implicit ones of Theorems
and [2| In this simplified formulation, the rates between the independent and common designs
are more easily compared. The comparison highlights the fundamental differences in statistical
efficiency and the impact of differential privacy constraints across these two design settings.
We begin by stating the minimax risks for the homogeneous setup under the two design

settings, starting with the independent design setting.

Corollary 1. Under the same conditions as in Theorem[] it holds that

Cinf sup Egllf = f3 =< nn ((Sn)7H+ (Smn) T 4 (Smn?e?) "m0 4 (Sn%?) ), (6)
feMe s feH*(R)

where Ny is a polylogarithmic factor in N = Sn and 1/0.

For the common design setting, the minimax rate of convergence in the homogeneous setup

is given by the following corollary.

Corollary 2. Under the same conditions as Theorem[3 it holds that

inf osup Egllf — fI2 < 0y ((Sn)_l +m2e 4 (sn%?)*%) , (7)
feEMe s FEH*(R)

where ny is a polylogarithmic factor in N = Sn and 1/§.



In the common design case, the rate of convergence in is dominated by the privacy-related
term (Sn2€2)_2§% when e < min (S7Y/2n~tmatl/2, gl/4an(1-20)/40) " Ty contrast, under the
independent design setting, the rate is given by the combination (S’mnzsz)*% + (Sn2e?)~!
when privacy constraints dominate.

If the rate is dominated by the second term (Sn2e?)~!, it is strictly faster than the common
design privacy rate. If the first term (Smn252)_22$ dominates, it is faster than the common

design rate whenever
_ 2a _ 2« . o _
(Smn2e?) 712 < (Sn2e?) 21 iff e < SV 2y lmetl/2,

Thus, whenever the “privacy-related” terms dominate, an independent design achieves a faster
rate of convergence, meaning the cost of privacy is consistently lower in this setting. Intuitively,
under common design additional measurements are taken on the same shared grid, so they
mainly increase the amount of information that must be privatized, whereas under independent
design they also improve the random coverage of the domain.

When privacy constraints are binding, the independent-design setting benefits from having
both more individuals and more measurements per individual, whereas under common design
increasing the number of measurements per individual offers little benefit. Although this may
seem counterintuitive, since the design points are private only in the independent-design setting,
the difference comes from how additional measurements affect effective information. Under
common design, increasing m mainly adds shared information that must be privatized, without
substantially enriching the design. Under independent design, by contrast, increasing m also
improves random coverage of the domain, so the statistical gain can continue to outweigh the

added privacy cost.

3 Methods for Differentially Private Functional Mean Estima-

tion

We now describe the methods for differentially private functional mean estimation in the inde-
pendent and common design settings. As revealed by Theorems [I] and [2], these settings exhibit
distinct principal phenomena and require different approaches. We present an optimal algorithm
for each setting, both of which provably achieve the minimax rate of convergence. The theo-
rems accompanying the algorithms in this section provide the upper bounds for the respective

theorems mentioned earlier, starting with the independent design case.

3.1 An optimal algorithm for the independent design setting

In the independent design setting, we consider a scenario where all design points are distinct
and treated as private information. We additionally assume that for each server s € [5], Xi(s) €

H*(R) for i € [ng]. The challenge in this setup, compared to e.g. private nonparametric

10



regression as studied in [I0], stems from the fact that the model itself is effectively subject to

5)

three different sources of noise: the per-subject X l( -function noise, the noise stemming from the
randomness in the design points, and the measurement noise. An optimal privacy mechanism
is calibrated to account for all three sources of noise, ensuring that the privacy budget for each
server is allocated efficiently across the different components. This means that the procedure
must differ from server to server, depending on the number of individuals, measurements per
individual, and privacy parameters.

Our approach is based on a private, truncated projection estimator, where we project onto
compactly supported orthonormal basis functions. This approach allows effective privatization
of both the design points and the outcome values. As basis functions, we use A > a-regular
wavelets, which form an orthonormal basis of L0, 1]. Wavelet bases allow characterization of
Hoélder spaces, with « capturing the decay of wavelet coefficients. For further details, see e.g.
[22).

For any A € N one can follow Daubechies’ construction of the father ¢(-) and mother
() wavelets with A vanishing moments and bounded support on [0,2A4 — 1] and [-A + 1, A],

respectively, for which we refer to [16]. The basis functions are then obtained as
{bro+1,m b : m e {0,.., 20" — 1} 1>l +1, ke{0,....2"—1}},

with oy, (z) = 2122l — k), for k € [A —1,2" — A], and ¢y 1.m(z) = 2% p(20+1z — m), for
m € [0,20F!1 — 2], while for other values of k and m, the functions are specially constructed
to form a basis with the required smoothness property. For notational convenience, we write
Yig ke = Pro+1,k for k=0, .. , 200+l — 1. A function f € Ly[0,1] can then be expressed as

oo 20—1

F=2" futu,

I=lp k=0

where fi = [ fiu. A well-known estimator for the wavelet coefficients fj, in the absence of

privacy constraints is given by
a1 &
= o 2 25 e (6)
s im0

where Y;g.s) are the observations and Ci(;) are the corresponding design points.
For notational simplicity, let us define the contribution of a single individual i € [ng], on

server s € [S] to the estimator as:
Ul = Z Y (¢). (8)

Thus, the standard (unclipped) estimator can be rewritten as: J/“\l(,f) = LS, . In order

()

to make an informed decision on how to clip, we require sharp concentration bounds on U

11



The following lemma establishes the concentration of Ui(‘;,)~C for a fixed [ and k, using Bernstein’s

inequality.

Lemma 1. For a fized | and k, {Ui(j])g}ie[ns] as defined in satisfies
Py (vi, UG < 7) 21—~

with

1/2
7?) = 20,C"(2clog NY? <V ) ) + RO gnd 4 = (N)C (9)

where C' depends on ¢, omin, and |9 co-

A proof of the lemma is given in Section of the Supplementary Material. We define

what is effectively the local clipped estimator for the [, k-th wavelet coefficient as

77,8 1 & s
fie = nis Z; [Uz(,ll)c] Tl(s) ) (10)

where [U ﬁ,ﬂ (+) denotes the clipping of U, ﬁ,)c to the range [— l(s), Tl(s)]. Clipping at this magnitude
) ’

ensures that the estimator has bounded sensitivity, enabling it to be privatized effectively.

To achieve differential privacy, we aim to employ the Gaussian mechanism. However, adding
Gaussian noise to the clipped averages of directly does not balance the amount of signal
versus sensitivity present in each wavelet coefficient. Instead, we employ a modified Gaussian
mechanism, akin to ideas used in anisotropic private mean estimation; see, for example, [15].

The coordinates of ffk exhibit greatly varying sensitivities across the resolution levels, propor-
tional to Tl(s). In order to obtain the right signal-sensitivity trade-off, we rescale each coordinate,

yielding at the [-th resolution level:
fi = @V Am) TR

The ¢5 sensitivity of the vector {flTk’s,k =0,...,28 —1,lp <1 < L} is bounded as shown in

Lemma 21

Lemma 2. Let Z®) and Z®) be any neighboring datasets. Let fT’S(Z(S)),fT’S(Z(S)) denote the

T,S

vectors of coefficient estimators {flk k=0,...,2 —1,lg <1 < LY computed on the basis of
Z%) and Z(s) respectively. Then:

|

where cq is a computable constant depending only on the choice of wavelet basis.

o= o), senl

Ns

12



Using the Gaussian mechanism (for details, see Appendix A of [I§]), we obtain a (&, d5)-

differentially private estimator

3 s ii.d. 4(: Llog(2/6,

To construct the server-specific private estimator ]/”7;’8, we rescale ngzz,s back to the original

scale, yielding

(s)y2
“Ps s) d.i.d. 40,24[1(21/\7”3)(7' ) 1og(2/6s)
w =T +I/Vl(k)7 VVl(k) ~ N<O’ n2512 :

Each server s then outputs a transcript
T = (fP* k=0,....2 ~1,1=1,...,L}.

The final estimator fP is obtained via a post-processing step, where the transcripts are
aggregated using weights that account for the heterogeneity of the servers. These weights depend
on the resolution level I, the number of local observations ng, the number of design points mg,

the local privacy constraints €5, and the smoothness level a. Specifically, the final estimator is:

L 241 s
—~ N ~ .
fi = Z § :flllzwlk where fl = E :wl(S)flks )
I=lp k=0 pay

with Z W, () — 1 for all { > lp. The weights wl(s) are chosen according to variance-proxy

quantities for f; k’S:

(s) _ W
W = —
Ef:l ul( )

(s)

Remark 1. The weights w;” account for the heterogeneity in data distribution across servers,

where u}s) = 07 2ngmg Ang2'20t) A 67297 m n2e2 A 2%0n2e2 (12)

including variations in the number of observations (ns), the number of design points (ms),the
variance (og, and the privacy budgets (¢5). By being inversely proportional to the variance of
.]/C?Z’S, the weights prioritize servers that contribute more reliable estimates. The structure of ul(s)
incorporates terms that reflect the impact of resolution level I, smoothness parameter «, and

privacy constraints.

We summarize our final estimator in Algorithm

Theorem 3. Assume for each server s € [5], Xi(s) € H*(R) fori € [ng]. Let ff be the estimator
defined in Algorithm . Let D, satisfy , and choose L = [logy D,|. Then

sup Ef||fF = fII3 < (log N)®10g(2/8min) (D) 2.
fEH*(R)

where dpin = ming d.
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Algorithm 1 Private Estimation via Truncated Projection in Independent Design

y(s)

i

1: Input: Observations Y,
budgets €, d
2: Output: Final estimator f}j

design points C i wavelet basis v, resolution level L, privacy

3: Clipped Coefficients: Each server computes:

Aﬁf: Z Z YOuUC | Vi=loy.... L k=0,...,2' =1,

= (s)
7

where Tl(s) is given by (9).
4: Privatized Coefficients: Apply the modified Gaussian mechanism:

()2
PPs _ s s ) iid. A L2 A mg) (1Y) log(2/65)
1w = Jik +Wz(k)» Wl(k) N(Q L i

5: Weighted Aggregation: Aggregate across servers:

S (s)

N u

L= E s)f , wl(s) S A— ul(s) = 0 2 ngmeAng2' et ng 7207 in n2e2 n2%en2e2,
s=1

S s)’
25:1 ul( )

6: Final Estimator: Combine wavelet coeflicients:

2l

Z Z Fintw(x

l=lp k=0

A proof is given in Section [D.1.2]

Remark 2. The parameter D,, which satisfies the rate-determining relation (2)), can be inter-
preted as the effective dimension of the problem. It reflects the interplay between the resolution
level L and the sample size N = Zle ns. Larger D, corresponds to higher resolution levels
and greater flexibility in representing the function f, while also increasing the complexity of the

estimation task. The optimal choice of D, balances this trade-off to achieve the minimax rate.

Remark 3. In the absence of privacy constraints (£ — 00), the result in Theorem |3 obtains the
minimax rates for the setting where different individuals may have different numbers of design
points mgs. To the best of our knowledge, these rates were not previously established in the

literature.
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3.2 An optimal algorithm for the common design setting

In the common design setup, the design points (i, (s,...,(y, are shared among all individuals
and servers. These points are assumed to be publicly known, requiring no privatization. Here,
the challenge lies in the fact that the design points are shared across all servers, which means
that an optimal private estimator must balance the discretization error due to the shared design
points with the privacy leakage.

Our estimation strategy follows three main steps:

(a) First, we obtain privatized averages of observations at each design point, effectively creating

private, noisy estimates of the function at these specific points.

(b) Second, if the number of design points is large, we introduce a bagging step that divides

the design points into groups.

(c) Third, these privatized averages present an inverse problem at the central server, which
we solve using local polynomial regression. This regression effectively interpolates across

the design points.

Private averages at the design points of first step effectively pose an inverse problem at the
central server; solved by local polynomial regression in the third step. The noise in this inverse
problem at the central server does not only depend on measurement noise, but also on the noise
added by the privacy mechanism. If the number of design points is large, the noise added by
the privacy mechanism needs to increase to avoid the privacy leakage due to revealing more
measurements per individual.

The second step employing bagging mitigates this by dividing the design points into groups
and computes smoothed estimators that interpolate across groups. Intuitively, the purpose of
the bagging step is used to effectively reduce the number of measurements m, in the scenario
where the measurements reveal too much information about the individuals if they were all
communicated to the central server. In terms of attaining the minimax rate, the bagging step is
superfluous, in the sense that one could also effectively use a smaller number of measurements
by taking a selection of design points. Bagging, however, is a more practical approach, as it a
straightforward implementation that is more robust to the choice of design points.

Next, we describe the algorithm for the common design formally.

Privatized averages at the design points Given S servers and a set of observations from

a function f at deterministic points (1, (s, ..., (m, the privatized mean Y]-P’S at design point (;
on server s is computed as:
Ns
oP,s 1 (s) (s)
Y; —nS;[Ym L*Wy )
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/L’]

where [Y-(‘?)} represents the clipped observations with clipping threshold 74 = Mogs+y/log N

2
(M is suitably chosen), and Wj(s) ~ N <0, %W) is a Gaussian noise term ensuring
differential privacy. Here, N is the total sample size across all servers, ng is the sample size on
server s, and €, is the privacy budget for server s.
Each server outputs a transcript 70 = (}ép’s)je[m]. The central server aggregates these
transcripts using inverse variance weighting:

S
P P,s
Y} :E wsy} )
s=1

where the weights w, are designed to account for server heterogeneity:

Us

g )
Zs:l Us

-2(p-1,,2.2
ws = Us = O (D* nze; N ns) .

where D, solves .

Bagging Let
m
mo = | Dx«], B= {J )
mo
where D, solves . We divide the design-point indices into B disjoint groups {Gb}be[B], each

of size exactly mg. In the equispaced case (; = j/m, one convenient choice is
Gy={B(j—1)+bem]:j=1,...,mg}, b e [B].

The corresponding design points in group b are then ((;);jeq, -
For each group Gj, a local polynomial estimator ]/‘;)P (x) is computed based on the privatized
means Yjp corresponding to the design points in Gp. Finally, the overall estimator FBD(@") is

obtained by averaging across all groups:
N 1 EL
Fhw) =53 @),
b=1

Function approximation via local polynomials The local polynomial estimator approxi-

mates the function f € HY(R) by expanding it around z as:

f(P)(x)
p!

(Z - x)p’

where p = |«]. This expansion can be written compactly as:

re=e"wyv (7).
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.
where V(u) = (1,u,%,...,%> is the vector of scaled monomials, and ©(z) =

.
(f(:):),f’(x)h, ey f(p)(x)hp) represents the function’s coefficients at x, scaled by powers of
the bandwidth h.

To estimate f(z), we solve a weighted least squares problem for each group:

2
(:)b(x) = arg min [Y],P _oTy (CJ_'QC)} K <<J—x> )

O€cRpP+! - h h
JEGy

where K can be any smooth enough kernel function satisfying
supp(K) C [-1,1], ||K||eo < 00, and /K(u) du = 1.

The first component of (:)b(x), corresponding to flfj (z), is the estimate of f(z) for group b.
The local polynomial estimator flf (x) for the b-th group can be shown to be equal to:

f@) =Y YWy,
JEGH
where the weights Wb*7 j (z) are determined by the kernel and the design points of the bth group:

Wi (x) = ml()hVT(O)BZ;;V (Cj - x) K (Cj - m) . (13)

The matrix By, is the “effective” weighted design matrix for group b induced by K, given by

_ 1 G—w G-z\' (4=
Bb,x—mohg;bv( - >V< - ) K< - )

For the subsequent analysis, we rely on the following assumptions, where the choice of kernel

and groups allows for additional flexibility. We remark that both assumptions (a) and (b) hold
in particular for regular equi-spaced design under mild conditions on the Kernel K. See for

example Lemma 1.5 in [31].
() Amin(Bpz) > Ao for all b € [B], and z € [0,1].

(b) For b € [B] , for some constant a, and any measurable set A, we have

1 1
mﬂjezczbﬂ(gj € A) < amax (Leb(A), mo) .
Assumption (a) ensures that the local design points in each group provide sufficient informa-
tion for local polynomial estimation. Together with (b), these assumptions ensure that within
each group the design points ((j);ecq, are sufficiently spread over the interval [0, 1].
Algorithm [2] summarizes the differentially private protocol. By averaging across all groups in
, the bagging estimator as fg (x) is computed in the central server. The following theorem

establishes the convergence rate of this estimator.
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Algorithm 2 Private Estimation via Smoothing and Bagging for Common Design

1: Input: Design points (i, ...,Gn, S servers, observations Yl(]s), privacy budgets 5, groups
{Gb}re|p) each of size mg , bandwidth h, kernel K

2: Output: Final estimator fg(az)

3: Privatized Means: Each server computes privatized means:

Ns

1 s s s 472m log(2/9s
,P,sziz[yp)} e, Wj()NN<O, Tym log( /6)>’

J 2,] 2.2
s i=1 N5Es

=~

where 7, = Mogv/log N.
4: Aggregate Means: Central server aggregates:

S

P _ i Pys _ Us 2 1,22

Yj —E wst , Wsg = —e——, Us=0, (m0 nsss/\ns).
s=1

S 9
Zs:l Us
5: Group-wise Estimation: For each group G, compute local polynomial estimator:
P P
JEGY

where Wy (z) are kernel-based weights given by (13)).

6: Final Estimator: Aggregate across groups:

Theorem 4. Assume that the sample paths Xl(s),s € [S] satisfy . Let ]“E be the estimator
defined in Algorithm @ Let Dy solve ([5)), set mo = [ D], choose groups (Gy)pe[p) each of size
mo, and set the bandwidth h to be 1/mg. We also assume that for each group (Gp)ie(p), the
design points ((j)jeq, satisfy assumptions (a) and (b). Then,

sup Byl f — f113 < log(N)10g(2/min) (Di>* v m™>),
JEHY(R)

where D,. solves and Omin = ming 0.

A proof is given in Section

Remark 4. The same minimax risk as in Theorem [4] can be achieved by using data from only
one of the groups of size mg instead of aggregating across all B groups. This is because, when
using a single group, the amount of noise added to ensure differential privacy scales with my,
which is smaller than or equal to m. Consequently, the effective privacy noise is reduced, and

the overall estimation error remains comparable. While using all B groups can improve practical
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stability /performance by averaging across groups, it does not offer a theoretical advantage in

terms of the minimax rate.

Remark 5 (Clipping under stronger pathwise assumptions). If one instead has Xi(s) € HY(R),
as opposed to then Vi, s ||XZ-(S)HOo < Cq,Rr, and one may use 75 = 04v/2log N + C, g. This

changes only the clipping constant, not the convergence rate.

4 Lower bounds

As a complement to the upper bounds, we provide lower bounds, which together establish the
minimax rates for the federated learning problem; resulting in Theorems [2| and We first
present the lower bound for the independent design setting, followed by the lower bound for the

common design setting.

4.1 Lower bound for independent design

We first present the lower bound, before discussing the proof.

Theorem 5. Suppose that, for every s € [S], the sample paths of X®) belong to H*(R) almost
surely and 65log(1/ds) < ( 2e 6§D*_1) A <€2n§/4D;3/2) . Let D, solve (2). Then,

~ \ nsVms

inf  sup Byl f - f[3 2 D (15)
feMe s fEHY(R)

The full proof is given in Section [F.1]

Below, we briefly sketch the proof of Theorem [5 The challenge in proving the lower bound
stems from the heterogeneity of the servers. Essentially, for each respective server, either the
sample size, the number of design points, or the privacy constraints can form the bottleneck.

The proof involves a careful construction of a data generating process that allows us to cap-
ture these different bottlenecks for each server. From a technical standpoint, the heterogeneous
nature of the servers is captured by considering the Fisher information of the model in an appro-
priate finite-dimensional sub-model. The Fisher information tensorizes along the servers, which
allows us to provide separate information-theoretic arguments for each server.

To provide a more detailed description of the argument, we introduce the aforementioned

notions formally. Consider the 2/-dimensional sub-model given by

2L
hr=SfEHR) : f= febrk, fr € [-27HOT/ATIR o ot 1 6 (16)
k=1

where ¢ are the wavelet basis functions at resolution level L. Let i and v denote dominating

s (s) x(s) .
measures for IP’}/( " and IP’SCY X ), respectively, for f € H% ;. Define fr = (fk)iil to be the
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vector of coefficients of f in the wavelet basis. The transcript 7®) induces a “Fisher information”,

which can be computed to be equal

-
where S}/(S) is given by
YRR RN R (5) (5)
St =o 2 Do YT =D feonn(G)) | dni(C)) ; (18)
Jj=1 k=1 le[2r]

which can be seen as a “score function” of the observational model for Y®) in the sub-model
Hep - Let I}/(s) denote the Fisher information of the observational model for Y(®) in the sub-
model H, ;, which equals E$Y” Y ",

When my tends to infinity, the observational model for Y'(®) effectively contains close to the
amount of information as the observational model in which X () is directly observed. Following
this intuition, the right information quantity to consider for servers with large mg is the Fisher
information of the observational model for X () = (Xi(s))ie[ns]. Through data processing argu-
ments, we can pass to the corresponding conditional Fisher information after privatization. We
consider the following dynamics for X (%):

2L
X = f+ RN (12 - By, i€ [n), (19)

k=1
for i.i.d. Beta(8,8) random variables B,(c‘z). By symmetry, the centered variables Uk(j) =1/2—
B,(;) have mean zero and satisfy \Uéf)] < 1/2, so each x®

; takes values in a Holder ball of

radius R and has mean f. Writing S}( “ for the score of this latent X (s)_experiment in the
X(S)|T(S)

finite-dimensional submodel H% |, we let I 7 denote the corresponding conditional Fisher
information after the transcript,
XOre) X rr(s) x| )] |
Iy =E;Ef [Sf T } Ef [Sf T } . (20)
The corresponding non-private Fisher information is denoted by I ])f @ = ]EfS])f ) S;( (S>T. The

exact normalization of the X-score and its relation to the coefficient parameter are given in
Section specifically around and Lemma

The crux of the proof lies in the following lemma, which provides a lower bound on the
minimax risk by expressing it in terms of a combination of Fisher information quantities—each

capturing a different bottleneck (sample sizes, number of design points, privacy constraints).

Lemma 3. Let L € N. For each augmentation profile n = (n1,...,ns) € {Y, X}°, define

y (&) |(s)

I}MT(S) =0 ( >| ( )7 =t
X S T S

i g =x
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Then the minimaz risk inffeME,(; SUp fepa(R) Ef||f — flI3 is lower bounded by

22L

: 21)
i S| T(5) (
MNye{y, x}s SUP feng, | > le Tr(I;Z | ) + 22L(a+D)

It can be seen as a generalization of the technique introduced by [10], which allows us
to account for the situation where the observational model for Y(*) leads to nearly the same
performance for estimating f as if X(®) were observed directly. Its proof relies on a multivariate
version of the von Trees inequality of [20] and data processing arguments exploiting the Markov
chain structure f — X — V() of the model.

After combining Lemma [3] with the uniform serverwise bounds in Lemma [4] and then min-
imizing over augmentation profiles server by server, the denominator reduces to the same four

bottleneck quantities as before.

(a) In the first scenario we consider, both the privacy constraint, the limited number of ob-

servations as well the limited number of measurements affect the information that the

. . . . . )| . .
transcript 7 contains on f. This corresponds with the quantity I}/ T , which we in

turn bound by a constant multiple of o ?msn2e2.

(b) In the second scenario, the privacy constraint is relatively lenient for the s-th server, in
()| (s) s
which case the Fisher information of its transcript satisfies I}/ I~ I}/< ), the latter of

which can be computed to equal o 22Fm n,.

(¢) In the scenario that the s-th server contains relatively many measurements per individual,
the sample size ng and privacy constraint form the bottleneck for the s-th server. In this

() |17(s) . . . .
case, ;( T is the relevant quantity to consider, which we bound by a constant multiple

of 2L(2“+1)n§5§ using data processing arguments.

(d) In the last scenario, both measurements and privacy budget are no longer part of the
bottleneck, and just the (number of) X; observations locally determine information trans-
(&) |7(s) s
mitted by machine s. In this case, the I]i{ T~ I])c(( ) < 92Llatl)p
The bounds on the traces of the various Fisher information are given in the Lemma [4] below,

for which we give a proof in Section of the Supplementary Material.

nsVms

Lemma 4. Suppose that for every s € [S], dslog(1/0s) < (LegD*_l) A <5§’n§’/4D;3/2).
Then, uniformly over f € Hg 1,

y () |T(s)
)

Tr (1, < o7 %mgn2e? Tr(I}/(S)) < o7 22bmgny,

§-8?

(&) |(s) s
Tr([f I ) < 2l@atl)y2.2 Tr([f(( )) < 92let )y

Combining Lemma [3| with Lemma together with the basic data-processing bounds

() |(s) s (8)|77(s) s
Tr(I}/ I ) < Tr(I}/( )) and Tr(I;( I ) < Tr(IJ;X( )), yields a lower bound in terms of the
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resolution level L. Choosing oL — D,, where D, solves , gives the claimed rate D 20 I
this way, the independent-design lower bound is driven by whichever of the four information
bottlenecks dominates at a given server, and the overall rate emerges from aggregating these
local constraints across the federation. The full proof is given in Section

This perspective also clarifies the contrast with the common-design setting considered next.
There, the shared grid changes the structure of the relevant bottlenecks and leads to a simpler
lower-bound argument, since the discretization constraint enters in a fundamentally different

way.

4.2 Lower bound for common design

For the common design setting, we prove the following lower bound on the minimax risk.

Theorem 6. Let D, solve . Assume that the common design satisfies , that holds,
and that, for every s € [S], 051og(1/6s) < Dyte?. Then
inf sup By f - fI3 2 DI (22)
fEM, 5 fEH*(R)
The full proof is given in Section [F.2]
Below, we briefly sketch the argument, emphasizing the main distinction from the
independent-design lower bound. A detailed proof is deferred to the Supplementary Material.
In the common-design setting, the lower bound splits into two regimes. When D, = m, the rate

2@ exactly as in the classical non-private

is driven by the deterministic approximation error m™
common-design problem.
In the privacy-driven regime, we use a direct finite-dimensional submodel argument based

()

on the observed vectors Y; More precisely, we construct a D-dimensional submodel, with

D = D,, using disjoint smooth bump functions placed on a quasi-uniform common design
satisfying , and apply a multivariate van Trees inequality to this submodel. This reduces
the problem to controlling, for each server s, the Fisher information in the non-private Y-model

together with its privatized counterpart after the server-s differential-privacy channel, namely
Te(I; (YY)  and  ET(CY/(T)),

where C’gf) (T4) = E[S}/(S) | T(s)]E[S}/(S) | T)]T. The first term is of order o 2D?n,, while the
second is bounded by o;2Dn2e? via the differential-privacy data-processing argument. Opti-

mizing over D then yields the privacy-dependent part of the lower bound.

5 Numerical Study

5.1 Simulation study

We evaluate the proposed estimator in a federated privacy setting under two sampling designs for

functional data: a common design, where all individuals are observed on the same grid, and an
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independent design, where each individual is observed on an independent random grid. In both
settings, each individual ¢ has an underlying random signal f; drawn from a Holder /Besov-type
wavelet model with smoothness o = 2 and radius R = 2, and observations are contaminated with
Gaussian noise with ¢ = 1. The inferential target is the population mean function f(t) = E[f;(t)].
Performance is measured by mean squared error (MSE). We summarize a practical tuning rule
here, while fuller implementation details are deferred to Appendix [B]

Code for the simulation experiments and empirical illustration is available at https://
github.com/abhinavc3/Federated-Functional-Mean-Estimation.

In practice, the tuning is fairly simple. For the common-design estimator, the main inputs
are the working smoothness level ayyne and radius Rgyne, which determine the grouping and
smoothing scales. Our sensitivity analysis suggests that this estimator is relatively stable over
a broad range of aiune, provided Riune is not chosen excessively large. For the independent-
design estimator, one additionally chooses the clipping constant C7 tune, and the procedure is
somewhat more sensitive to under-specifying smoothness. A practical rule is therefore to choose
a moderately conservative smoothness level, erring slightly on the high side for atyne, and to
avoid overly large clipping constants. Additional implementation choices and sensitivity plots

are given in Appendix [B| and Section [B.5

Federated privacy and replication. We consider privacy budgets ¢ € {0.5,2,8} with § =
1/n?, where n denotes the per-server sample size in the given configuration. Each configuration
is repeated over 50 Monte Carlo replicates. The results can be seen in Figure [Il Throughout,
we compare the common-design (solid) and independent-design (dashed) implementations under

the same privacy budgets.

MSE versus per-server sample size n (left panel in Figure . Sweep setting. We fix
the number of servers S = 1 and the number of measurements per individual m = 64, and
vary n € {100,200, 300, 450,600}. Takeaways. As n increases, MSE decreases across all privacy
levels, and the curves are ordered by privacy strength: smaller ¢ yields larger error. Across
this range, the independent-design estimator is uniformly competitive and often substantially
more accurate than the common-design estimator, with the gap most pronounced under stronger
privacy (¢ = 0.5) this is in line with our findings of Section

MSE versus number of measurements m (middle panel in Figure . Sweep setting.
We fix S = 1 and n = 200, and vary m € {10,25,60,100}. Takeaways. For the independent
design, increasing m yields a clear reduction in MSE, consistent with improved accuracy of the
underlying projection/integration step. For the common design in moderate-to-strong privacy
the error plateaus relatively quickly as m increases, indicating a regime in which additional
within-individual measurements no longer improve accuracy because the privacy constraint be-

comes the dominant bottleneck. This qualitative behavior is consistent with Corollary [2, which
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Figure 1: Mean squared error (MSE; log scale) for the common-design (solid) and independent-
design (dashed) estimators under three privacy budgets (colors). Left: MSE versus per-server
sample size n (with S = 1 and m = 64). Middle: MSE versus number of design points m (with
S = 1and n = 200). Right: MSE versus number of servers S at fixed total sample size Sn = 512
(with m = 256).

predicts that gains from increasing m are limited once privacy-induced noise dominates.

MSE versus number of servers S (right panel in Figure . Sweep setting. We fix an
approximate total sample size Nyt = 512 and set m = 256. We vary the number of servers
S € {1,12,42,147} and set n = round(MNiot/S) so that Sn ~ Ni,. Takeaways. Holding
Sn ~ Nt fixed, increasing the number of servers leads to a pronounced degradation in accuracy
for both designs. This illustrates the practical cost of federation under privacy: splitting a fixed
number of data points across many servers reduces the per-server sample size n, which in turn
increases the magnitude of the privacy noise injected at each server and worsens downstream
estimation. The effect is strongest for small € but remains visible even at moderate privacy
budgets.

5.2 Real data example: federated estimation of mean BMI trajectories in
HRS

We illustrate the proposed federated-private independent-design procedure on longitudinal body-
mass index (BMI) measurements from the Health and Retirement Study (HRS), a biennial panel
survey of older Americans. We treat age as the design variable and BMI as the response, and
partition respondents by U.S. Census region so that each region acts as a separate server. This
yields an emulated multi-server federated setting based on regional partitions, with irregular
observation times, heterogeneous local sample sizes, and a natural population-level target: the
mean BMI trajectory as a function of age. It is also a setting where privacy is intrinsically im-

portant, since both BMI and age-at-measurement are sensitive individual-level attributes that
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respondents may reasonably wish to protect. The implementation details, including preprocess-
ing and the estimator settings used in this analysis, are given in Appendix

Figure[2)summarizes the resulting privacy-utility tradeoff. The left panel shows the estimated
mean BMI trajectory for several privacy budgets €, together with the pooled non-private bench-
mark (¢ = 00). The right panel reports the mean squared deviation of each private estimate
from that pooled non-private curve. A key qualitative feature is preserved even under privacy
constraints: the estimated mean BMI trajectory retains its non-monotone shape, increasing over
earlier ages in the observed range and declining at older ages. Thus, even in the private setting,
the estimator recovers the main trend of the BMI-age relationship rather than only a heavily
distorted version of it.

At the same time, the figure makes the privacy-utility tradeoff transparent. The strongest
privacy regime produces visible distortion relative to the pooled non-private benchmark, whereas
for moderate and large privacy budgets the private curves track the non-private trajectory
much more closely. This pattern is also reflected quantitatively in the right panel, where the
discrepancy from the pooled non-private curve decreases as € increases.

The figure also includes region-specific private curves, plotted as dotted lines, alongside the
pooled federated estimator. Taken together, the HRS example shows that one can still recover
a stable and interpretable population-level functional signal without pooling raw data across
servers.

Overall, this real-data analysis demonstrates that the proposed method is practically viable
beyond simulations. Even in an emulated multi-server longitudinal setting with irregular de-
signs and heterogeneous servers, the federated-private estimator preserves the main qualitative
trend of the mean BMI trajectory and remains reasonably close to the non-private benchmark
except under the strongest privacy constraint. This supports the use of federated private func-
tional mean estimation for population-level inference in settings where direct data pooling is not

feasible.

6 Conclusion

In this paper, we studied federated functional mean estimation under heterogeneous differential
privacy constraints. We established minimax upper and lower bounds for both the common-
design and independent-design settings, showing that the cost of privacy depends in a fundamen-
tal way on the sampling design and the heterogeneity across servers. We also proposed one-shot
private estimators that attain the optimal rates up to polylogarithmic factors and accommodate
heterogeneity in sample sizes, numbers of measurements, privacy budgets, and noise levels.
Our theoretical findings are supported by an expanded simulation study and by a real-data
illustration in an emulated multi-server federated setting based on the Health and Retirement
Study. Together, these results show that meaningful and statistically efficient functional esti-

mation is possible under federated privacy constraints, while also highlighting clear differences
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Federated estimated BMI vs Age across privacy levels MSE relative to pooled non-private benchmark
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Figure 2: HRS application. Left: estimated mean BMI trajectory as a function of age under
the federated-private independent-design estimator for several privacy budgets €, with € = co as
the pooled non-private benchmark. Right: mean squared deviation from the pooled non-private
curve versus €. The solid line is the pooled federated estimator, and the dotted lines are region-
specific estimators fit separately within each Census region; each point averages over B = 50

reruns of the privatization mechanism.

between common and independent design. Several interesting directions remain for future work,
including adaptive procedures for unknown smoothness (using ideas from [11]) and extensions

to broader privacy-constrained functional problems such as functional regression.

Data Availability

Code and data for the simulation experiments and empirical illustration are available at https:

//github.com/abhinavc3/Federated-Functional-Mean-Estimation.
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