Submitted to the Annals of Statistics

THE COST OF ADAPTATION UNDER DIFFERENTIAL PRIVACY: OPTIMAL
ADAPTIVE FEDERATED DENSITY ESTIMATION

BY T. TONY CAI"?, ABHINAV CHAKRABORTY>"? AND LASSE VUURSTEEN>*

lDepartmem of Statistics and Data Science,
The Wharton School, University of Pennsylvania, ®tcai @wharton.upenn.edu

2Departmem of Statistics,
Columbia University, 5404662 @ columbia.edu

3Department of Statistical Science,
Duke University, €lvi121 @duke.edu

Privacy-preserving data analysis has become a central challenge in mod-
ern statistics. At the same time, a long-standing goal in statistics is the devel-
opment of adaptive procedures—methods that achieve near-optimal perfor-
mance across diverse function classes without prior knowledge of underlying
smoothness or complexity. While adaptation is often achievable at no extra
cost in the classical non-private setting, this naturally raises a fundamental
question: to what extent is adaptation still possible under privacy constraints?

We address this question in the context of density estimation under fed-
erated differential privacy (FDP), a framework that encompasses both cen-
tral and local DP models. We establish sharp results that characterize the
cost of adaptation under FDP for both global and pointwise estimation, re-
vealing fundamental differences from the non-private case. We then propose
an adaptive FDP estimator that achieves explicit performance guarantees by
introducing a new noise mechanism, enabling one-shot adaptation via post-
processing. This approach strictly improves upon existing adaptive DP meth-
ods. Finally, we develop new lower bound techniques that capture the limits
of adaptive inference under privacy and may be of independent interest be-
yond this problem.

Our findings reveal a sharp contrast between private and non-private set-
tings. For global estimation, where adaptation can be achieved for free in the
classical non-private setting, we prove that under FDP an intrinsic adaptation
cost is unavoidable. For pointwise estimation, where a logarithmic penalty
is already known to arise in the non-private setting, we show that FDP in-
troduces an additional logarithmic factor, thereby compounding the cost of
adaptation. Taken together, these results provide the first rigorous characteri-
zation of the adaptive privacy-accuracy trade-off.

1. Introduction. Privacy protection has become a critical concern in modern data anal-
ysis. Differential privacy (DP), introduced by [31], provides a rigorous mathematical frame-
work that guarantees statistical analyses can be published without compromising the privacy
of individual data subjects. Many differentially private statistical methods have since been
developed, see for example [32], [1], and [33]. Among the various privacy protection frame-
works available today, DP has emerged as particularly popular both for its theoretical foun-
dations and its many applications across academic disciplines and industrial applications, see
for example [35, 51, 40], and is finding applications within major technology companies such
as Google, Amazon, Microsoft, and Apple, and governmental institutions such as the U.S.
Census Bureau. Estimation and inference under differential privacy become a major focus
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in statistics and machine learning. Rigorous studies of privacy-utility trade-offs have estab-
lished fundamental performance limits in diverse statistical settings. These include work on
estimation [60, 38, 29, 30, 54, 22, 48, 15, 61], testing [2, 7, 50, 49], classification [25] and
uncertainty quantification [42, 57].

For many complicated statistical problems, the performance of methods depends on un-
known hyperparameters, which need to be tuned to unknown underlying regularity param-
eters. This is known as the problem of adaptation. For example, high-dimensional regres-
sion procedures typically require tuning to the sparsity level, while in nonparametric regres-
sion or density estimation, the smoothness of the underlying function is often unknown and
methods must adapt to this unknown regularity. Such adaptation problems have been exten-
sively studied and are well understood in the classical non-private setting, see for example
[46, 27, 56, 47, 59, 20, 8].

In the context of differential privacy, however, adaptation poses a significant challenge and
remains poorly understood. While adaptive DP procedures have been developed for various
statistical problems -— including density estimation [10, 12, 43, 53], goodness-of-fit testing
[45, 16], classification [5], hyperparameter tuning for stochastic gradient descent [52] and
adaptation to sparsity in linear regression [62] -— all of these methods exhibit performance
gaps between the optimal non-adaptive DP rate and the rate achieved by the adaptive DP
procedure. To date, no specific adaptive lower bounds have been established to determine
whether these performance gaps are an intrinsic consequence of adaptation under differential
privacy constraints, or merely artifacts of current state-of-the-art adaptive procedures.

In this work, we address the fundamental question of adaptation under differential privacy
constraints in the context of federated nonparametric density estimation. Density estimation
serves as a canonical nonparametric problem with well-understood optimality theory in the
non-private setting, that allows us to isolate the intrinsic cost of adaptation under privacy
constraints. We consider both global risk (mean squared error) and pointwise risk, which
capture fundamentally different aspects of adaptation and exhibit distinct phenomena. More-
over, density estimation has particular relevance for privacy applications, enabling synthetic
data generation that preserves statistical properties while protecting individual privacy.

While most existing work on differential privacy focuses on either central differential
privacy (CDP), where a trusted curator holds all data, or local differential privacy (LDP),
where privacy is enforced at the individual level before data collection, our analysis uses the
more general federated differential privacy (FDP) framework. FDP distributes data across
multiple servers with privacy guarantees enforced at each server, generalizing both CDP (a
single server with multiple observations) and LDP (many servers with one observation each).
This unified framework makes our results applicable across the entire spectrum of privacy
frameworks.

1.1. Our contributions and related work. Our work addresses a critical gap in the litera-
ture by providing the first complete characterization of the fundamental cost of adaptation in
differentially private estimation. While adaptation has been extensively studied in classical
nonparametric statistics, the additional constraints imposed by differential privacy introduce
new complexities that have remained theoretically unresolved.

The main contributions of our paper are as follows:

* We establish the first sharp minimax rates for adaptive density estimation under differential
privacy constraints for both global and pointwise risk, fully characterizing the fundamental
cost of adaptation under privacy for both LDP and CDP settings.

* We develop a new privacy method that enables optimal adaptive estimation. This mecha-
nism provides DP guarantees while avoiding the variance inflation that typically plagues
adaptive DP methods, allowing us to achieve the theoretical limits.
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* We derive novel lower bound techniques that precisely quantify the fundamental cost of
adaptation under differential privacy. Our results demonstrate that this cost manifests as an
unavoidable logarithmic penalty relative to non-private adaptive estimation, resolving an
open question in the literature.

Our findings reveal fundamental differences between private and non-private adaptation.
In the classical setting, global risk adaptation can be achieved without cost, while our results
show that differential privacy introduces an inherent penalty. For pointwise risk, we show that
adaptation can incur additional costs beyond those already present in the non-private case. In
particular, this closes the open question raised by [12] and [53] on whether such log-factors
can be circumvented.

Existing work on adaptive density estimation under LDP includes methods based on
Lepski-type procedures [43, 53, 55] and a wavelet thresholding approach [10]. However,
these methods suffer from suboptimal rates because they either compute estimators for the
worst-case regularity level or maintain multiple estimators for each regularity level consid-
ered. In both cases, the required privacy noise variance scales proportionally with the num-
ber of regularity levels, leading to rate-suboptimal performance. Our noise mechanism over-
comes these limitations by carefully accounting for dependencies across different regularity
levels, allowing us to achieve optimal adaptive rates with a single pass through the data while
maintaining the same privacy guarantees.

Various minimax lower bound techniques in private settings have been developed using
modifications of classical methods, such as Fano’s inequality, Assouad’s lemma, and Le
Cam’s method [44, 4], as well as van Trees-based bounds [6, 17]. Alternative approaches,
including fingerprinting methods, tracing attack, and score attack, have also been explored in
private learning theory [34, 23, 41]. Despite these advances, none of these methods have suc-
cessfully characterized the exact cost of adaptation under differential privacy constraints. To
the best of our knowledge, our work presents the first lower bound techniques that precisely
quantifies the adaptation cost in the differentially private setting, establishing a fundamental
limit on adaptive private estimation. While our optimal adaptive procedure is one-shot, our
lower bound techniques are more broadly applicable to sequential protocols, showing that
the cost of adaptation is unavoidable even in such interactive settings.

1.2. Problem formulation. We consider a federated setting with m servers, where server

j€{1,...,m} holds n i.i.d. observations X@) = (x\V) . X)) drawn from an unknown
density f on [0, 1], yielding N = mn total samples. Each server computes a local transcript
T based on its data, and these transcripts are aggregated centrally to form estimators f or
T'. We consider two estimation objectives: global risk E ;|| f — f||3 for estimating the entire
density function, and pointwise risk E¢[(T — f(to))?] for estimating the density at a specific
point ¢ty € (0,1).

We shall assume that the true density f belongs to a Besov space By, which provides
a flexible framework capturing diverse smoothness classes including Sobolev and Holder
spaces. Loosely speaking, B, , contains functions with o derivatives, bounded in L -space,
where the parameters («, p, ¢) together control different aspects of regularity. We give a for-
mal definition of Besov spaces in Section 3.1.

Crucially, optimal estimation rates depend on these smoothness parameters, but in practice
they are unknown. The adaptive estimation challenge is to develop data driven procedures
achieve optimal performance across a range of smoothness parameters, without requiring
prior knowledge of (o, p, q).

Privacy constraints are formalized through federated differential privacy: Each server’s
transcript must satisfy differential privacy with respect to changes in its local dataset.
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DEFINITION 1.1. A distributed estimation protocol is (¢,6)-FDP if, for each server j =
1,...,m, its local transcript T\9) satisfies

]P’(T(j) eA| X0 :x> <eP (T(j) eA| X0 ::c/> + 9,

for any pair of local datasets x,x' € [0, 1}" differing in at most one observation, and for any
measurable subset A in the range of T, where the probability is over the randomness of
the local mechanism.

The parameters e > 0 and § € [0, 1) control privacy strength, with smaller values providing
stronger guarantees. The FDP framework encompasses CDP (which is recovered when m =
1) and LDP (when n = 1) as special cases. Let % and 75 denote the classes of all (,0)-
FDP protocols producing estimators in L]0, 1] and R, respectively. The FDP framework for
density estimation is illustrated in Figure 1.

(¢,6)-DP (S 8)-DP (g,6)DP
Tl TZ Tm

Central Server:
Construct the final estimator based on
the (g, &) -DP transcripts

f=FfTuTz, ., T)

FI1G 1. An illustration of federated density estimation under DP.

To understand the challenge of adaptation under privacy constraints, it is instructive to
first consider the non-adaptive case where smoothness parameters are assumed to be known.
When (a, p, q) are given, [17] established the minimax estimation rates for both risk types:

(LD inf  sup Ef”f f||2 XN et 4 (mn252) 242 = pi/ISE,NON—ADAPTIVE(a)’
feF=? repat

2v

inf  sup Ef[(T f(to)) ] =Nz 4 (mn262)72"+2 = IOI%OINT,NON—ADAPTIVE(aap)a
TeTes feBE

where v =« — 1/p and By, ’qR denotes the Besov ball of radius R > 0 intersected with the
space of probability densities on [0, 1].

For both risk types, the rate consists of a non-private term and a privacy cost that dominates
when ¢ is small. The term representing the non-private rate — which is of the form N s

— is the rate achievable when privacy is not a concern (e.g., € = 00). The second term —

which is of the form (mn2s?)” 747 - represents the additional cost of adaptation due to

privacy constraints, which becomes substantial whenever ¢ < nfﬁmm; where the
privacy cost begins to dominate the classical statistical estimation error. Notably, when a
fixed number of data points N = mn is distributed across sufficiently many servers m, the
privacy cost always dominates.
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The rates depend critically on Besov parameters « and p: smaller « (less smooth densities)
makes estimation harder. The parameter p affects the pointwise problem through v = o —
1/p. The pointwise problem is potentially more difficult than the global problem for small
values of p. For example, in the the Sobolev space BY'5, where v = o — 1/2. For Holder
smooth densities — corresponding to BY, , — v = « and the problems of global and pointwise
estimation are equally difficult in terms of a.

Since these rates and optimal procedures of [17] depend on the (in practice) unknown
parameters (a,p,q), adaptation becomes essential. This leads to a fundamental question:
When («,p,q) are unknown, to what extent can the minimax rates in (1.1) still be attained?

Our objective is to characterize the optimal rates under federated privacy constraints in the
adaptive setting, where the regularity of the underlying function is unknown. Formally, given
a collection Z of smoothness parameter values, we seek to understand for which functions
(a,p) — pgx,p;m,n,s the following adaptive minimax risks can be attained:

Efllf — /I3 Ef (T - f(to))2
inf  sup sup A= Sl and inf sup sup £ f(t0))]

. 2 . - 2 . :
FEFs (ap.g)eT fepe® Puse (G, N, €) T (ap.q)eT fefo® Prot(CP; M, M, E)

That is, we seek estimators that automatically adapt to unknown smoothness, achieving (near-
)optimal performance across all parameter values in Z. In the non-private setting, adaptation
to unknown smoothness incurs no additional cost for global risk, but pointwise estimation
pays a logarithmic penalty: the optimal adaptive rate becomes (%)%, see e.g. [13, 14].
Our central question is whether differential privacy fundamentally alters these adaptation
costs.

1.3. Organization of the paper. The remainder of this paper is organized as follows. Sec-
tion 2 presents our main theoretical results, including sharp minimax rates for both global and
pointwise risks under adaptive differential privacy constraints. Section 3 develops our opti-
mally adaptive estimation procedures, introducing the novel noise mechanism and wavelet
thresholding estimator that achieve the theoretical limits. Section 4 derives the fundamental
lower bounds that characterize the unavoidable cost of adaptation under differential privacy.
Section 5 concludes with a discussion of our findings and directions for future research.
Proofs and auxiliary results are collected in the Supplementary Material [18].

1.4. Notation, definitions and assumptions. For positive sequences ay, by, we write ax <
by, if ap, < Cby, for some universal constant C, and ay, < by, if ax < by and by, < a. We denote
ay < by when ay /b, = o(1). We use a Vb and a A b for the maximum and minimum of @ and
b, respectively. The £,-norm of v € RY is ||v||,. Throughout, ¢ and C are universal constants
that may change from line to line.

2. Main results. Our central finding is that differential privacy fundamentally alters the
cost of adaptation in nonparametric estimation. While classical statistics shows that adap-
tation to unknown smoothness can be achieved without penalty for global risk, we prove
that differential privacy introduces an unavoidable logarithmic deterioration in the privacy-
dominated regime.

This is formalized in our first main result, which characterizes the global risk when
smoothness parameters are unknown. Recall that N = mn is the total number of data points.

THEOREM 2.1. Let § < &2 /m and define

2a

e mn2€2 T 2a+2
(2.1) prise (@) = pise (@, m,m,2) = N7 27 + <log(N)> .
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Foranyp>2,q>1, amax > amin > 1/2, it holds that

(2.2) _inf sup sup Efo — f113 pyap () < 1.
FEF=? a€(amin,0max) feBL®

The theorem establishes that pﬁ,[SE () in (4.6) is the sharp adaptive rate. Comparing to the
non-adaptive rate N —2¢/(e+1) 4 (mn22)—20/(2a+2) adaptation introduces the logarithmic
factor log IV in the denominator of the privacy term, making the privacy cost strictly worse.
This penalty is unavoidable: no estimator can achieve better than constant normalized risk
across smoothness levels in any interval (Qmin, max)-

The result follows from matching upper and lower bounds. The lower bound is established
in Section 4, while our constructive upper bound (Theorem 3.1 in Section 3) provides an
explicit (£,0)-FDP estimator that achieves the rate in (4.6). This demonstrates that the larger
class of (g,9)-FDP protocols offers no improvement over § = 0 protocols for the adaptive
problem.

Our second main result characterizes the pointwise estimation problem, for which the
situation is more complex than the global case. Even in the non-private setting, adaptation
to unknown smoothness incurs a logarithmic penalty, yielding the rate (log N/N )2”/ (2v+1)
compared to the non-adaptive rate N —2v/(2v+1)  Under differential privacy, this adaptation
cost is either ‘equal’ or compounded by additional logarithmic deterioration in the privacy-
dominated regime, depending on the number of servers m in relation to the total number of
samples V.

Our characterization, formally given in the theorem below, shows that the sharp adaptive
rate for pointwise estimation is given by:

2v 2v

N - mn2€2 T 242
(2.3) pgom(u) := promt(Vsm,n,€) = <10gN> * ( LN ) ’

)

where v =« — 1/p and

log? N . <
2.4) Loy = {m if m <log N,

log N if m >logN.

Compared to the non-adaptive pointwise rate N —2¥/(2v+1) 1 (mn252)_2”/ (2v+2) "adapta-
tion introduces logarithmic penalties in both terms: log N appears in the denominator of the
first term (extending the non-private adaptation cost), while L,,, - creates additional deterio-
ration in the privacy term that depends on the server configuration.

THEOREM 2.2. Let § < ¢/(NlogN). Consider any collection T C (0,00)? with o —
1/p>1/2 forall (a,p) € T and (o, p), (¢, p') € T such that « — 1/p > o' — 1/p/.
It holds that

_inf  sup sup Ef(T - f(tO))2 pP_O2INT(a -1/p)=<1.
TeT=? (ap)ET feBy

Contrasting the above theorem with Theorem 2.1 reveals a fundamental difference be-
tween global and pointwise adaptation under privacy. While global risk suffers only from the
logarithmic deterioration in the privacy term, pointwise estimation incurs logarithmic penal-
ties in both the statistical and privacy components. The factor L,,, x captures an interesting
elbow-effect: when m <log IV (few servers), the privacy cost degrades by an additional log-
arithmic factor, but when m > log IV (many servers), this extra penalty disappears. In partic-
ular, this implies that the adaptation cost for the pointwise problem under LDP is (in relative
terms) less severe than for the CDP setting, as highlighted in Corollaries 2.1 and 2.2 below.
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As with the global risk case, this result follows from matching upper and lower bounds
established in Sections 3 and 4, showing that the rate in (2.3) is both necessary and achievable.
Furthermore, also the pointwise adaptive rate remains valid for the larger class of chained
sequentially interactive DP protocols, eventhough the rate is attained by a one-shot (e, 0)-
FDP protocol.

2.1. Special cases: Central and local differential privacy. Our general federated frame-
work encompasses the classical central and local DP settings as special cases. To better un-
derstand the implications of our results for each of these respective extremes of the federated
spectrum, we now examine them separately, which reveal different behaviors for the cost of
adaptation.

The first corollary considers the cost of adaptation in the CDP setting, where a single
trusted server holds all N samples.

COROLLARY 2.1. Consider the CDP setting, where a single server holds all n = N
samples (m =1). Let § < /(N log N).
It holds that

(2.5)
r 20 -1
. s [NZ%2\ m
Cinf sup sup Ef|f— fl3 | N 21 + ( < > =1,
FEFS a€(aumintmax) FEBLE I log N

2v

2 -1

. N \ =1 N2g2 \ "2z

(2.6) inf sup sup Ep(T — f(tg))? ( ) + () =1,
TeTes (o,p)ET fEB_;q[i f IOgN 10g2N

for any oumax > omin > 0 and collection I C (0,00)? for which there exists (a,p), (o, p') €
T suchthat « — 1/p# o’ —1/p' and o« — 1/p > 1/2 for all (o, p) € L.

In the central case, adaptation costs manifest as an additional logarithmic factor in the de-
nominator of privacy term, while the non-private adaptive statistical rates remain unchanged.
Specifically, in the regime where privacy dominates, the minimax global risk incurs a log-
arithmic penalty relative to the non-adaptive private rate, while the pointwise risk suffers
logarithmic penalties in both the statistical and privacy components, but the private penalty
is a squared logarithm.

Turning to the other extreme of the federated framework: LDP, where each server holds a
single observation. We have the following corollary characterizing the cost of adaptation in
this setting.

COROLLARY 2.2. Consider the LDP setting (n = 1 sample per server and m = N total
servers). Let 6 < /(N log N).
The adaptation risks satisfy

R Ne2 \ a2
2.7 _inf sup sup Ef||f — fH% < c ) =1,
fe]:s,& Oée(amirnamax) feggqu IOgN
- 2 N€2 ﬁ
(2.8) Jinf  sup  sup Ef(T — f(to)) < ) =1,
TET* (a,p)eT feBeF log N

for any cumax > amin > 0 and collection I C (0,00)? for which there exists (a,p), (o, p') €
T suchthata—1/p#do —1/p and a« — 1/p > 1/2 for all (o, p) € T.
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In the case of LDP, the privacy constraints are so stringent that they completely dominate
the estimation error, eliminating the non-private rate terms entirely, as was found in e.g. [17].
However, regarding adaptation costs, we observe another striking asymmetry when compar-
ing to the CDP case: for pointwise risk, the adaptation cost matches that of the non-private
case with no additional privacy-induced penalty. This behavior contrasts sharply with the
central case, where privacy consistently worsens adaptation costs for both risk types.

The relative adaptation costs — measured as the factor by which rates deteriorate compared
to their non-adaptive private counterparts — are thus less severe under LDP than CDP, de-
spite LDP yielding uniformly worse absolute rates. This counterintuitive phenomenon arises
from the distributed nature of local privacy mechanisms. To sketch an intuition for why this
happens: DP procedures add some form of noise to (some statistic of) the data. To ensure
DP, the noise needs to be, in an appropriate sense, ‘sufficiently heavy-tailed’. When adapting
to unknown smoothness, each of the m servers can add independent noise to its transcript.
Aggregating these m noisy transcripts effectively produces a distribution for the ‘aggregated
noise’ with lighter tails than the original noise distributions. This improved tail behavior can
be exploited to obtain a performance gain when methods have to be adaptive. We note that
this gain is relative to the otherwise more severe privacy costs inherent to the LDP model. In
contrast, the CDP setting offers no such aggregation benefits. All IV samples are held by a
single server, and the privacy noise added to the transcript cannot be averaged across multiple
sources. This forces CDP mechanisms to either accept heavier-tailed noise or maintain lighter
tails at the cost of increased variance, both of which exacerbate adaptation costs relative to
the local setting.

3. Optimally adaptive and differentially private procedures. In this section, we de-
velop a differentially private estimator that achieves the optimal adaptive rate established in
Theorems 2.1 and 2.2. We begin by introducing the Besov space framework and the wavelet
thresholding estimator, which is a standard technique for adaptive estimation in non-private
settings. We then describe the limitations of the Laplace and Gaussian mechanisms for thresh-
olding in the private setting, motivating the need for a novel noise distribution that balances
tail decay and sensitivity in an optimal way. This novel noise distribution and the correspond-
ing optimal thresholding estimator is then introduced in Section 3.3. In order to contextualize
the method properly, we start with a recap introducing wavelet estimation in Besov space in
Section 3.1 and cover private estimation when smoothness is known in Section 3.2.

3.1. Wavelet thresholding for estimation in Besov space. We start by giving a formal
definition of a Besov space. For a function f € L,[0,1], the K-th order difference op-
erator AgK) with step size h > 0 and integer K > o maps f to a function that equals

Zfzo(—l)K_k(ka)f(t + kh) when t € [0,1 — Kh] and zero elsewhere. The Besov space
By, is defined as the set of all f € Ly[0, 1] such that the Besov norm, defined as

—ap A F) ¢ 1/q .
G [l e 1T ([0 (J;H)p] ) if g < o0,
1f1lp + suppso ™AL fllp if ¢ = o0,

is finite. Loosely speaking, o measures the degree of smoothness and 2 < p < oo and 1 <
q < oo specify the norm used to measure the size of its derivatives. Besov spaces contain
many important function classes, such as the Sobolev spaces (p = ¢ = 2), the Holder spaces
(p = g = 00) and the space of functions with bounded variation.

Wavelets are known to have many favourable properties when using them for function
estimation in classical settings, see for example [28, 37, 13]. Under DP constraints, wavelet
constructions have other desirable properties: they allow for exact control of the estimator’s
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sensitivity to changes in the data. Loosely speaking, this allows us to control the “influence”
each individual observation has on the outcome of the estimator, whilst retaining the infor-
mation the full sample has to a large extent.

Consider compactly supported, A-regular wavelets. Wavelet bases allow characterization
of Besov spaces, with «, p, and g capturing the decay of wavelet coefficients.

Following the Daubechies’ construction, for any A € N one can obtain an A-regular ‘fa-
ther” wavelet ¢(-) with support on [0,2A — 1], and a ‘mother’ ¢(-) wavelet with A vanishing
moments and support on [—A + 1, A]. We refer to [26] for details. The basis functions are
then obtained as dilations and translations of these functions:

{fr i r€{1,...200, 1>1p, ke{l,..,2}},

with 1y, (x) = 222"z — k), and ¢y () = 2%/2¢(2%z — k). For a large enough primary
resolution level /o and appropriate treatment of the boundary, the wavelet basis forms an
orthonormal basis of Ly[0, 1]. Hence, any function f € L2[0, 1] can be represented as

2'o oo 2

3.2) F=" fordu+ DD fint,
k=1

I=lp k=1

where for := [ f(z)du(x)dz and fi, == [ f(z)Yu(z)dx are the wavelet coefficients.
Roughly speaking, the part of the wavelet decomposition corresponding to ¢;, approximates
the ‘low-frequency’ or ‘global’ part of the function, while the part corresponding to v cap-
tures the ‘high-frequency’ or ‘local’ part. .

We describe non-private wavelet based estimation first. Define fo, = N -1 vazl o1 (X5)

and fi = N1 Zf\i 1 Yie(X3). A truncated wavelet estimator f is then defined as follows:

2t

L 2
FO = foede®)+> > futbw(t).
k=1

I=lo k=1

It is a common knowledge that the above estimator achieves the non-private minimax rate for
the global risk if L is chosen as L = [1/(2a + 1)log(NN)], which requires knowledge of c.
Similarly, for the pointwise risk, the estimator f (to) achieves the minimax rate if L is chosen
as L =[1/(2v + 1)log(NN)], requireing knowledge of both « and p.

In the non-private setting with o and p unknown, a successful approach to constructing rate
optimal adaptive estimators is through wavelet thresholding. Here, the wavelet coefficients
are grouped together in blocks and thresholded at an appropriate level.

More specifically, consider blocks By; =k : jb; < k < (j + 1)b; with b; € N such that the
By;’s partition 1,.. L2 forje Jp:=1,...,1 A (2!/b;) and b; an integer such that 2! /b; € N.
Consider the b;-block soft-thresholding operator n? : R” — R™ defined as

.
(3.3) 2 (y) = <1 - > v,

lyll2/
and write v;p,, = (vix)rep,, for the elements of a vector v = {vy, : 1 = 1,...,L* k =

1,..., 21} in the block B;;. Wavelet (block) soft-thresholding estimators are of the form

2o

L*
(3.4) ) = Z for dr(t) + Z Z (Y1, (t))T ! <le]> :
k=1

=l je

For b; = 1 for all [, this corresponds to term-by-term thresholding estimator of [28], and
are known to be minimax adaptive for the pointwise risk [14] for the choice of threshold
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T =+/2log(N)/N. For the global risk, block thresholding with b; < log(/N) is known to be
minimax adaptive [13].

The idea behind thresholding, is that the wavelet coefficients decay at a rate that de-
pends on the smoothness of the function. By thresholding the estimated wavelet coefficients,
roughly speaking, one can remove the coefficient estimates that are dominated by noise,
and retain the large coefficients, for which the coefficient estimates surpass the threshold.
In addition, by grouping the coefficients in blocks, a borrowing strength effect is achieved,
which allows for optimal performance in the global risk. We note that for pointwise risk, such
grouping in blocks is not needed [13, 14].

3.2. Optimal FDP wavelet estimators when smoothness is known. When the smoothness
parameters « and p are known, optimal private density estimation under federated differential
privacy can be achieved using the Laplace mechanism applied to wavelet coefficients, by
using truncated wavelet estimator approach (without a thresholding step). In the FDP setting,

each server j =1,...,m computes empirical wavelet coefficients from its local data X () =
x9 xP):
) 1 & . ) 1 & .
(3.5) o) = - > or(x7), fi) = - > Yir(X),
i=1 i=1

forr=1,...,2% and (I,k) withlg <1< L, k=1,...,2".

Each server then adds calibrated Laplace noise to its local coefficients before transmitting
them to the aggregator. The noise scale is determined by the Li-sensitivity of the wavelet
coefficients: the maximum change in L;-norm when altering one observation. For compactly
supported, A-regular wavelets, this sensitivity is bounded by C(M,ZL/ 2 /n for some wavelet-
dependent constant ¢y, > 0. Server j transmits the noisy transcript:

(3.6) T(j):{féi)+W§ﬁ), P w21, 2h < i< L, k:1,...,2l},

where Wéi), VVl(k]) ~ Laplace(c¢’¢2l/ 2 /(ne)) are independent. The final estimator aggregates
these noisy transcripts:

2% m L 2 m
R R 1 . R 1 .
G @) =3 ot D W o+ D03 | Fut — D Wi | ().
r=1 j=1 I=ly k=1 j=1

With appropriate choice of truncation level L (again depending on the smoothness), this
(¢,0)-FDP estimator achieves the optimal non-adaptive rates established in [17].

However, similarly to the non-private setting, this approach fails when smoothness is un-
known. Adaptive estimation requires data-driven selection of the truncation level L, typically
through thresholding of the aggregated noisy coefficients. Naively applying soft-thresholding
to the Laplace noise-peturbed aggregated coefficients leads to suboptimal performance. Even
sophisticated approaches such as the L;-norm rescaling methods of [10] achieve suboptimal
rates.

The fundamental issue, loosely speaking, lies in the fact that current privacy mechanisms
do not account for dependencies present across the resolution levels. Privacy mechanisms
such as the Laplace mechanism add effectively independent noise to each wavelet coeffi-
cient. However, this independent treatment ignores the joint structure present in the wavelet
coefficients. The resulting noise, while individually calibrated, creates an unfavorable trade-
off between variance and tail behavior, hampering the concentration properties essential for
adaptive procedures such as thresholding.

To achieve optimal adaptive rates under FDP constraints, we introduce a novel noise mech-
anism that accounts for dependence accross resolution levels, whilst aiming at optimal tail
decay to facilitate thresholding.
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3.3. Private thresholding: finding the right noise geometry. The oracle inequality for
soft-thresholding reveals why standard privacy mechanisms struggle with adaptive estima-
tion.

We motivate the choice of noise distribution by considering the following oracle inequality
for the (block) soft-thresholding error. For a proof, see [24], Lemma 6.

LEMMA 3.1. Consider f € RY a random vector Z taking values in Re and let Y =
[+ Z. Let n : R? — R? be the soft-thresholding operator for threshold T > 0. Then,

(3.8) E|n(Y) — f113 < min{[|f[|3, 47} +4E|| Z|31{|| Z]|2 > 7}.

The oracle inequality decomposes the thresholding error into bias and variance compo-
nents. The term min{ || f||3, 472} represents a bias-variance trade-off: smaller thresholds 7 re-
duce bias for small signals but increase sensitivity to noise. The tail term 4E|| Z||31{|| Z||2 >
7} heavily depends on the noise distribution of Z, in particular its tail decay around the
threshold 7. Ignoring the presence of statistical noise, this term captures the contribution of
privacy noise to the thresholding error.

For optimal thresholding, we want the smallest possible threshold 7 such that the tail term
remains controlled. This requires noise Z with two key properties: (1) variance scaling ap-
propriately with the sensitivity of the underlying statistic, and (2) rapid tail decay to ensure
P(]|Z||2 > 7) decreases quickly as 7 increases. Standard privacy mechanisms fail to achieve
both properties simultaneously. The Laplace mechanism does not achieve this balance (even
after applying sophisticated rescaling techniques as in [10]), and while the Gaussian mech-
anism has good tail decay properties, it requires larger variance to achieve the same privacy
guarantees for small values of 4.

Our solution is based on using a carefully designed norm that exploits the multiscale struc-
ture of wavelets, and employing the exponential mechanism with respect to that norm, akin
to the K-norm mechanism of [39]. This approach allows us to achieve the desired balance
between sensitivity and tail decay.

Define the oscillation of a function g € L2[0, 1] as osc(g) := supy¢o,1) 9(t) —infycpo 1 9(¢).
The multiscale-oscillation norm of the wavelet coefficient vectors is defined as

(3.9) [ullv, = sup < > uwﬁ/}uﬁg> ;
( L

gespan{yx:(1,k)eVL}
osc(g)<1 LE)EVL (0,1]

where for lo, L € N, Vp = {(L,k) : L =1lo,...,L, k=1,...,2'}. Let s, = >/, 2'. This

norm has the crucial property that its sensitivity with respect to changing one data point is
exactly 1/n, independent of the resolution levels considered.

LEMMA 3.2.  For any datasets x,x' € [0,1])" that differ in at most one coordinate, say
x; # x}, and let A, 5 denote the coordinate-wise difference of the corresponding empirical
wavelet coefficients in (3.5). In multi-scale-oscillation norm it satisfies the following bound:

1

||Ax,z’ %3 S E

PROOF. Let fa denote the inverse wavelet transform of the vector A, . We compute

[rav®

vo = sup  [(fa,9)pe]-
gé€span{tx }
osc(g)<1
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Consider the reproducing kernel Kp(s,t) = 3 p)ev, Yu(s)w(t), such that for g €
span{vy, : (I, k) € V. }, it holds that

Z Yk (s) Vi, 9) g2 = (KL(8,),9) 12 -

(Lk)eVy

By linearity of the integral,

1 1

(fa,9) 2= n/ > Wnli) — () (t) | g(t) dt
O \kevs
1 1 )
= I [<KL($i7’)vg> <KL : 9>L2] = " [9(951') - 9(%’)] .

As [g(z;) — g(z})| < osc(g) < 1, it follows that | Ay 4[|y, < 1. O

The multiscale-oscillation norm can be used to generate noise through the exponential

mechanism: V) = (Vlgj ))17;C with density proportional to the map v — exp(—en/||v||v,).
This yields noisy coefficients

(3.10) TP =iV (k) e,

that are (e, 0)-differentially private. Averaging these noisy coefficients across servers yields
a private estimate of the wavelet coefficients:

1 &L R _
w_ - T(J): \VA
- § . = Jue + Vi,

J=1

where Vi, = m™! 27:1 Vlg ). As with thresholding in the non-private case, we choose a a
sufficiently large truncation level L* = [log(NN)], and then apply (block) soft-thresholding
to the wavelet coefficients as a post-processing step to obtain the final estimator. This final
post-processing differs depending on whether we consider pointwise or global risk.

3.3.1. Adaptive global risk post-processing step. For global risk estimation, we employ
block thresholding to leverage borrowing-of-strength effects across wavelet coefficients. We
partition the coefficients at each resolution level [ into blocks Bj; = {k : jb; <k < (j+1)b;}
forj € J;:={1,...,[2!/b;]}, where b; is the integer closest to [log N such that 2! /b; is an
integer.

The adaptive estimator applies soft-thresholding to each block of noisy wavelet coeffi-
cients:

2o

(3.11) FETPV (@) = oV ee(t) + Z Z Yig, () 117 ( lBL]>
r=1

where ¥y5,(t) = (Y (t))rep, and f53 = ( FEWVken,, denotes the vector of aggregated
noisy coefficients in block B;;.

What remains is to choose thresholds that balance bias and variance for both statistical and
privacy noise. We set:

log N 2l log? N
(3.12) n:\/m 08 | 28

N mn2e? ’
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where k1, k2 > 0 are wavelet-dependent constants. The first term corresponds to the statisti-
cal noise threshold, while the second term accounts for the privacy noise, with the additional
log N factor reflecting the adaptation cost.

The threshold choice is motivated by the following tight tailbound for our multiscale-
oscillation noise mechanism.

LEMMA 3.3. Let Vi, = %Z;’;l Vlgj) be the aggregated privacy noise and VZB]. =
(Vllc)lceBlj- For sufficiently large k >0 and all | € {ly,...,L*}, j € J,,

2l/2y, }<C 2lp? b

mn2e2

BN, 131 { i, 2 > n 2.

for a constant C > 0.

The exponential decay in the block size b; shown in Lemma 3.3 is crucial for controlling
the tail term in the oracle inequality and enables the use of small thresholds necessary for
optimal adaptation.

Analysis of the multiscale-oscillation noise is considerably more complex than for stan-
dard Laplace or Gaussian noise. An important step in the analysis is that the multiscale-
oscillation noise mechanism admits a tractable decomposition as a Gamma-distributed ‘ra-
dius’ and a uniformly distributed ‘direction’ on the norm’s unit ball:

. N , 1 ;
Vi Yamev,. £ DOV, D<J>~r<sL*+1,m>, U9~ ({u: [lully,. <13),

where sp- = ZIL:*ZO 2! is the total number of detail coefficients, see e.g. [39]. Exploiting this

decomposition, the analysis of the tail behavior boils down to of the averaged Ul%)j' This
is possible by combining stochastic domination arguments where we compare with more
tractable uniform distributions on convex compacts. Complete technical details of this anal-
ysis are provided in Section A.1 in the Supplementary Material.

Combining the oracle inequality with the exponential tail bounds yields the following

performance guarantee for our estimator.

THEOREM 3.1.  Forany a,p,qwith0 < a < A, p>2, and q > 1,

A _ 2a ]ogN 25%
sup EfoBTPW N f”% S N 2a+1 4 ( 5 2) .
f€B;7q(R) mn-<e

Since the estimator is a post-processing of an (¢,0)-FDP protocol, it inherits the same
privacy guarantee. The theorem shows that the estimator achieves the optimal adaptive rate
for the global risk simultaneously over all Besov spaces By, (R) with 0 < a < A, p > 2 and
q > 1. Taking A large enough, we see that the estimator attains the optimal adaptive rate of
Theorem 2.1. We defer the proof to Section A.2 of the Supplementary Material.

REMARK 3.1. As an alternative to soft-thresholding, one can consider the hard-
thresholding operator. The estimator is then given by

2lo

B
G13) V=S e )+ 30 Y VIR e = n | el (O
r=1

I=ly jET

A similar proof yields the same upper bound as in Theorem 3.1.
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3.3.2. Adaptive pointwise risk estimation. For pointwise risk with unknown « and p, we
use term-by-term thresholding (setting b; = 1 for all /). While block thresholding can achieve
optimal adaptive pointwise rates in the non-private setting [13], term-by-term thresholding
offers superior performance under the multiscale-oscillation norm privacy mechanism. We
expand on the reason for this below, in Remark 3.2.

The pointwise estimator is given by

2o L 2!
(3.14) FIV (o) = FEN or(to) + 0D (FRY) unto),
r=1 =1y k=1

where 7, (-) denotes the soft-thresholding operator applied coordinate-wise.
The pointwise setting requires different threshold calibration. We set:

log N 20
(3.15) Tl:\//ihp fv + gy Y

mn2e2’

where k14, K2y > 0 are constants depending on the choise of wavelets and

[ log(N), m >log(N),
N M, m < log(N).

m

The factor L, y captures how server distribution affects noise tail behavior around
the threshold. When m > log IV, averaging across many servers transforms the tail decay
from sub-exponential (for individual servers) to sub-Gaussian rates, reducing the adaptation
penalty from up to log? N to log N. When m < log N, averaging effects are insufficient and
the sub-exponential tails necessitate larger thresholds. This is captured by the following tail
bound for the pointwise setting, for which we defer its proof to Section A.1 of the Supple-
mentary Material.

LEMMA 3.4. Consider Vj, = - > i Vlg) for (I,k) € V. For all 1 € {ly,...,L*},

k=1,....2  andt > co 2,
_ _ 2! t2n%e? tne
2 2 i —
BV Vi 203 5 (t Hngz) o (‘Clmmm{%’%/“’})

for constants cg,c1 > 0.

The next theorem confirms that the pointwise estimator achieves optimal adaptive rates.
Its proof follows by the oracle inequality in Lemma 3.1 (applied with d = 1) combined with
the tail bound in Lemma 3.4, and is provided in Section A.2.

THEOREM 3.2. Let to € (0,1) be given and consider the estimator T := fTT°W (t4). For
any p € [2,00], ¢ € [1,00], and o such that v .=« — 1/p > 1/2 and « < A, it holds that

2v

. log N\ #1  ( Lyn \ 75
s BT~ fof 5 (50 )+ ()
feBs (R) d N mn2e?

The theorem confirms that pointwise adaptive estimation incurs logarithmic penalties in
both the statistical term (changing N~2*/(?**+1) to (N/log N)~2¥/(»+1) as in the non-
private setting) and the privacy term (through L., n).

REMARK 3.2.  When m =1 (the CDP setting), the plug-in block thresholding estima-
tor fBTPW(¢,) performs equally well as the term-by-term approach, since averaging across
machines provides no reduction in the heaviness of the tails of the privacy noise.
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4. Deriving the adaptation lower bounds. This section establishes fundamental lower
bounds that characterize the unavoidable cost of adaptation under differential privacy con-
straints. We prove that any differentially private estimator must pay additional logarithmic
penalties beyond the classical non-private adaptation cost, and this penalty is inherent to the
privacy requirement rather than an artifact of any particular estimation procedure.

Our analysis separates the pointwise and global estimation settings, which each exhibit
different behavior and require different proof strategies. The pointwise case, treated in Sec-
tion 4.1, requires novel modifications to classical constrained risk inequality techniques. The
global case, covered in Section 4.2, is proven through a dimension-free Fisher information
bound that captures the interaction between adaptation and privacy across multiple regularity
levels.

Our impossibility results extend beyond the one-shot FDP protocols used in our upper
bounds. The lower bounds apply to sequential protocols, which are known to show improve-
ment in certain LDP settings (see e.g. [3, 12, 11] and references therein). In sequential proto-
cols, servers communicate in a single round through a chain (server j sends to server j + 1,
who sends to server j + 2, etc.), allowing each server to condition on message from a pre-
vious server. Hence, our lower bounds demonstrate that the logarithmic adaptation penalties
are fundamental limitations that cannot be circumvented even when servers can leverage in-
formation from earlier steps in the communication chain.

For completeness, we formalize the sequential FDP setting below: servers communicate
in a chain where server j receives message 7V—1) from the previous server and computes
T based on its local data X () and the received message. Each step must satisfy local
differential privacy with respect to the server’s own data.

DEFINITION 4.1 (Sequential FDP). A sequential distributed protocol is (¢,6)-FDP if
each server j’s transcript T, conditioned on any fixed input TU-1 = ¢ satisfies: for
datasets x,x’ € [0,1]" differing in one observation,

P (T(j) € A| XU =z, 70D = t) <P (T(j) e A| X =g/ TU-D = t) +3.

We note that, unlike previous work, we do not require the conditional distributions of
the transcripts to be dominated. This condition, which mandates that the distribution of the
current transcript—conditional on the data and all previous transcripts—be dominated by a
reference measure for every possible realization of the conditioning variables, is typically
assumed in the literature studying global risk metrics (e.g. Ly-error) [6, 17, 61], either ex-
plicitly or implicitly by restricting the transcript space to take values in a countable space. In
Section B.1.1, we demonstrate that our lower bound techniques remain valid without these
restrictive assumptions.

In the remainder of this section, for pointwise risk, let 7 (¢,d) include sequential (e, ¢)-
FDP protocols, and let F (e, ) denote the corresponding class for global risk. We note that
this forms a strictly larger class than the one-shot protocols considered in Definition 1.1.

4.1. Adaptation lower bound for pointwise estimation. Our approach builds upon the
classical constrained risk inequality line of thought developed in [9], which establishes adap-
tation costs by showing that improved performance at one function necessarily creates worse
performance elsewhere in the parameter space.

Differential privacy fundamentally alters such an analysis in two important ways. First,
privacy constraints limit the distinguishability between probability measures, making total
variation distance a natural distance to capture distinguishability, as observed by for example
[54]. Second, the standard change-of-measure techniques used in classical proofs must be
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replaced with privacy-specific methods that capture how the randomness introduced by the
privacy mechanism affects distinguishability.

Our key technical contribution is the a constrained risk inequality for federated differential
privacy, which we derive in a general setting in Section 4.1.1, in the form of Lemma 4.1. This
lemma has general consequences for super-efficient private estimation which might be of
independent interest (see for an illustration Example 4.1). The lower bound on the pointwise
risk is established in Section 4.1.2 by combining Lemma 4.1 with arguments specific to the
adaptive setting.

4.1.1. A differentially private constrained risk inequality. We formalize the super-
efficiency trade-off between differential privacy and risk in the following lemma, which we
state here in the simpler (¢,0)-FDP case. The general (£, 0)-FDP version appears in Section
B.2 of the Supplementary Material, together with its proof.

LEMMA 4.1. Consider a model {Py : f € ©} on (X, Z") indexed by a semi-metric
space (©,d), and f,g € © such that d(f,g) > A for some A > 0. Consider servers j =

1,...,m each with i.i.d. samples X}j), e ,Xq(lj) with distribution Py, for h € ©.
Ifan (£,0)-FDP estimation protocol T on the basis of (X Z-(J ))i;lm satisfies

n
Es d(T, f)? <~2A%  for some ~ >0,

then

Eg d(T7 9)2 Z

A2
Ve [1—2exp (m(zA&?) +logy)],

where & = 6nel|| Py — Py||zv.

The lemma captures the fundamental trade-off imposed by differential privacy: when an
estimator achieves risk v>A? under P; (where 7 quantifies the improvement factor at f),
its performance under the alternative measure P, degrades necessarily; unless the privacy
constraint is weak (large €) or the measures are far apart in total variation. This degradation
is proportional to the logarithm of the improvement factor ~.

The lemma hence establishes a private version of a constraint risk inequality: it states
that super-efficiency at a particular point in the parameter space comes at a cost in terms
of increased risk at other points in the parameter space. We exemplify this in the following
simple example.

EXAMPLE 4.1. Consider (e, 0)-differentially private estimation of a population propor-

tion p over a neighborhood of 1/2, on the basis of observations Yl(J ), ey Y, i Ber(p)
for j =1,...,m, where €, m,n are allowed to have the asymptotics as introduced in Sec-
tion 1.2. The minimax rate for the problem is easy to derive: after adding Laplace noise,
the server averages can be privately communicated, where averaging over the servers results
in an (g,0)-FDP estimator attaining the rate (mn)~! + (mn2c?)~!. Known techniques (for
instance, via Lemma 4.1) yield a matching lower bound, confirming the optimality of this
rate.

However, Lemma 4.1 provides a more nuanced insight: it demonstrates that super-
efficiency at a single point incurs a penalty elsewhere. To illustrate this, consider T to be
an (g,0)-FDP estimator that is super-efficient at p = 1/2; meaning that El/Q\T —1/22 <

(mn2e?)=% + (mn)~C for some C' > 1 (we construct such an estimator in Section B.2.4 of
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the Supplementary Material). Lemma 4.1 then implies that for any fixed neighborhood B of
1/2,

. L
sup E,|T —pf? >~ (1 - 2e*clog<N>>
peB mn-e

for some constant ¢ > 0, where L,, y is the elbow-effect factor from (2.4). To see this, one
can apply the lemma with p, ,, - = 1/2 + ¢/\/ Ly, v /(mn?e?) for sufficiently small ¢/ > 0,
noting that the total variation distance between Ber(1/2) and Ber(py, n ) scales as |py, nc —
1/2].

This example shows that super-efficient estimators performs worse than the minimax rate
by a logarithmic factor L,, y over the neighborhood B. Crucially, this it mirrors the elbow
effect inherent to adaptation under federated privacy constraints: the elbow effect in super-
efficiency penalties manifest differently across the privacy spectrum from central to local
models. For CDP (m = 1), the penalty is log? N, whereas for LDP (n = 1), it is only log N.

Armed with Lemma 4.1, we proceed with the lower bound for the pointwise risk.

4.1.2. The pointwise risk lower bound. Theorem 4.1 below provides a fundamental
super-efficiency lower bound for pointwise density estimation under differential privacy that.
Corollary 4.1 distills the result to the adaptive setting, which combined with the upper bound
in Theorem 3.2, precisely characterizes the unavoidable cost of adaptation. It generalizes the
lower bound result stated earlier in Theorem 2.2 and provides the technical foundation for
understanding why the additional logarithmic adaptation penalty is inherent to the privacy
constraint.

THEOREM 4.1. Let m,n € N and N := mn. Fix a sequence Ay > e and an (¢,9)-FDP
estimator T" with

(4.1) § < —°

mnAy’
Suppose there exists fo € By ,(R") with R' < R and fo(to) > 0 such that

- 2 1 2y 20
(4.2) Eyg (T = folt S —— N 2V mn2e?) 2z L = o(1).
w (7= o) < -4 (mn?e?) 755 § = o(1)
Then,
~ 2 N - 2311 an 2\ — 23:-2
4.3) sup Eq(T — f(to pe < > vV ( > ,
el O o

where L,, N :=log An <1 V %).

We highlight that the theorem is a consequence of Lemma 4.1, combined with arguments
specific to the nonparametric setting which we postpone to Section B.2 of the Supplementary
Material. The theorem establishes that any differentially private estimator that performs well
at a specific function fy (better than the minimax rate by a factor of Ax) must necessarily
perform worse on some other functions in the Besov ball. The better the performance at fj,
the worse the performance on other functions, where the loss is a logarithmic factor in Ap.

The fundamental trade-off posed by Theorem 4.1 has direct implications for adaptation
across smoothness classes. Consider an estimator that achieves near-optimal rates for func-
tions in a smoother Besov class By . Since such an estimator necessarily performs much
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better than the minimax rate on functions that lie in the interior of a less smooth class B;‘,: 7
(corresponding to a large improvement factor Ay ), Theorem 4.1 implies it must pay a log-
arithmic penalty when estimating other functions in the less smooth class. This adaptivity
trade-off is formalized in the following corollary, which shows that achieving optimal rates up
to a polylogarithmic factor for one smoothness class forces a logarithmic adaptation penalty
when estimating functions from any less smooth class.

COROLLARY 4.1.  Consider an estimator T € T for § < /log(N) in the federated
setting with N = mmn total samples across m servers. Suppose that, for some («,p,q) such

that v:=« —1/p>1/2 and g € By it holds that

mn2e?

Then, for any (¢, p’,q’) such that v' := o/ — 1/p’ < v, we have that

20/

~ N 723;/1 2.2\ T2tz
(4.5) sup Ep(T— f(to))* 2 ( ) Tt (m” - ) ,
feBe log N LN

where Ly, n is as defined in (2.4).

REMARK 4.1. Corollary 4.1 shows that the cost of adaptation is at least log N in the case
of the Besov classes B, | and B2 = with oy —1 /p > ag —1/p. Under DP, the phenomenon
of pointwise adaptive estimation where one can ‘trade-off’ regularity versus integrability of
derivatives remains like in the non-private case (see Theorem 1 of [14]): Whenever a; —
1/p = aa — 1/p, no adaptive cost is paid. For example, adapting between a 2-smooth Sobolev

ball and a 3/2-smooth Holder ball is possible without adaptive cost for the pointwise risk.

4.2. Adaptation lower bound for the global risk. 'We now turn to the lower bound for
global risk adaptation. The theorem below establishes that any (e, §)-FDP estimator attempt-
ing to adapt across any range of smoothness levels (aumin, max) Must incur the logarithmic
penalty log IV in the privacy term, uniformly across all smoothness levels. Unlike pointwise
estimation, global risk exhibits a uniform logarithmic adaptation penalty: there is no benefit
from distributing data across many servers.

THEOREM 4.2. Assume § < ne?/N. Consider any amin > 1/2 and cumax > Qmin and
let

1\ 2 log N Tots
2 _ 2 _
Then,
(4.7) inf sup sup  Efllf — fll3p(a) 2 2 1.

fef(&(s) aE(amimamax) fEB;‘,q(R)

Although the estimators for both risk types are similar, the global risk setting exhibits
fundamentally different behavior and requires fundamentally different techniques from the
pointwise case. In the non-private setting, adaptation for global risk can be achieved without
cost. Capturing the cost of adaptation under privacy constraints through a lower bound thus
requires a novel argument.

Before giving a formal proof below, we sketch the argument of our technique. The central
idea is to exploit the fact that under FDP constraints, the ‘Fisher information induced by
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an FDP protocol’ within a finite-dimensional sub-model is, for well-behaved sub-models,
dimension-free. This phenomenon was first observed in a non-adaptive LDP setting by [6],
and subsequently in non-adaptive FDP settings in [17, 61]. While in these earlier works this
property was used to characterize the cost of privacy for fixed regularity, the adaptive setting
requires a more delicate construction: it is precisely this dimension-free structure, hitherto
unexploited in this context, that enables our rate-optimal lower bound.

The first part of the construction is familiar (see e.g. [56]): we formulate a sub-model that
partitions into further sub-models, each indexed by a resolution level L and consisting of
random wavelet perturbations at that level. Due to the multiscale nature of wavelets, we can
consider a grid of regularity values with cardinality of order log IV, where each regularity
value corresponds to a different component of the partition. We then define a prior over
the perturbations to ensure that the resulting densities belong to the appropriate Besov balls
almost surely.

This construction allows us to invoke the van Trees inequality, which relates the ‘adap-
tive Bayes risk’ to the minimum transcript-induced Fisher information across the partition
(Lemma 4.2). Intuitively, successful adaptation requires the protocol to retain sufficient infor-
mation for every sub-model. While this relationship holds generally (that is; we have hitherto
not invoked privacy specific arguments), the privacy constraint introduces a bottleneck: the
total induced Fisher information is bounded by a dimension-free quantity (Lemma 4.3). With
approximately log IV sub-models sharing this limited information budget, the signal available
for any single smoothness level is diluted. This dilution manifests as the log N penalty—the
unavoidable cost of adaptation under privacy constraints.

PROOF OF THEOREM 4.2. Let A C (umin, max) Such that for all « € A,

(4.8) pla) <2 (log(N)>_2a+2 — pla)™2> L <10g(N)> o =:p2

mmn2e? — 4 \ mn2e2 @

If the complement of A in (yin, max) 1S Non-empty,

inf sup sup By N7 |f - £

fEF(e,0) a€A° feBg, (R)
lower bounds (4.7), and the latter quantity can be further lower bounded by a constant follow-
ing standard arguments (e.g., using Assouad’s lemma or Fano’s inequality (ignoring privacy
constraints); see [58], Chapter 2). In case .4 is empty as N — oo, the statement of the theorem
follows.

Assume next that A is not empty. Since o — p(«) is continuous, we can take A such that
there exists an open neighborhood A, C A for which (4.8) holds for all a € A,. Without loss
of generality, write A, = (Qmin, Omax) and consider an (approximately) equispaced grid A
of (Qmin, Omax) Of size [log N|; such that for a1, e € A with o; > g, we have ay — g >
1/(2log N).

For each o € A, let L, be the integer closest to the solution of oL(at1) — po ! and consider
the set £ := {L, : o € A}. Recall that N~ < e < 1 for some w € [0, 1), which implies that
|£| < log N and there exists a constant ¢ > 0 such that L > clog N for all L € L.

Consider now the random L5[0, 1]-valued elements

2L
(4.9) Fl(z) =14 Umtmi(z) z€[0,1],

LeL k=1

where the collection U = {U,: L € L} of coefficient vectors Uy, = (Ury)7. | is drawn from
a ‘prior’ distribution supported on the hypercube

U=U,;[-Cr2~La@t/2) gpo=Lalatl/z]2te.
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Here, 11, are the elements of a wavelet basis that is A > auax-smooth and satisfies f Vg =
0 for all k and L € L. Since a > 0 and minyc, L — oo, F is a probability density over the
full support of the prior whenever mn?2c? is large enough. The following lemma establishes
a lower bound on adaptive minimax risk in terms of the trace of the Fisher information of the

submodels induced by FY, U € U.

LEMMA 4.2. Consider f € F(e,0), let T = (TY)) ;1. m denote the corresponding
FDP transcripts.
There exists a distribution PY of U over U such that (4.7) is lower bounded by

log(N -1

where Tp, (U) = EpyEpy [Sp, [T Epy [Sp, T, with

Sp=Sp(Xy,...,XnN) = v(uLk)iil ZZ]ogFZ(XZ(j)) lu=tr ,
j=1i=1

and where BU denotes the push-forward expectation with respect to the distribution PV
A proof of the above lemma can be found in Section B.1 of the Supplementary Material. To

see that the object Z1,_(U) deserves the name transcript-induced Fisher information matrix
and is in fact well-defined, we refer the reader to Section B.1.1.

We have that
(4.10) min EVTr(Z;_ (U)) < |i| > EUTH(Z, (U)) = |£1|IEU Tr (Z:(U)),
acA Lerl

where Z,(U) denotes the ‘full’ induced Fisher information matrix corresponding to the
model in (4.9):

I(U) =EpyEry [ScIT)Epy [ScIT] '

where S = vec(Sy, : L € L) is the vector obtained by stacking the vectors Sy, for L € L.

The proof now follows by combining the observation of (4.10) with the following data-
processing inequality, which captures the rather striking phenomenon that the trace of the
transcript-induced Fisher information matrix is free of dimension in the differential privacy
setting.

LEMMA 4.3.  Whenever 6 < ne?/N, it holds that Tr(Zz(u)) < Cmn?e? for some abso-
lute constant C' > 0 independent of n, m, § and ¢.

We provide a proof of this lemma in Section B.1 of the Supplementary Material [18]. [

5. Discussion. The results presented in this paper provide a unified and comprehen-
sive framework for understanding the cost of adaptation in federated differentially private
(FDP) density estimation. Our analysis shows that privacy constraints introduce an intrinsic
penalty to adaptive estimation—a subtle yet fundamental cost that distinguishes the private
setting from its classical, non-private counterpart. Although logarithmic in magnitude (and
thus modest compared with polynomial penalties), this adaptation cost is conceptually sig-
nificant: it reflects a fundamental limitation imposed by privacy protection and has practical
implications for valid statistical inference beyond point estimation. These findings open sev-
eral avenues for further investigation in related statistical models and problem settings. For
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instance, understanding the exact cost of adaptation is essential for constructing adaptive
confidence intervals or confidence bands with guaranteed coverage, as the adaptation penalty
directly determines the required bandwidth [19, 36, 21]. Extending our framework to such
inferential tasks would clarify how privacy noise interacts with the uncertainty inherent in
adaptation.

Beyond density estimation, the principles and tools developed here—particularly our
lower bound techniques, noise mechanism design, and adaptive thresholding strategy—have
the potential to inform a wide range of nonparametric and high-dimensional problems. In
settings such as sparse regression or function estimation under shape constraints, adaptation
to unknown sparsity or structural parameters poses analogous challenges. Applying or ex-
tending our methods in these contexts could lead to new privacy-preserving procedures that
attain minimax-optimal or near-optimal adaptive performance.

Another promising direction concerns adaptation to more complex functional character-
istics, such as spatial inhomogeneity, anisotropy, or locally varying smoothness. These fea-
tures arise frequently in real-world applications and introduce dependencies that may amplify
the privacy-adaptivity trade-off. Understanding whether such structure-dependent adaptation
leads to more substantial costs under differential privacy could deepen our insight into statis-
tical efficiency under privacy constraints.

Our findings also have implications for statistical tasks beyond estimation, including hy-
pothesis testing and model assessment. Although recent work has shown that adaptive non-
parametric goodness-of-fit testing under differential privacy is feasible [45, 16], the fun-
damental cost of adaptation in these testing problems remains largely open. Determining
whether similar penalties arise—or whether privacy induces different trade-offs—would be
an important direction for future research.

Taken together, our framework highlights the broader potential for studying adaptation
under privacy constraints across diverse statistical models. By systematically characterizing
the interplay between privacy, adaptability, and statistical efficiency, this work deepens our
theoretical understanding of privacy-utility trade-offs and lays the groundwork for developing
principled, adaptive, and privacy-preserving methodologies for modern data analysis.
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SUPPLEMENTARY MATERIAL

Supplementary Material to “The Cost of Adaptation under Differential Privacy: Op-
timal Adaptive Federated Density Estimation”
The supplementary material [18] contains proofs of the main results, technical lemmas, and
additional details on the construction of the estimators and lower bounds.
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