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Abstract

Watermarking provides a principled way to authenticate text generated by large language models. In practice,
however, text may be mixed-source, with watermark evidence surviving at only a subset of token positions after
rewriting, insertion, deletion, or paraphrasing. Although prior work has studied global watermark detection, when
such signals can be localized remains unclear. We formulate watermark localization as a token-level multiple-
testing problem based on pivotal statistics, with a latent indicator recording whether watermark dependence
survives at each position. Under an asymptotic regime for signal sparsity, next-token concentration, and effective-
vocabulary growth, we derive a sharp boundary for global detection and phase transitions for discovery and
classification within the class of coordinatewise pivot-based localization rules. We show that discovery is strictly
harder than detection and that consistent classification is impossible across the parameter regime within this
class. We then develop an adaptive thresholding method that does not require knowledge of the exponents
or time-varying next-token distributions, but uses a data-driven estimate of the surviving watermark fraction.
The method attains the optimal discovery boundary and near-optimal discovery power relative to homogeneous
pivot-based rules. Simulations support the theoretical phase transitions, while experiments on model-generated

texts demonstrate practical localization performance under common edit mechanisms.
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1. Introduction

Large language models (LLMs) have recently become a powerful technology for generating
human-like text and other media (Touvron et al., 2023a; Singh et al., 2025; Yang et al.,
2025). They are now widely used in writing, education, programming, scientific discovery,
and many other aspects of daily life. At the same time, their ability to generate fluent
text at scale raises serious concerns about misuse, including misinformation (Weidinger
et al., 2022; Starbird, 2019; Pan et al., 2023), academic integrity (Stokel-Walker, 2022;
Milano et al., 2023), and data pollution for training future models (Radford et al., 2023,;
Shumailov et al., 2024). These risks make it increasingly important to reliably authenticate
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the origin of text, especially when such information supports decisions about authorship
attribution, academic assessment, and accountability (Wu et al., 2025).

To address this problem, watermarking has been proposed as a principled approach for
verifying the origin of LLM-generated text (Kirchenbauer et al., 2023; Aaronson, 2023; Li
et al., 2025a). Its main idea is to embed a hidden statistical signal into the generation
process through controllable and recoverable pseudorandomness. Since LLMs generate text
sequentially through sampling each token from next-token prediction (NTP) distributions,
a watermarking scheme can privately modify this sampling rule so that the generated
token still marginally follows the same NTP distribution, while being coupled with a
pseudorandom variable known to the verifier. This coupling remains largely invisible to
human users but provides valid statistical evidence for verifying whether the text was
produced by a watermarked model. Following this principle, many watermarking schemes
have been proposed since 2023 (Zhao et al., 2025a; Ji et al., 2026). These efforts have
made watermarking one of the most promising approaches for providing provable evidence
about the origin of LLM-generated text.

The practical relevance of text watermarking is no longer purely prospective. Google
has deployed SynthID to watermark text generated by Gemini (Dathathri et al., 2024),
and Anthropic has recently begun deploying embedded text watermarks in newly launched
Claude models (Anthropic, 2026). These industry deployments highlight the growing
practical importance of understanding whether watermark evidence remains reliable and
informative after generated text is edited.

In real-world applications, however, LLM-generated text is rarely used without
modification. Users often paraphrase, rewrite, insert, or delete portions of generated
outputs before using or submitting them. Such edits weaken watermark signals because
modified tokens may no longer preserve the original dependence between the text and
the pseudorandomness, while the verifier observes only the final text. This challenge has
motivated work on robust watermark design against human edits (Kuditipudi et al., 2024;
Yoo et al., 2023; Zhu et al., 2024; Hou et al., 2024; Ren et al., 2024; Christ and Gunn,
2024; Moitra and Golowich, 2024). From a statistical perspective, Li et al. (2026) models
edited text as a mixture in which only a fraction of tokens still carry watermark signals
and studies global detection of partially watermarked text. Under the same mixture model,
Li et al. (2025b) estimates how much watermark signal remains after common human
editing. These studies address only aggregate questions: whether a mixed-source text still
contains watermark evidence in aggregate, and how strong the remaining signal is.

A natural next question is more fine-grained: for a mixed-source text, can we identify
which parts still preserve watermark evidence? We refer to this task as watermark
localization, or watermark discovery, following the terminology of signal discovery in the
multiple testing literature (Cai and Sun, 2017); see Figure 1 for an illustration. Unlike
global detection, which only determines whether watermark evidence is present in the text
as a whole, localization aims to provide token-level information about which positions

still provide watermark evidence. This refinement is important when a document is only
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Fig. 1: Watermark localization under common human edits. For each final-text position
t, 8 = 1 indicates a surviving watermark signal, and §; = 1 indicates selection by the
localization method. Selected positions with 6; = 1 are true discoveries, while those with
0y = 0 are false discoveries.

partially generated, collaboratively written, or substantially revised: a document-level
conclusion may be too coarse to distinguish a short Al-generated passage from a largely
Al-generated document, or to separate machine-generated content from substantial human
revisions. Localization, therefore, provides a more informative basis for attribution, credit
assignment, and targeted review.

Despite its practical importance, watermark localization remains much less understood
from a statistical viewpoint. Recent works have explored this fine-grained problem
using change-point detection (Li et al., 2024b) or online learning ideas (Zhao et al.,
2025¢), showing that localization is achievable in practice. However, these works are
mainly algorithmic and do not characterize the statistical limits of localization for
mixed-source data. This gap is nontrivial: mixed-source text creates a heterogeneous
sequence in which watermark-preserving locations may be sparse, non-contiguous, and
distributionally heterogeneous, while the watermark signal itself varies across positions due
to autoregressive LLM generation. Motivated by this gap, we ask the following questions:
for mized-source text, when is watermark localization statistically possible, and can it be
achieved adaptively whenever localization is information-theoretically possible, without
requiring prior knowledge of the source-mizing process?

1.1. Our Contributions

A robust multiple-testing framework for watermark localization. We study these questions
by developing a statistical theory and adaptive methodology for watermark localization in
mixed-source LLM text. Our first contribution is a statistical formulation of this problem.
For a text of length n, we use a scalar pivotal statistic Y; from Li et al. (2025a) to
quantify the watermark signal at each token position ¢. The key property is that, when no
watermark signal survives at position ¢, Y; follows a known null distribution g, regardless
of the marginal token distribution. This distribution-free null property has been central
in prior statistical analyses of LLM watermarks and allows us to handle unknown and
time-varying NTP distributions (Li et al., 2025a, 2026, 2025b).
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To model the mixed-source text induced by human edits, we refine the mixture model
of Li et al. (2026, 2025b) to the token level. For each position ¢, we introduce a latent
survival indicator 6; € {0,1}: 6; = 1 means that the watermark dependence at position ¢
survives editing, while ; = 0 means that this dependence is erased. Conditional on 6,
the pivotal statistic follows either the null law pg or a watermark-induced alternative
law p1 p,, determined by the local NTP distribution P; of token w;. Thus, given the
observed sequence Y7., := (Y1, ...,Y,,), watermark localization can be viewed as the task
of inferring the latent survival indicators 61., := (01, ...,0y).

Since exact recovery may be statistically impossible (Cai and Sun, 2017), we study this
localization task through three inference goals of increasing strength. Global detection is
the coarsest goal: it asks whether the verifier can reliably determine from the observed
sequence whether at least one position satisfies 0y = 1. Discovery asks whether the
verifier can identify a non-trivial set of watermark-preserving positions while ensuring
a vanishing false discovery rate. Here, a false discovery is a selected position with no
surviving watermark signal (6; = 0), while a missed discovery is an unselected position
with surviving watermark signal (6; = 1). Classification is the strongest goal: it asks
whether the verifier can asymptotically separate null positions from watermark-preserving
positions across the entire text, with both false discoveries and missed discoveries vanishing.
This hierarchy turns localization into a sequence of increasingly demanding inference goals.
We next characterize, for each goal, when it is information-theoretically achievable.

Phase transitions for three inference goals. To characterize the fundamental limits of
these three inference goals, we consider an asymptotic regime indexed by three exponents
(p, q, ). The surviving watermark fraction satisfies €, =< n™P, so that the text contains
approximately ne, =< n'~P watermark-preserving positions; thus, larger p corresponds to
sparser surviving signals. Each NTP distribution Py := (P} ) satisfies 1 —maxyepwy Py <
n~ 9, so that larger ¢ corresponds to a more concentrated next-token distribution and hence
weaker token-level watermark evidence. Finally, the effective low-probability vocabulary
tail grows at rate n®, with larger o providing more rare-token opportunities for distinctive
local evidence. These exponents characterize the statistical difficulty of the problem and
are not required as inputs to our procedure. Under this regime, we derive an explicit
boundary for global detection and sharp phase transitions for discovery and classification

within the class of coordinatewise pivot-based localization rules.

eDetection boundary. We first show that global detection is possible if and only if
max{p + ¢, 2p+q —a} <1, (1)

up to boundary cases. This generalizes the fixed-vocabulary detection boundary of Li
et al. (2026) to the growing-vocabulary regime. We also show that the truncated goodness-
of-fit detection method of Li et al. (2026) continues to attain this enlarged boundary
adaptively.
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eDiscovery boundary. For the main localization goal, we prove that discovery is possible
if and only if
p<a and p+q<l, (2)

up to boundary cases. This region (2) is strictly smaller than the detectable region
in (1), implying that discovery is fundamentally harder than global detection, because it
requires locating a watermark-preserving position with vanishing false discovery rate. In
particular, when o = 0, discovery is impossible though global detection is still possible

in some regimes.

eImpossible classification. We further prove that consistent classification is impossible
throughout the entire (p, ¢, ) regime within the class of coordinatewise localization
rules. The reason is that the two requirements of classification are not compatible with
each other. To make missed discoveries vanish, one must select almost all watermark-
preserving positions, including those with weak evidence; but doing so inevitably selects
too many null positions, so the false discovery rate cannot vanish. In this way, discovery
can still be possible because it only needs a few strong watermark-preserving positions,
whereas classification requires reliable recovery of all of them.

Adaptive method and optimality. Our third contribution is an adaptive localization method,
SPOT (Scanning Pivots Over Thresholds), presented in Algorithm 1, for watermark
discovery. The method is designed to achieve discovery throughout the statistically
discoverable region without prior knowledge of the problem-dependent quantities that
determine the boundary, including p, ¢, «, and the time-varying NTP distributions,
although it uses a data-driven estimate of the overall surviving watermark fraction (Li
et al., 2025Db).

At a high level, SPOT searches for positions whose pivotal statistics fall in an extreme
upper tail relative to the null law pg. Thus, the main challenge is to choose a data-
dependent threshold that is high enough to control false discoveries but not so high
that useful watermark-preserving positions are lost. To do so, SPOT scans a grid of tail
thresholds, estimates a surrogate false discovery level from empirical tail counts, and
selects the largest discovery set whose estimated false discovery level is controlled. This
tail-based calibration avoids estimating the heterogeneous alternative distributions, which
is often impractical due to the inaccessibility of time-varying NTP distributions.

We establish two optimality guarantees. First, SPOT is boundary-optimal: it achieves
discovery throughout the discoverable region characterized in (2). Second, it has near-
optimal discovery power, recovering, up to a constant factor, as many watermark-preserving
positions as the best rule in a natural class of homogeneous pivot-based procedures under
the same false-discovery constraint. Figure 2 shows that SPOT achieves better watermark
localization performance than the baseline method (Zhao et al., 2025¢) under common
edits such as random substitution, insertion, and deletion.
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Random substitution Random insertion Random deletion

o
n

Ours

N
~

—---- Baseline

o
w

<
&)

e
=

Overlap with true locations

o
=)

02 0.4 02 04 02 0.4
Edit fraction Edit fraction Edit fraction

Fig. 2: LLM watermark localization under random edits; see Section 6 for details. For
substitution, insertion, and deletion edits, we report the best intersection-over-union score
subject to a false positive rate at most 0.05. Higher values indicate better localization
performance.

1.2. Related Work

Watermark detection and localization. Our work is most closely related to statistical
watermark detection and fine-grained localization. Li et al. (2026) studies global detection
under a mixture model for edited text, and Li et al. (2025b) estimates the remaining
watermark proportion in hybrid Al-human text. These works provide statistical tools
for aggregate questions, but they do not identify where the surviving watermark signals
are located. For localization, Li et al. (2024b) uses change-point detection to segment
watermarked text, while Zhao et al. (2025¢) proposes an online localization method for
mixed-source text, which serves as our main empirical baseline. These methods show that
localization is practically feasible, but they do not characterize its statistical limits or
establish adaptive optimality. Our work addresses this gap by formulating watermark
localization as a token-level multiple testing problem and deriving sharp limits for detection,
discovery, and classification. More broadly, LLM watermarking has also been studied
through biased (Kirchenbauer et al., 2023; Tsur et al., 2025) or distribution-preserving
watermark design (Aaronson, 2023; Zhao et al., 2024; Xie et al., 2025; Giboulot and Furon,
2024; He et al., 2026b; Huang et al., 2026), robustness-oriented design (Kuditipudi et al.,
2024; Yoo et al., 2023; Zhu et al., 2024; Hou et al., 2024; Ren et al., 2024; Christ and
Gunn, 2024; Moitra and Golowich, 2024), and statistical detection (Li et al., 2025a, 2026;
He et al., 2026a). Rather than proposing a new watermarking scheme, we focus on the

statistical limits of localizing surviving watermark evidence in mixed-source text.

Sparse signal discovery and multiple testing. Our formulation is most directly connected
to the signal discovery framework of Cai and Sun (2017), which studies how to identify
sparse signals under false discovery control. We follow this perspective by distinguishing
detection, discovery, and classification, but our setting differs because the alternative laws

are heterogeneous and depend on unknown, time-varying NTP distributions generated by
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an autoregressive LLM. Our work is also related to oracle compound decision rules and local-
FDR methods for large-scale multiple testing (Sun and Cai, 2007), where local posterior
information provides a natural principle for selecting non-null positions. In our setting,
however, direct local-FDR, estimation is difficult because the alternative law at each position
is unobserved and varies with the local NTP distribution. We therefore use tail counts
of pivotal statistics to control false discoveries without estimating the full heterogeneous
alternative distribution. More broadly, our phase-transition analysis is related to sparse
mixture detection and higher criticism, where sharp detection boundaries are characterized
for rare and weak signals (Donoho and Jin, 2004, 2015), and to goodness-of-fit tests based
on divergence statistics (Jager and Wellner, 2007).

1.3. Organization of the Paper

The remainder of the paper is organized as follows. In Section 2, we review the basics of
LLM watermarking. In Section 3, we formulate the watermark localization problem and
present our adaptive localization method. In Section 4, we investigate the information-
theoretic limits of the problem and establish the optimality of our method. In Section 5,
we present simulation studies to validate our theoretical findings. In Section 6, we conduct
experiments on LLM-generated text to evaluate the empirical performance of our method.
We conclude in Section 7 with a discussion of future research directions. All technical
proofs and additional experimental details are provided in the Supplementary Material.

2. Preliminaries

Watermarking protocol. We study a standard watermarking protocol involving three
parties: the model provider, the user, and the verifier (Kuditipudi et al., 2024; Xie et al.,
2025; Li et al., 2026). As a motivating example, a student may use an LLM to assist
with a homework assignment. The model provider embeds a statistical watermark into
the generated text using a secret key Key, which is available to the verifier, such as an
instructor, but hidden from the user. Before submission, the user may revise or edit the
generated output. The verifier observes only the final text, which may already have been
modified, and aims to localize the watermark signal, namely, to identify which parts of the
text still preserve watermark signals. The verifier does not observe the original prompt, the
unedited model output, or the model’s internal parameters. Thus, the protocol consists of
three stages: watermark embedding by the model provider, possible human editing by the

user, and watermark localization from the final edited text by the verifier.

Watermark embedding. We next describe how a watermark is embedded during text
generation. LLLMs generate text autoregressively: at position ¢, given previous tokens
Wy (¢—1) = W1 - - - wi—1, the model computes a next-token prediction (NTP) distribution
P, := (Piu)wew over the vocabulary WV and samples the next token accordingly. A
watermark modifies this sampling step in a secret-key-dependent way. Specifically, the

model computes a pseudorandom variable (; = .A(w(t,m):(t,l),Key), where A is a
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cryptographic hash function, Key is the watermarking key, and m is the context window
size, and then selects the next token by a deterministic decoder w; = S(P;, ;). This
creates a dependence between the generated token wy and the pseudorandom variable
(¢ The variable (; is called pseudorandom because it behaves statistically like a random
draw, while being exactly reproducible from A, Key, and the local text w(;_y.(—1)-
For theoretical analysis, we model (; as i.i.d. samples from a reference distribution ,
reflecting standard cryptographic idealizations (Barak, 2021; Schneier, 1996; Wu et al.,
2024; Zhao et al., 2025b). A decoder S is unbiased if P¢(S(P,() = w) = P, for every
NTP distribution P = (P,)weyy and candidate token w. Thus, unbiased watermarking
preserves the marginal distribution of generated tokens while creating a hidden dependence

on (; that can later be used for verification.

Pivotal statistics for watermark evidence. Since our primary interest is watermark
localization, we adopt the verifier’s perspective. Given the final text wi.,, the verifier
reconstructs the corresponding pseudorandom sequence (., using the hash function A
and the shared key Key. Hence, the data for statistical analysis are the paired observations
{(we, &)}y, Watermark evidence is encoded in the dependence between a token and
its pseudorandom variable. If a token is human-written, or if its watermark dependence
has been destroyed by editing, then w; is independent of (;; if the watermark signal
is preserved, then w; remains coupled with (; through the decoder. To measure this
dependence, we use a pivotal statistic Y; = Y (wy, ¢;) (L et al., 2025a), which is designed
to follow a known null distribution pop whenever w; is independent of (;, regardless of the
marginal distribution of w;. When the watermark dependence is preserved, Y; instead
follows an alternative distribution 1 p, determined by the local NTP distribution P;.
Thus, pivotal statistics reduce watermark localization to distinguishing null-like positions
from watermark-preserving positions. We formalize the resulting multiple testing problem
in Section 3.1.

The Gumbel-max watermark. For concreteness, our theoretical analysis focuses on
the Gumbel-max watermark (Aaronson, 2023), one of the most influential unbiased
watermarking schemes. We use it as our main example because both its decoder and
pivotal statistic admit explicit distributional forms, making it a clean setting for deriving
sharp localization limits.! The Gumbel-max watermark is based on the Gumbel-max trick
for sampling from a multinomial distribution (Gumbel, 1948; Papandreou and Yuille,
2011; Maddison et al., 2014; Jang et al., 2017). Let ¢ = (Uy)wew consist of i.i.d. U(0, 1)
random variables. The trick states that arg max,eyy log U, /P, follows the categorical
distribution P = (Py)wew exactly. This motivates the unbiased decoder
log Uy,

g (P ) = .
SER(P, () == arg max P (3)

I These ideas are not specific to Gumbel-max and may extend to other schemes with suitable pivotal
statistics.
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For this watermark, the pivotal statistic is Y; = Y (wy, (¢) = U, where ¢ = (Urw)wew
collects the uniform pseudorandom at position t. If the observed token w; is independent of
(¢, then Yy ~ U(0, 1). If the token is generated via the Gumbel-max decoder S&"™, larger
pseudorandom values are more likely to be selected, and the pivot becomes stochastically
larger. More precisely, for a given NTP distribution P, its distribution is p p(Y <
T) =Y wew Pyrt/Pe for 1 € [0,1] (Li et al., 2025a). This explicit null-versus-alternative
structure is the basis for our localization analysis.

3. Method

3.1. Problem Formulation

We first describe the statistical data structure behind watermark localization. From
Section 2, the verifier observes the final text w;.,, reconstructs the pseudorandom variables
C1:n, and computes the pivotal statistic Y; := Y (wy, (;) at each position ¢. This scalar
statistic measures the watermark evidence in the pair (wy, (;). Its key property is that, if the
token is human-written or if human editing has broken its dependence on the pseudorandom
variable, then w; is independent of (;, and Y; follows a known null distribution pg regardless
of the marginal distribution of w;. In contrast, if the watermark signal survives, then w;
remains coupled with (; through the decoder, and Y; follows an alternative distribution
p1,p, determined by the local NTP distribution P;.

This null-versus-signal structure motivates a latent label §; € {0,1}, where 6; = 1
indicates that the watermark dependence at position t survives editing, and 6; = 0
indicates that it is erased. At the level of pivotal statistics, this structure is summarized as

Y | (P, 0) ~ (1= 6)po + O p, for t=1,... n. (4)

The localization target is to identify the signal set [ := {t : 6y = 1}, consisting of
positions where watermark evidence remains. We also denote the non-watermarking set
by N :={t:6; = 0}. Therefore, watermark localization is a token-level multiple decision
problem: at each position, the verifier decides whether the local state is null-like or
watermark-preserving.

A localization rule is a binary sequence & = (d1,...,0,), where ; = 1 means that
position ¢ is declared to preserve watermark evidence. For a given rule 8, we define
Ss :={t : &y = 1} as the associated discovery set, namely the set of positions selected by
the rule § as watermark-preserving. In this paper, we focus on local rules that are separate
on pivotal statistics at each position, denoted by D,, :={d : 6: = ¢(Yz), t =1,...,n},
where each ¢; : [0,1] — {0, 1} is a measurable function that may depend on the position ¢
and the text length n. Unless otherwise stated, all decision rules belong to D,,.

Remark 3.1 (Connection to prior formulation). Our formulation in (4) is motivated by
the mixture model of Li et al. (2026), but differs in that we explicitly introduce the
latent binary sequence {6;}}_; to encode which token positions still preserve watermark
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Algorithm 1 SPOT: Scanning Pivots Over Thresholds

Input: Given text wi.,, hash function A, secret key Key, pivot function Y, grid
endpoints 0 < Upin < Umax < 1, grid size M, target level A, € (0,1), and slack

M € (0, \n).

1: Compute pseudorandomness. For each ¢t = 1,...,n, reconstruct (; =
A(w(—m):(1-1), Key).

2: Compute pivotal statistics. For each t = 1,...,n, compute Y; = Y (wy, ().

3. Construct tail grid. Set U, := {u; = tmin + (j — 1)% cj=1,..., My}
4: Estimate tail mass. For each u € U,,, compute

Sulu) = = 3 1{F(Y) > (). Q

t=1

5. Estimate surviving fraction. Obtain an estimate £, of the surviving watermark
fraction.
6: Estimate null proportion in the tail. For each u € U, set

~ 0 (1=8)So(r(u)  (1—&y)n~"
Tnlu) := Sp(u) V=1 ~ Su(w) vt ®

7: Select adaptive threshold. Let
T = inf{u Uy Thlu) < A — nn}, Fo= (@) =1—n"%.  (7)

8: Finalize decision. Let § = (01,...,0,) by setting §; = 1 if ¥; > 7,, and & = 0
otherwise.
Output discoveries. Return the estimated discovery set S = {t € {1,...,n}: § =

1.

dependence after human edits. This additional structure turns robust watermark detection

into a localization problem.

3.2. Our Method: SPOT

We now present our method SPOT in Algorithm 1. At a high level, the method searches
for positions whose pivotal statistics look unusually abnormal under the null law gy,
and declares such positions as discoveries. Under the null case, 6; = 0, so that the
p-value py := 1 — Fy(Y}3) is i.i.d. U(0, 1), where Fy(y) := po(Y < y) is the CDF of the
null distribution pg. Hence, very small p-values, or equivalently very large values of
Fy(Yy), provide evidence that the corresponding positions may preserve watermark signal.
Therefore, the problem reduces to choosing a threshold: positions with Fy(Y;) above this
threshold are declared as discoveries.

The key difficulty is that the optimal threshold is hard to find. We want to output a
discovery set Sg while controlling false discoveries. Here, a false discovery is a selected

position whose watermark dependence has been erased, that is, a position with 6, =0
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but 0; = 1. A threshold that is too low may include too many false discoveries, while a
threshold that is too high may remove many true discoveries. We introduce A, as the
target level for controlling the fraction of false discoveries among the selected positions.

Ideally, the threshold should depend on problem-specific quantities, such as the surviving
watermark fraction €, and the NTP distribution P;, which are unfortunately unavailable in
practice. To address this issue, SPOT scans thresholds of the form 7(u) = 1 —n~". For each
candidate u, it computes the empirical tail mass :S”\n(u)7 which is the fraction of positions
with Fy(Y;) > 7(u). Under the null case where 6; = 0, this tail probability is So(7(u)) =
1 —7(u) = n~". If the surviving watermark fraction is &, then roughly a fraction 1 —¢,, of
positions are null-like, so the expected null contribution to this tail is about (1—e&;,)So(7(u)).
Replacing €, by an estimate &, and comparing this estimated null contribution with the
observed tail mass give a quantity T, (1) := (1 —2,)So(7(w))/(Sp () Vn1).2 We interpret
T, n(u) as an empirical proxy for the mFDR at the candidate threshold 7(u).

To control false discoveries, the algorithm selects the smallest grid point » such that
fn(u) < Ap — N, where 7, is a slack term used to guard against random fluctuations.
The statistic fn(u) estimates the false-discovery level of the tail selected by the threshold
7(u) = 1 —n~". Thus, a large value of fn(u) indicates that the selected tail may still be
largely explained by null positions and is therefore not reliable enough. Once fn(u) falls
below A\, — 71, the tail is estimated to contain sufficiently few false discoveries, with the
slack accounting for data variability. Since 7(u) increases with u, choosing the smallest
admissible u yields the largest discovery set among the grid thresholds that pass the false-
discovery check. This allows the method to retain as many candidate watermark-preserving

positions as possible while controlling false discoveries.

Remark 3.2 (Choice of fraction estimator). Our theory is not tied to a specific estimator
of the surviving watermark fraction. It only requires the accuracy condition in (9). In our
implementation, we use the optimal estimator from Li et al. (2025b), which is also used

in the experiments.

Remark 3.3 (Connection to prior methods). Our method SPOT is related to the signal
discovery framework of Cai and Sun (2017), which studies Gaussian mixture models and
uses local false discovery rate ideas through density estimation. The main challenge in our
setting is that the data distributions in (4) are highly heterogeneous, since they depend on
unknown and time-varying NTP distributions. Direct density estimation is thus difficult.
Instead, SPOT uses tail probabilities :S’\n(u) to estimate the false discovery level and selects
the tail threshold adaptively for token-level localization.

4. Theoretical Guarantees

In this section, we establish the theoretical properties of our method. To facilitate the

analysis, we first introduce the general assumptions in Section 4.1 and the performance

2 Here a V b := max{a, b}; the term Vn~! in the denominator is used for numerical stability.
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measures in Section 4.2. We then characterize the statistical limits and phase transitions
of the resulting inference tasks in Section 4.3. Finally, in Section 4.4, we show that our
method is adaptively optimal and is near-optimal in the number of discoveries under a
fixed marginal false-discovery control.

4.1. General Assumptions

We first impose a probabilistic assumption on the watermark-generation and human-
editing process. Each observed token w; is modeled through a latent source mixture: after
editing, each position either preserves the watermark dependence and is generated by the
watermarked decoder, or the dependence is erased and the token behaves as an ordinary
draw from the same NTP distribution. The latent variable 6; records this post-edit survival
state. This assumption provides the token-level basis for the null-versus-signal structure
of the pivotal statistic Y;.

Assumption 4.1 (Watermark generation and editing mechanism). Let P, denote the NTP
L, . ., . . t—1
distribution at position t. Define the generation filtration Fi_1 := U({wjaCj»Pj+1}j:1);
which contains the history used to form Py. Let Hy := o(by,...,0¢) be the editing filtration
and Gy := Fr—1 V H; be the joint generation-editing filtration. We assume the following.

(a) Perfect pseudorandommness. (1, ..., (, are i.i.d., and (; is independent of G; for every
t.

(b)Latent source mixture. Conditional on G, the observed token is generated by

S(P, Gr), 0y =1,

an independent draw from P, 0y = 0.

Wy =

In the second case, wy is conditionally independent of (;.

(c)Surviving watermark fraction. There exist constants 0 < ¢ < C' < 0o, independent
of t and n, such that

coen<Pl;=1|F_1)<C-e as. foral t>1.

Assumption 4.1 separates the generation process from the editing process. Condition
(a) is the standard idealization that the cryptographic pseudorandomness behaves as
fresh randomness (Kirchenbauer et al., 2023; Li et al., 2025a) and is independent of
the past and of the editing decision (Li et al., 2026, 2025b). Condition (b) encodes the
local null-versus-signal structure with 6; as a latent survival indicator (Li et al., 2026):
when 6; = 1, the token w; is produced by the watermarked decoder & and remains
coupled with (;; when 6; = 0, the token w; has the same marginal NTP distribution
but is independent of (;, since human writing does not have access to the pseudorandom
variable. The third row of Figure 1 illustrates this structure, where the ground-truth



Optimal Watermark Localization 13

vector is (6y,...,69) = (1,0,0,1,0,0,0,0,1). Condition (c) controls the overall amount
of surviving watermark evidence: ¢, is the surviving watermark fraction, up to constant
factors, while the editing decision is allowed to depend on the previously generated text.
Altogether, Conditions (b) and (c) characterize the mixture relation between the observed
token wy and the reconstructed pseudorandom variable (;. Since the verifier does not know
which positions still preserve the watermark dependence, the latent indicators 6; provide
a principled way to encode this uncertainty at the token level. Thus, the assumption
does not model human editing behavior in detail, but preserves the essential statistical

structure needed for analyzing watermark localization.

Assumption 4.2 (Asymptotic regime (p,q,«)). For a text of length n, the surviving
watermark fraction satisfies ¢, < n~P for some p € [0,1].3 When p = 0, we further
assume that ey, is bounded away from one: there exists my € (0,1) such that e, < 7, for

all sufficiently large n. For each position t, the vocabulary W, admits the decomposition
Wy, = {wz:n} U Lt,n U Ct,m Pt,w;n =1- An; An =n" 1

Here wy,, is the dominant token under Py and may vary with t. Thus, the dominant token
can change across positions, but its probability is assumed to have the same asymptotic
form. The residual mass is decomposed as

Ap = APEN L AT AR < Ta AT < e

The light set satisfies |Lypn| < n® and Py < n~(a+q) for all w € Lyy. The core set
satisfies |Cypn| < n” for some r < «, and there exist constants 0 < cc < Co < 00 such
that

con~ ot < P < Cco n~(r+9) forallwe Cyp, t=1,... n.

Consequently, the whole vocabulary satisfies |Wy| =< n®. In the special case ¢ = 0, we
additionally assume that there exists n, € (0,1) such that Prwr 2 nx for all t and all
sufficiently large n.

To study the statistical limits of watermark localization, we consider the asymptotic
regime in Assumption 4.2, in the spirit of Li et al. (2025a, 2026). The regime is
parameterized by (p, g, ). The parameter p describes how quickly the surviving watermark
fraction €, =< n~P decays after human edits. The parameter ¢ measures how concentrated
each NTP distribution is around its dominant token: larger ¢ means that the dominant
token has probability closer to one, and hence the watermark signal becomes weaker. The

parameter « describes the growth of the low-probability vocabulary tail.

3 For two positive sequences a,, and b,,, we write a,, < b,, if there exist universal constants 0 < ¢; < ¢ < 00,
independent of n, such that c1b, < a, < cb, for all sufficiently large n.
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Fig. 3: Empirical illustration of the dominant—core-light structure in Assumption 4.2. We
sample prompts from C4 datasets (Raffel et al., 2020) and generate continuations using
OPT-1.3B (Zhang et al., 2022), then compute the average ranked next-token probabilities
using temperature 0.5.

The dominant—core-light decomposition in Assumption 4.2 aims to capture a common
shape of LLM next-token distributions. At each position ¢, the NTP distribution P;
may have a dominant prediction wj,,, and this dominant token is allowed to vary with
the context. We only require its probability to follow the common scale 1 — A,,, with
A, =< n~9 The remaining probability mass A,, is split into a core set Ct,, and a light
set Ly p. The light set Ly, contains most of the vocabulary, with |L;,| < n®, the same
order as |[W,|, and each light token has probability of order n~(@t9)_ In contrast, the
core set C}p is much smaller, with |Cy,| < n” for some r < «, but contains relatively
larger-probability alternatives, with probabilities ranging from order n~ (@t to n=(+9),
Thus, the light set represents the large low-probability tail that drives vocabulary growth,
while the core set represents a smaller group of more likely alternatives. This distinction
explains why «a controls the amount of tail information available for localization. The
decomposition is also consistent with the empirical heavy-tailed behavior of language
distributions (Zipf, 2016; Moreno-Sanchez et al., 2016), where a few tokens receive most
of the probability mass while many weak alternatives remain available. Figure 3 provides
an empirical illustration of this pattern using next-token distributions from OPT-1.3B on

C4 prompts.

Remark 4.1 (Interpretation of «). The vocabulary of any deployed model is fixed. The
growing-tail asymptotic should instead be viewed as a triangular-array approximation to
successive model generations, which often adopt larger token vocabularies; for example,
the Llama vocabulary increased fourfold, from 32,000 tokens in Llama 2 to 128,000 in
Llama 3 (Touvron et al., 2023b; Dubey et al., 2024). Thus, «a represents growth in the
effective rare-token support rather than literal vocabulary growth within a single text.

The parameters (p, g, ) are used only to characterize theoretical difficulty; our method

in Section 3.2 does not require knowing them. Instead, they allow us to state sharp
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phase-transition results: p controls the sparsity of surviving watermark signals, g controls
token-level signal strength through NTP concentration, and « controls how much useful
tail information is available for localization. The additional condition for ¢ = 0 only
prevents the dominant-token probability from vanishing; when ¢ > 0, this is automatic
for sufficiently large n.

4.2. Performance Measures

We now introduce the performance measures used in our theoretical analysis. For
completeness, we first formally define global detection. We then focus on token-level
localization: following the signal discovery framework of Cai and Sun (2017), we define
false positive and missed discovery rates, and use them to formalize discovery and
classification.

Definition 4.1 (Global detection). A sequence of tests ¥y, = (Y1) € {0,1} achieves
detection if the sum of Type I and Type II errors vanishes for the global testing problem

Hy: Yy ~ pg for all t Versus Hy: Yy | P~ (1 —ep)po + enpir,p, for all t, (8)

that s,

Here 1, = 1 means that the text is declared to contain surviving watermark signal. We
say the testing problem in (8) is detectable if there exists a sequence of tests that achieves

global detection.

Throughout the localization definitions below, decision rules are understood to belong
to the local class D,, introduced in Section 3.2, unless explicitly stated otherwise. Global
detection is different: it is a document-level testing problem, and the test 1, may use the
full pivot sequence Y7.,.

Definition 4.2 (Counts of discoveries and missed signals). Given a rule § = (d1,...,0p)
and ground-truth labels 0; € {0,1}, define

FPs= > &,  TPsg= Y &,  FNs= > (1—4).

t:0:=0 t:0:=1 t:0;=1

Here FPg, TPg, and FNg count false discoveries, true discoveries, and missed signals,

respectively. Since these quantities are random, we define their expectations as

EFPs = E[FPs],  ETPs = E[TPs],  EFNs = E[FN].
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Definition 4.3 (Marginal false discovery and missed discovery rates). With the above

notation, define

EFP, EFNj

FDRg = ——— 9 MDRyj= —n 0
PR = BRp, + BETP; 9~ EFNs + ETP;

Here, mFDRy is the ratio of the expected number of false discoveries to the expected total
number of discoveries, while MDRg is the ratio of the expected number of missed signals
to the expected total number of watermark-preserving positions.

Definition 4.4 (Discovery). A sequence of decision rules § achieves discovery if
mFDRs — 0 and  P(|Ss| > 1) = L

Discovery requires at least one selected position while the marginal false discovery rate
vanishes. The localization problem in (4) is said to be discoverable if there exists a sequence

of local decision rules achieving discovery.

Remark 4.2 (Multiple discoveries). The discovery condition can be strengthened to
P(|Ss| > K) — 1 for any fixed integer K > 1. This modification does not affect the
discovery boundary; see the proof of Theorem 4.2.

Definition 4.5 (Classification). A sequence of decision rules § achieves classification if
mFDRs — 0 and MDRs — O.

Classification requires both false discoveries and missed watermark-preserving positions
to vanish asymptotically. The localization problem in (4) is said to be classifiable if there

exists a sequence of local decision rules achieving classification.

The above definitions form a hierarchy of inference goals. Global detection in
Definition 4.1 is the coarsest task: it only asks whether surviving watermark signal exists
somewhere in the text, without identifying any location. For localization, the marginal false
discovery rate (mFDR) in Definition 4.3 measures how many selected positions are actually
null, while the missed discovery rate (MDR) measures how many watermark-preserving
positions are not selected. Based on these aspects, discovery in Definition 4.4 is the weakest
successful localization goal: it requires finding at least one surviving watermark signal
while keeping the mFDR vanishing. Classification in Definition 4.5 is stronger, requiring
asymptotically correct separation of null and watermark-preserving positions. We use these
criteria above to show that global detection can be possible in regimes where localization

is not, and to characterize which levels of localization are statistically achievable.
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4.3. Statistical Limits and Phase Transitions

Throughout this subsection, we work under Assumptions 4.1 and 4.2, so the difficulty of
the problem is indexed by (p, ¢, «). We characterize the fundamental limits of the inference
goals defined above by identifying, in this parameter space, when each goal is achievable
or impossible. These achievable and impossible regions yield the phase transitions studied
below.

Detection boundary. We begin with global detection in Definition 4.1, which only asks
whether any surviving watermark signal is present in the text. Following the terminology
in (Donoho and Jin, 2004, 2015; Li et al., 2026), we say that Hy and H; in (8) merge
asymptotically if the total variation distance between the joint distributions of Y7., under
Hy and H; tends to zero. In this case, no test can reliably distinguish the two hypotheses.
Conversely, if the two distributions separate asymptotically, detection is possible. The
following theorem gives the detection boundary under the (p, g, «) regime.

Theorem 4.1 (Detection boundary). Under Assumptions 4.1— 4.2, let p,q € [0,1] and
ae[0,1).

elfmax{p+q, 2p+ q— a} > 1, then Hy and Hy merge asymptotically. Hence, for any
test, the sum of Type I and Type II errors tends to 1 as n — oo.

elf max{p+q, 2p+ q — a} < 1, then Hy and H; separate asymptotically. The likelihood-
ratio test that rejects Hy when the log-likelihood ratio is positive has a vanishing sum of
Type I and Type II errors.

Theorem 4.1 gives the global detection boundary in the (p, ¢, @) regime. Away from the
boundary case, detection is possible exactly when both p+¢ < 1 and 2p+ ¢ < 1 4+ « hold.
Equivalently, the active boundary is p+¢ = 1 when p < «, and 2p+¢g = 1+« when p > a.
These two constraints reflect two ways in which global detection can fail. The condition
P+ g < 1 rules out the case where surviving watermark evidence is too sparse or too weak
to produce visible tail deviations. The condition 2p + ¢ < 1 4+ « captures the aggregate
contribution of the growing light tail: when « is larger, more low-probability alternatives
are available, and their collective contribution can make H; distinguishable from Hy. This
result also clarifies the role of vocabulary growth. When o« = 0, the boundary reduces to
the fixed-vocabulary detection boundary of Li et al. (2026). When « > 0, the detectable
region expands because the light tail provides additional aggregate evidence. Thus, global
detection can benefit from a growing vocabulary tail, although it still only answers whether

surviving watermark signal exists somewhere in the text and does not identify its locations.

Discovery boundary. We then turn to discovery in Definition 4.4, the weakest form of
token-level localization. Unlike global detection, discovery requires selecting actual token
positions, and thus its analysis must control the dependence among local decisions. For
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this purpose, we impose an additional weak-dependence condition to rule out pathological

long-range dependence in the generation and editing process.

Assumption 4.3 (Geometric mixing). Let G, := F; V Hy be the full generation-editing
iformation up to time t, and define the future sigma-field Q;;k = o(ws, Cs, Psy1,0s: s >
t + k). Define

ag(k) = sup a(g_hg_;_k) forall k>1,
>0

where (A, B) := supgc 4, pep|P(AN B) — P(A)P(B)| is the strong-mizing coefficient
between two o-fields. We assume that this dependence decays geometrically: there exist
universal constants C'> 0 and p € (0,1) such that ag(k) < Cp* for all k > 1.

The coefficient ag(k) measures the maximal dependence between the information up
to time ¢ and the information starting from time ¢ + k; see, e.g., Bradley (2005). Thus,
Assumption 4.3 requires the dependence between the past/current generation-editing
process and the distant future to decay rapidly as the gap k grows. It does not impose exact
independence. Rather, it rules out long-range dependence that would make token-level
localization difficult to analyze.

This condition is compatible with how practical LLM-generated text is produced.
Although transformers can attend to previous tokens within their context window (Vaswani
et al., 2017), deployed autoregressive LLMs operate with finite context windows. From
this perspective, an autoregressive LLM with a fixed context length can be approximately
viewed as a finite-memory Markov process (Zekri et al., 2024). Empirical studies also
suggest that long-context models do not use all positions in the context uniformly effectively:
performance can degrade when relevant information is distant or poorly positioned in the
prompt (Liu et al., 2024; Li et al., 2024a; An et al., 2025). Therefore, Assumption 4.3
allows both the generated tokens and the editing indicators to depend on previous
text, but requires this dependence to weaken with distance. Technically, this weak-
dependence condition provides the concentration control needed for empirical tail counts
and false-discovery analysis in the discovery problem.

Theorem 4.2 (Discovery boundary). Under Assumptions 4.1-4.3, let p,q € [0,1] and
a€[0,1).

olf p<a and p+ q < 1, then there exists a local decision rule that achieves discovery.
olf p >« orp+q > 1, then no local decision rule can achieve discovery.
In particular, when the effective vocabulary size is fized, that is, « = 0, discovery is

impossible.

Theorem 4.2 gives the phase transition for the weakest nontrivial localization task,
discovery. The condition p+ ¢ < 1 ensures that the surviving watermark evidence is strong
enough to produce sufficiently extreme token-level evidence. The additional condition
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Fig. 4: Phase transitions for different values of a € {0.25,0.50,0.75}. The discoverable
region is p < « and p+ ¢ < 1, while the undetectable region is max{p+q, 2p+q—a} > 1.
The remaining region is detectable but not discoverable, illustrating the gap between
detection and localization.

p < « is specific to localization: it requires the light set Ly, to grow fast enough relative to
the sparsity of surviving watermark positions, so that at least one watermark-preserving
position can stand out from null positions. This also explains why discovery is impossible
when o = 0: with a fixed effective vocabulary size, the light set does not grow, and the
token-level separation needed for localization disappears.

This boundary shows that discovery is strictly harder than global detection. Detection
can succeed by aggregating weak watermark evidence over the whole text, whereas
discovery requires at least one individual position to be reliably identified. Consequently,
there are regimes where the text can be detected as containing surviving watermark
signal, but no local decision rule can reliably locate even one such position. In terms of
phase boundaries, discovery requires both p < a and p + ¢ < 1, while detection only
requires max{p + ¢, 2p + ¢ — a} < 1. Hence, away from boundary cases, the discoverable
region is a strict subset of the detectable region. Figure 4 illustrates this separation. As
« increases, the light set becomes larger and provides more low-probability alternatives,
which strengthens token-level separation and makes both detection and discovery easier.
At the same time, the detectable-but-undiscoverable region shrinks. In the degenerate
case a = 0, discovery is impossible, even though global detection may still be possible in

some regimes.

Impossibility of classification. Discovery focuses on false-discovery control for the selected
set, whereas classification additionally requires near-complete recovery of the signal set:
almost all watermark-preserving positions must be selected while the selected set still
contains only a negligible fraction of null positions. Under our general editing model,
these two requirements cannot be made compatible. Indeed, 8; = 1 only means that the
watermark dependence at position ¢ survives; it does not guarantee that the pivotal statistic
Y; exhibits strong local evidence. As a result, some watermark-preserving positions may
look nearly indistinguishable from null positions. To avoid missing these weak positions, a
decision rule would have to select more aggressively, but doing so would also include too

many null positions and prevent the false discovery rate from vanishing. Conversely, a
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conservative rule may control false discoveries, but it must miss a non-negligible fraction
of watermark-preserving positions. The next theorem shows that this incompatibility rules

out classification throughout the (p, ¢, @) regime.

Theorem 4.3 (Impossibility of classification). Suppose Assumptions 4.1-4.2 hold. Then,
for any p,q € [0,1] and a € [0,1), no sequence of local decision rules can achieve

classification.

Remark 4.3 (Contrast with Gaussian mixtures). The impossibility in Theorem 4.3 contrasts
with the Gaussian mixture setting of Cai and Sun (2017), where classification can be
possible when the mean shift is sufficiently large. There, a stronger signal shifts the
alternative distribution away from the null, so most non-null observations can be separated
from null observations. In watermark localization, however, 6; = 1 only records the survival
of watermark dependence; it does not imply that the pivotal statistic Y; is far from the null
law . Since watermark pivotal statistics are typically bounded, the null and alternative
laws can still overlap substantially even when the watermark dependence survives. Thus,
surviving watermark dependence is not analogous to a large mean shift, which explains

why classification is impossible under the model considered here.

4.4. Adaptive Optimality

In this subsection, we establish the adaptive optimality of SPOT for discovery.
Here, “adaptive” means that the algorithm does not require the problem-dependent
parameters (Donoho and Jin, 2004, 2015), which in our setting include p, ¢, @ and the
NTP distributions P;.,. The term “optimal” refers to boundary optimality: the algorithm

achieves discovery throughout the discoverable region.

Adaptive optimality for detection. We first revisit global detection for completeness.
Although global detection is not the main focus of this paper, it is useful to ask whether
an existing procedure can attain the detection boundary in the (p, ¢, a) regime. We show
that this is the case for the robust detection method of Li et al. (2026), called Tr-GoF.
This method is a truncated goodness-of-fit test: it compares the empirical distribution of
the pivotal statistics with the null distribution ug after a suitable truncation, and rejects
the global null Hy when the deviation is sufficiently large. Although Tr-GoF was originally
developed for the fixed-vocabulary setting, the following theorem shows that it remains

adaptively optimal under vocabulary growth.

Theorem 4.4 (Adaptive optimality for global detection). Suppose Assumptions 4.1-4.3
hold. If max{p + q, 2p + q — a} < 1, then Tr-GoF achieves global detection.

Adaptive optimality for discovery. We next turn to the main focus of this paper: adaptive
discovery. The key result is that SPOT attains the discovery boundary in Theorem 4.2
without knowing the parameters that determine this boundary. This adaptivity comes from
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two ingredients. First, SPOT scans over M, tail thresholds and selects the threshold from
the data, rather than using the unknown optimal tail scale. Second, it uses an estimate
&, of the surviving watermark fraction, rather than requiring ¢, as prior knowledge. A
feasible high-accuracy choice of &, is the fraction estimator of Li et al. (2025b), which is
also used in our experiments. For generality, the theorem below only requires the estimator

to satisfy the accuracy condition in (9).

Theorem 4.5 (Adaptive optimality for discovery). Suppose Assumptions 4.1-4.3 hold.
Run SPOT in Algorithm 1 with M, =< (logn)® for some a > 1, A\, = Ci/logn, and
nn = C2/(logn)?, where C1,Cy > 0 are constants independent of p, q, o, n. Suppose the
estimator &, satisfies

P12 — eal > ) = o(n~Y) )

for some constant ¢ > 0. If p < a and p+ q < 1, then SPOT achieves discovery, provided
that 0 < Umin < P+ ¢ < Upax < 1.

Remark 4.4 (Choice of the threshold grid). The condition umin < p 4+ ¢ < Umax IS a
coverage condition for the threshold grid. It ensures that the scan includes the relevant
tail scale around p + ¢, where the adaptive threshold is selected asymptotically. This
condition does not require prior knowledge of p or ¢: since discovery is possible only when
P+ q < 1, one may take upyi, close to 0 and upyax close to 1 in practice to achieve it. In
our experiments, we use [Umin, Umax] = [0.005,0.98] for simulations and [0.05,0.95] for
LLM experiments.

Near-optimal discovery power. Beyond boundary optimality, we also ask whether SPOT
discovers nearly as many watermark-preserving positions as possible under false positive
control. To make this comparison meaningful and interpretable, we compare SPOT with
homogeneous per-token local rules based on the pivotal statistic (Sun and Cai, 2007).
Specifically, define

phom(),) ;= {5 : 3 :[0,1] — {0,1} such that & = o(Y;) for all ¢, mFDRg < )\n}.
(10)
This class consists of rules that apply the same pivot-based decision function across
positions and satisfy the same false positive rate constraint.

Theorem 4.6 (Near-optimal number of discoveries). Suppose the assumptions and setup
in Theorem 4.5 hold. Let dspgr denote the decision rule returned by Algorithm 1 with the

same parameters as in Theorem 4.5. Then there exist constants ci,co > 0 such that

mFDRsger < c1An +0(1), ETPsgpy > c2-  sup  ETPg +o(1).
8'€DRO™ (An)
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Theorem 4.6 shows that SPOT is not only boundary-optimal but also quantitatively
efficient. Among homogeneous local rules satisfying the target false positive rate constraint,
SPOT achieves a constant fraction of the largest possible expected number of true discoveries,
up to lower-order terms. Thus, the adaptive threshold chosen by SPOT does not only cross
the correct phase boundary, but also retains near-oracle discovery power compared to a

natural class of interpretable rules.

Remark 4.5 (The choice of benchmark class). We use DI°™ as the benchmark class because
it matches the information available to a practical verifier. After observing the final text,
the verifier can compute a pivotal statistic Y; at each position, but does not observe the
NTP distributions, the editing indicators, or other hidden generation states. Thus, a
natural comparison is with rules that apply a common pivot-based decision function across
positions under the same false positive rate constraint. We do not benchmark against
fully time-varying or history-dependent rules, since such rules may rely on information
unavailable to the verifier or on position-specific tuning that is not comparable to a
practical localization procedure.

5. Simulations

In this section, we use simulations to verify the phase transition predicted by Theorem 4.2
and to illustrate the adaptive behavior of our SPOT.

5.1. Experimental Setup

We simulate pivotal statistics Y., from the mixture model in (4) to study the theoretical
phase transitions. The simulation pipeline is summarized in Figure 5. We first specify
the asymptotic parameters. For a given text length n and each triple (p, ¢, ), we set
the surviving watermark fraction to e, = 0.5n7P and the residual mass away from the
dominant token to A, = n~%. In our implementation, we consider « € {0,0.25,0.5,0.75}
and set Wp,| = 2+ [n®], with one core token and |n®] light tokens. This corresponds
to setting » = 0 in Assumption 4.2. Throughout this subsection, we use independent
pseudorandom variables so that the simulation isolates the statistical structure of the
localization problem.

Second, we generate each NTP distribution P; using a latent Markov process Z; € {0, 1}.
The role of Z; is to allow the NTP distribution to vary mildly over time while keeping
the same asymptotic structure. Specifically, Z; is a two-state Markov chain started
from stationarity, with P(Z; = 1) = 1/2 and P(Z; = Z;—1 | Z;—1) = 0.95. Thus, each
regime, corresponding to a constant value of Z;, tends to persist for many consecutive
positions. For each regime z € {0, 1}, we predefine an NTP distribution Péz) satisfying
the dominant—core-light structure in Assumption 4.2 and set P, = P,(LZt).

Third, we generate the survival indicators {6;} independently of {Z;}, but with temporal
dependence across positions. The indicator 6; € {0,1} records whether the watermark

signal survives at position ¢. We sample {0;} from a two-state homogeneous Markov chain
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Fig. 5: Simulation pipeline for generating the pivotal statistics {Y;} .

started from stationarity, with stationary mean P(6; = 1) = &,,. Hence, on average, an
en fraction of positions retain watermark signal, typically in short bursts rather than in
complete isolation.

Finally, given (P;,60;), we generate the pivotal statistic Y; using the Gumbel-max
watermark from Section 2. If 6y = 0, the watermark signal does not survive, and we sample
Y; independently from the null law ug. If 8, = 1, we sample directly from the watermark-
induced alternative law p11 p, using the equivalent scalar construction Y; = U Pty where
wy ~ P and U ~ Unif(0, 1) are independent. Thus, each Y; follows either the null pg or
the watermark-induced alternative law 111 p,, according to 6;, while the dependence across
positions is inherited from the geometrically mixing process (P, ;).

5.2. Discovery Boundary and Empirical Phase Transitions

We now visualize the empirical discovery boundary of SPOT. For a decision rule § =
(01,...,0p), we evaluate its finite-sample discovery performance by the following discovery
error

Errsg = mFDRg + pmiss(6), Pmiss(8) = P(|S5] = 0), (11)

where S5 = {t : 0; = 1} is the discovery set, mFDRy is the marginal false discovery rate,
and pmiss(0) is the probability that the rule d makes no discovery. This error directly
reflects the two requirements of discovery: controlling marginal false discoveries and
ensuring a nontrivial discovery set (that contains at least one position). Smaller values
therefore indicate better discovery performance.

In the implementation of SPOT, the target false discovery level is set as A, = C'/logn,
where C' is a calibration constant. For each parameter setting, we tune this calibration
constant over a predetermined grid and report the smallest resulting error. This tuning
is used only to visualize the empirical phase transition. In the following, we consider
two complementary views: one-dimensional phase-transition slices and two-dimensional

heatmap diagrams.

Phase transition for a fized p or q. We first examine one-dimensional slices of the (p, q)
plane. We either fix ¢ = 0.4 and vary p, or fix p = 0.6 and vary ¢. For each o €
{0,0.25,0.5,0.75} and n € {102,103, 10*}, we run 200 independent Monte Carlo trials.
For clarity, we present the representative slices for a € {0.5,0.75} here. Let R(a,b, K) =
{a+k(b—a)/(K—-1):k=0,1,...,K — 1} denote K equally spaced grid points from a
to b. For the fixed-q slices, we evaluate the error over p € R(0.05,0.95,19); for the fixed-p
slices, we evaluate the error over ¢ € R(0.05,0.95,19). At each grid point, we tune the
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Fig. 6: Empirical discovery phase-transition slices for SPOT with a € {0.50,0.75}. Each
panel reports the smallest value of discovery errors defined in (11) over a calibration grid
along one slice, averaged over 200 trials. The vertical dashed lines show the theoretical
discovery boundary.

1.0
a=0.25 1.00
0.75
. =
=0 0.50 5
0.25
0.0/ , 0.00
0.0 05 1.0 0.0 05 1.0 0.0 0.5 1.0
P P p

Fig. 7: Empirical discovery heatmap diagrams for SPOT with n = 10*. Each panel reports
the smallest value of discovery errors in (11) on a (p,q) grid, averaged over 500 trials,
with displayed values clipped at 1.05. White dashed lines show the theoretical discovery
boundaries.

calibration constant C' over {0.05,0.10,...,2.00}, set 1, = 0, and report the smallest
error.

According to Theorem 4.2, the discoverable region is {(p,q) : p < a, p+¢q < 1}.
Thus, for fixed g, the critical transition in the p-direction is p*(¢; @) = min{a, 1 — ¢}.
In particular, when ¢ = 0.4, the predicted transition occurs at p*(0.4; ) = min{«, 0.6}.
For fixed p, discovery is possible only if p < «, and then only for ¢ < 1 — p. When
p = 0.6, the predicted transition is therefore at ¢ = 0.4 if & > 0.6, while the entire slice is
non-discoverable when « < 0.6. Figure 6 confirms these predictions. For fixed ¢ = 0.4, the
error remains small when p < p*(0.4; «) and increases sharply after crossing the predicted
boundary. For fixed p = 0.6, the transition occurs near ¢ = 0.4 when « > 0.6, while the
error remains high across the whole slice when a < 0.6. As n increases, the empirical
transition becomes sharper and aligns more closely with the theoretical boundary.

Heatmap diagrams. We next evaluate the empirical boundary over a two-dimensional (p, )
grid. For the heatmap plots, we fix n = 10%. For each a € {0.25,0.5,0.75}, we evaluate
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the error over p € R(0.01,1,20) and g € R(log,,(|Wh|/(|Whx| — 1)), 1,20).# For each (p, q),
we run 500 independent Monte Carlo trials. At each grid point, we tune the calibration
constant over 60 log-spaced values from 0.01 to 10, and report the smallest error. For
visualization, displayed values are clipped at 1.05, so that all larger errors are shown as
equally unfavorable.

Figure 7 shows the resulting heatmaps. Darker regions correspond to smaller discovery
error, while lighter regions correspond to larger error. The dashed curves mark the
theoretical boundaries p = a and p 4+ ¢ = 1 from Theorem 4.2. Across all a > 0, the
low-error region lies mostly inside the theoretically discoverable wedge {(p,q) : p <
a, p+ q < 1}, while the high-error region dominates outside this wedge. Overall, the
empirical transition bands align well with the predicted discovery boundary.

6. Open-source Model Experiments

6.1. Experiment Setup

We follow the setup of Li et al. (2026) and evaluate discovery performance on open-source
LLMs under controlled edits. Specifically, we sample 1000 documents from the news-like
subset of the C4 dataset (Raffel et al., 2020). For each document, we use the last 50 tokens
as the prompt and ask OPT-1.3B (Zhang et al., 2022) to generate an additional n = 400
tokens as the continuation. During watermark generation, each pseudorandom variable is
computed from the previous m = 5 tokens. We apply repeated-context masking, which
adds the watermark only when the length-m prefix context has not appeared earlier in
the generated history. This technique aims to reduce the frequency of watermarking and
improve text quality (Dathathri et al., 2024). After obtaining the watermarked text, we
apply the considered edit mechanisms to simulate human editing. We conduct experiments
at temperatures 7' € {0.3,0.5,0.7, 1}, ranging from low- to high-temperature generation.

Ground-truth labels and surviving fraction. For post-edit text, we define ground-truth
labels by comparing the final text with the original pre-edit watermarked token sequence,
following Li et al. (2025b). Specifically, after editing, we decode the edited text, re-tokenize
it, and then pad or truncate it to the target length. For each position in the final post-edit
sequence, we examine the block consisting of the current token and its previous m tokens.
We label the current position as watermark-preserving only if this entire (m + 1)-token
block appears contiguously in the original pre-edit sequence. We denote the resulting
ground-truth labels by g8, ..., 68" The oracle surviving watermark fraction is then defined
as Strue = N Sy Gtgt.

Baseline methods. We compare SPOT with AOL (Adaptive Online Locator), the token-level
localization method in Algorithm 2 of Zhao et al. (2025¢). Both methods output token-level
decisions indicating whether each position preserves watermark evidence. For SPOT, we
report two variants: SPOT-oracle, which uses the oracle surviving watermark fraction

% The lower bound on ¢ ensures that the tail threshold 7(u) =1 —n""

vocabulary size, since it enforces 1 —n=7 > 1/|{W,|.

is meaningful relative to the



26 Optimal Watermark Localization

Etrue, and SPOT-plugin, which uses the plug-in fraction estimator from Li et al. (2025b).
Since all methods involve calibration constants, such as the constant C'in A, = C'/logn

for SPOT, we report the best performance after tuning these constants over fixed grids.

FEvaluation metrics. We consider several types of human modifications and evaluate
token-level localization under each edit type. Let S* denote the set of true watermark-
preserving locations, and let S denote the set of locations selected by a method. We
report two localization metrics: the empirical true-positive rate (TPR), defined as TPR =
1S N S*|/|S*|, and the intersection-over-union (IoU), defined as IoU = [S N S*|/|S U S*|.
The former measures the fraction of true watermark-preserving locations recovered, while
the latter provides a stricter overlap measure that penalizes both missed locations and
extra selected locations. We also compute the empirical false-positive rate (FPR) as
FPR = 15 M (5%)¢|/|(5%)¢|, which measures the fraction of null locations incorrectly
selected as watermark-preserving. While our theoretical discovery criterion is formulated
in terms of mFDR, we use the conventional token-level FPR in the empirical comparison
because it provides a common and directly interpretable operating point across localization
methods. To compare methods under the same false-positive control, we report the largest
empirical TPR and IoU each method can achieve subject to a prescribed empirical FPR
upper bound.

6.2. Localization Performance

Following Li et al. (2026), we evaluate the localization performance of SPOT and AOL
under three types of text modifications: (i) random edits, (ii) adversarial edits, and (iii)
roundtrip translation. Random edits include substitution, insertion, and deletion. For a
given edit rate, defined as the fraction of pre-edit tokens selected for modification, we
randomly select that fraction of pre-edit tokens and either replace them, insert new tokens
after them, or delete them. For substitutions and insertions, the new tokens are sampled
uniformly from the vocabulary W. Adversarial edits are more targeted: under the same
edit-rate budget, they selectively modify pre-edit tokens to remove as much watermark
signal as possible. Roundtrip translation translates the text from English to French and
then back to English using another language model. Random and adversarial edits allow
systematic control over the edit level, while roundtrip translation better reflects a practical

text transformation.

Results for random edits. The random-edit results at temperature 7' = 1 are shown
in Figure 8. Table 1 further reports the IoU and TPR averaged over those edit levels
{0.1,0.15,0.2,0.25,0.3,0.35,0.4} for each temperature and each random edit type. As
expected, increasing the edit fraction decreases loU across all random edit types, since
more watermark signals are removed or disrupted. In contrast, the TPR curves of SPOT
are nearly flat as the edit fraction increases, showing that the method continues to recover
a stable fraction of the surviving watermark-preserving locations under the same FPR
constraint. This is consistent with the definition TPR = 1SNS*|/|S*|: even though stronger
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Fig. 8: Localization performance under three random edit mechanisms at temperature
T = 1, measured by IoU (top row) and TPR (bottom row). Columns correspond to
substitution, insertion, and deletion edits from left to right, with target FPR 0.05. Each
panel reports the mean performance as a function of the edit fraction.

edits reduce the number of surviving locations, SPOT identifies a similar proportion of
those that remain. Thus, the decline in loU mainly reflects the increasing difficulty of
overlap-based localization under heavier edits, while the stable TPR indicates that the
tail-thresholding rule remains robust. We next examine how these patterns vary across
methods and generation temperatures.

1.8PQT performs better at moderate and high temperatures. At T = 1, both SPOT-oracle
and SPOT-plugin substantially outperform AOL across three random editings, in both
IoU and TPR. The advantage is especially clear in the TPR curves in Figure 8: the TPR
of AOL stays noticeably lower, while both variants of SPOT recover a much larger fraction
of the surviving watermark-preserving locations across the whole range of edit fractions.
At T = 0.7, the improvement becomes smaller but remains consistent. As shown in
Table 1, SPOT-oracle remains better than AOL under most random-edit settings, and
SPOT-plugin remains competitive. This suggests that SPOT is particularly effective
when the LLM output is more diverse, where more usable watermark evidence remains

available for localization.

2.SPOT remains competitive at low temperatures in its oracle version. At lower temperatures,
the gap between methods becomes smaller because watermark localization is intrinsically
harder. As shown in Table 1, at T = 0.5, SPOT-oracle remains comparable to AQL: it
is better under random deletion and close under random substitution and insertion,
both in IoU and TPR. By contrast, SPOT-plugin performs worse at this temperature,
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suggesting that the degradation mainly comes from the reduced accuracy of the surviving-
fraction estimator from Li et al. (2025b); we discuss this issue separately later. Finally,
all methods have lower IoU and TPR at low temperatures. This is consistent with
prior empirical observations that low-temperature generation makes LLM outputs more
deterministic, leaves fewer usable watermark signals, and thereby makes watermark
inference more difficult (Kirchenbauer et al., 2023; Lu et al., 2024; He et al., 2026a; Tsur
et al., 2026).

Results for adversarial edits. We next consider adversarial edits, where the editor is
assumed to have access to the hash function A and the secret key Key and can therefore
target tokens carrying the strongest watermark signals. To approximate this setting, we
first compute the pivotal statistics for the LLM-generated response, then identify the top-
K tokens with the largest pivotal values, and finally replace them with randomly selected
tokens. Here, K controls the edit budget and reflects the modification strength. Because
these edits directly target the strongest watermark signals, they are more disruptive than
random edits. The results are reported in the fourth row of Table 1.

The overall pattern is similar to that observed under random edits. At 7" = 1, both
SPOT-plugin and SPOT-oracle outperform AOL by a clear margin in both metrics. At
T = 0.7, SPOT-oracle and AOL have comparable performance, while SPOT-plugin remains
competitive. At lower temperatures, the differences become smaller because the strongest
watermark signals are already weak or removed. Overall, SPOT-oracle and SPOT-plugin

show competitive or better performance than AOL in the adversarial setting.

Results for roundtrip translation. For roundtrip translation, the edit level is not directly
controlled, so we compare methods under the same FPR constraints across temperatures.
The IoU and TPR results are reported in the last row of Table 1. The qualitative pattern
is broadly consistent with the random and adversarial edit settings. At T" = 1, both
SPOT-oracle and SPOT-plugin outperform AOL in both metrics. At moderate and low
temperatures, SPOT-oracle remains comparable to AOL, while SPOT-plugin becomes less
stable. This again suggests that the localization rule itself remains competitive, whereas
the plug-in version can be limited by the quality of the surviving-fraction estimate.

Accuracy of the fraction estimator. The preceding experiments show a recurring gap
between SPOT-oracle and SPOT-plugin, especially at lower temperatures and under
stronger text modifications. To better understand this gap, we evaluate the accuracy of
the fraction estimator &, from Li et al. (2025b). Specifically, we report the relative root

mean squared error

RMSE(é\n) _ \/E [(é\n - Etrue)Q] -

Etrue Etrue

(12)

This quantity measures the typical estimation error on the scale of the true surviving
fraction eipye. For example, values around 0.25, 0.5, and 1 correspond roughly to typical
errors of 25%, 50%, and 100% of the true surviving fraction, respectively. Thus, values



Optimal Watermark Localization 29

Table 1. Average loU and TPR across edit levels at different generation temperatures. For each metric, the tuning parameter is selected
separately within the highest nonempty 0.01-wide empirical-FPR bin not exceeding 0.05. For random edits, entries are averaged over edit
rates {0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40}. For adversarial edits, entries are averaged over edit budgets K € {10, 15, 20, 30, 40}.
For roundtrip translation, the edit level is not directly controlled.

Edit Types | Methods | ToU | TPR
\ |T=1T=07|T=05T=03|T=1T=07|T=05T=03
AOL 0204 0.141 | 0.086 0.039 | 0297 0214 | 0.154 0.090

Random substitution | SPOT-plugin| 0.344  0.153 0.063 0.020 | 0.458  0.229 0.128 0.067
SPOT-oracle|0.347 0.160 | 0.076  0.032 |0.461 0.239 | 0.151  0.089

AoL 0.199 0.142 | 0.089 0.044 | 0.282 0.207 | 0.151  0.092
Random insertion |SPOT-plugin| 0.349  0.158 0.069 0.021 | 0.457 0.229 0.131 0.065
SPOT-oracle | 0.354 0.165 | 0.084  0.036 |0.461 0.237 | 0.155 0.091

AOL 0.176  0.132 0.079  0.039 | 0.261 0.193 0.127 0.075
Random deletion |SPOT-plugin| 0.363  0.162 0.069 0.023 | 0.454 0.223 0.116 0.061
SPOT-oracle|0.370 0.175 | 0.085 0.038 |0.462 0.239 | 0.137 0.078

AoL 0.238 0.140 | 0.037 0.006 |0.254 0.162 | 0.054  0.010
Adversarial edits | SPOT-plugin| 0.352  0.103 0.012 0.000 | 0.365 0.124 0.025 0.000
SPOT-oracle|0.376 0.134 | 0.050 0.008 |0.389 0.158 | 0.092 0.026

AoOL 0.217 0.150 | 0.088 0.031 | 0.301 0.213 | 0.166  0.081
Roundtrip translation | SPOT-plugin| 0.344  0.153 0.055 0.014 | 0.426 0.208 0.102 0.032
SPOT-oracle | 0.351 0.165 | 0.081  0.028 |0.433 0.226 | 0.162 0.085

Table 2. Relative root mean squared error defined in (12) of the Li-OPT fraction estimator at different temperatures. For random and

adversarial edits, the relative RMSE is computed separately at each edit level and then averaged over the same edit levels as in Table 1.
For roundtrip translation, the edit level is not directly controlled.

Edit Types |T:1 T=07 T=05 T=0.3

Random substitution | 0.263  0.529 1.370 3.988
Random insertion 0.247  0.477 1.167 3.420
Random deletion 0.268  0.516 1.450 3.603
Adversarial edits 0.158  0.293 0.879 2.496

Roundtrip translation | 0.289  0.432 1.397 4.115

substantially below one indicate that the plug-in estimate is reasonably accurate, whereas
values near or above one indicate that fraction estimation can become a practical
bottleneck.

Table 2 supports this interpretation. At high temperature, the relative RMSE is small
for random and adversarial edits, and SPOT-plugin closely tracks SPOT-oracle. As the
temperature decreases, the relative RMSE increases sharply, and the gap between the
plug-in and oracle versions becomes larger. The effect is particularly visible at T = 0.5
and T = 0.3, where the relative RMSE is often close to or above one. These results suggest
that the low-temperature degradation of SPOT-plugin is mainly driven by inaccurate
estimation of the surviving watermark fraction, rather than by a failure of the localization
rule itself.

Computational cost. Table 3 reports the wall-clock verification time at 7' = 1. The total
cost consists of two components: recomputing the token-level pivotal statistics from the
edited text and running the localization method once the pivots are available. Pivot

recomputation is shared by all methods and dominates the overall runtime. Conditional on
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Table 3. Average total verification time per sample at temperature T' = 1, using the parameters selected to maximize loU within the
prescribed empirical-FPR. The total time is the sum of pivot recomputation time and method-inference time.

Edit case | AOL SPOT-plugin SPOT-oracle
Random substitution | 0.232 0.221 0.216
Random insertion 0.229 0.218 0.213
Random deletion 0.117 0.114 0.108
Adversarial edits 0.229 0.219 0.213
Roundtrip translation | 0.117 0.115 0.108
Average | 0.185 0.177 0.172

the computed pivots, SPOT-plugin takes only 0.005-0.008 seconds per sample, compared
with 0.009-0.016 seconds for AQOL, showing that its improved localization performance

incurs no additional computational overhead.

7. Discussion

This paper studies watermark localization in mixed-source LLM text from a statistical
perspective. We formulate localization as a token-level multiple testing problem based
on pivotal statistics, where each position has a latent indicator recording whether the
watermark dependence survives editing. Under a regime that captures sparse surviving
signals, concentrated next-token distributions, and growing vocabularies, we characterize
the statistical limits of three inference goals: global detection, discovery, and classification.
Our results show that discovery is strictly harder than global detection, and that consistent
classification is impossible within the class of coordinatewise pivot-based localization rules.
We then propose SPOT, an adaptive tail-thresholding method that does not require
knowledge of the asymptotic exponents or the time-varying next-token distributions. The
method achieves the optimal discovery boundary and attains near-optimal discovery power
among natural local rules. Simulations support the theoretical phase transitions, while
real-LLM experiments show the localization performance of SPOT under common edit
mechanisms.

Several directions remain open. First, our current implementation uses the fraction
estimator of Li et al. (2025b) to estimate the surviving watermark fraction. Although
our theory allows any estimator satisfying a suitable accuracy condition, the experiments
show that this step can become a practical bottleneck, especially at low temperatures
where next-token distributions are more concentrated. This raises the question of whether
localization can be performed without a separate fraction-estimation step. More broadly,
the current procedure is batch-based: it uses a global fraction estimate for the entire text
before choosing the localization threshold. An interesting direction is to develop online
or streaming localization methods, where text arrives sequentially and the threshold is
updated using accumulating evidence. Such methods may better adapt to documents
whose source composition changes over time and reduce the need for a fixed global estimate

of the surviving watermark fraction.
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Second, our impossibility result shows that consistent classification is impossible within
the class of coordinatewise localization rules. This leaves open the possibility of stronger
recovery guarantees under additional structural assumptions or for localization procedures
that exploit information across multiple token positions. Our model allows the latent
survival indicators to switch frequently between watermark-preserving and null states,
making exact token-level recovery too demanding. In practice, however, mixed-source
text may have more block-like structure (Li et al., 2024b): LLM-generated passages,
human-written passages, and heavily revised segments may each persist over multiple
consecutive tokens. Under such segment-level regularity, or when the target is region-level
rather than exact token-level recovery, stronger forms of localization may become possible.

Third, our analysis focuses on token-level watermark localization. For Gumbel-max
and other token-level watermarking schemes, the extension is relatively direct whenever
valid pivotal statistics can be constructed for individual token positions. Semantic or
sentence-level watermarks are different (Hou et al., 2024; Ren et al., 2024; Huo et al., 2026):
they may encode watermark information through sentence meanings, paraphrase-invariant
features, or vector representations of larger text units rather than token-level dependence
on pseudorandomness. In such settings, the localization unit may be a sentence, span, or
semantic embedding, and the null-versus-signal formulation must be redefined. Extending

localization theory to these non-token-level watermarks is an important open direction.

Data Availability

The C4 dataset used in this study is publicly available and cited in the manuscript. The
code and materials required to reproduce all numerical results are included with the
submission for review.
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